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Abstract: In this paper a chance constrained bi-level multi-objective quadratic fractional programming problem (BLMO-

QFP) has been solved by using a fuzzy goal programming approach to get a compromise solution. Inside the model 

formation, individual best solutions of the quadratic fractional objective function to the equivalent deterministic constraints 

are used to formulate the quadratic fractional membership function. In this work, we convert the quadratic fractional 

programming model into equal non-linear quadratic problem with the help of Taylor series and the obtained quadratic 

problem is again converted into an equivalent linear membership function. Conclusively a numerical example is provided 

to expose the applicability and performance of the proposed method. 

Keywords: Bi-level programming, Multi-objective programming, Fractional programming, Quadratic programming, 

Chance constraints, Fuzzy goal programming. 

 

 

1 Introduction 

Bi-level programming problem (BLPP) [5,6,10,23] is a 

hierarchal structure of two level        decision makers. Here 

the decision executes sequentially from first to second level 

and a set of decision variables are controlled autonomously 

by each level decision maker. These systems were created 

to tackle the decentralized problem, with two decision 

makers in various leveled association. Here, every decision 

maker (DM) autonomously optimizes their own benefits, 

any way it is influenced by the activity or response of the 

other DM.  

The formal formulation of BLPP offered through Candler 

and Townsley [10] as well as Fortuny-Amat and McCarl 

[14]. Anandalingam [1] has given Stackelberg arrangement 

idea to multi-level programming problem (MLPP) as well 

as bi-level decentralized programming problem (BLDPP). 

Lai [18] used tolerance membership function to use the 

concept of fuzzy set principle at the beginning to MLPP. 

This concept became extended by Shih et al. [32], Shih and 

Lee [34]. They delivered non-compensatory max-min 

aggregation operator and compensatory fuzzy operator for 

MLPP respectively. The interactive Fuzzy programming for 

MLPP was established by Sakawa et al. [33]. Sinha [35, 36]  

 

Presented alternative multi-level programming based on 

fuzzy mathematical programming. Arora and Gupta [2] 

offered interactive fuzzy goal programming (FGP) 

approach for linear BLPP with the characteristics of 

dynamic programming. Mishra, Verma and Dey [22] 

elongated their conceptions for solving bi-level multi-

objective programming problem based on FGP. 

Quadratic bi-level programming problem (QBLPP) is also a 

non-linear bi-level programming problem. In this text, the 

goal feature of each level DM is chosen as quadratic 

fractional feature with deterministic constraints. For greater 

details on QBLPP, one should go through, Calvete and 

Gale [11], Pal and Moitra [26], Saraj and Sadeghi [37] and 

Pramanik and Dey [28]. Lately, Pramanik and Dey [29] 

brought procedure totally based FGP approach to multi 

objective quadratic programming problem. They [30] 

additionally gave the idea to clear up QBLPP based on 

FGP. Mishra and Dey [21] have given answer of Linear 

Membership Function. Hosseini and Kamalabadi [16] 

offered a genetic algorithm to deal with linear-quadratic bi-

level and linear-fractional bi-level programming problems. 

Singh and Haldar [38] added a new technique for solving 

bi-level quadratic linear partial programming problem. 

According to [8], “In the area of optimization the fractional 

optimization problem is one of the most arduous problems 
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that is the ratio of Optimization of the ratio of two 

functions”. [15] Supplied a new technique for the answer of 

multi-objective linear fractional programming. FGP 

approach for multi-objective quadratic fractional 

programming (MOQFP) problem has been offered in [19]. 

An interactive FGP set of rules for decentralized bi-level 

multi-objective fractional programming problem was 

presented in [13]. Baky et al. [3] has given fuzzy goal 

programming procedure to solve the bi-level multi-

objective fractional programming. FGP technique to 

resolve stochastic fuzzy multi-level multi-objective 

fractional programming problem change into prolonged in 

[24]. Adhami et.al [4] have given the concept of multi-level 

decision making models for advertising allocation problem 

under fuzzy environment. Parametric multi-level multi-

objective partial programming problems with fuzziness in 

the constraints had been introduced in [25]. 

In the decision making process uncertainties may be 

occurred. They can also be described by fuzzily or 

stochastically. Dantzig [12] has given the concept of 

stochastic programming by using probability theory. There 

are two types of stochastic programming, one is chance 

constrained programming (CCP) and other one is two-stage 

programming. Chance constrained programming technique 

has been developed by Charnes and Cooper [9]. They have 

developed a new conceptual and analytic optimal method 

which contains temporary planning of optimal stochastic 

decision rules under uncertainty. 

In the present study, we have used the fuzzy goal 

programming method to solve the chance constrained bi-

level multi-objective quadratic fractional programming 

problem. In the model creation first we convert the chance 

constraints into equivalent deterministic constraints. By 

assigning the greatest degree of membership functions, the 

fuzzy goal of the problem has been transformed into 

flexible form. A linearization technique is used to convert 

the quadratic fractional goal into linear form and to get the 

most satisfactory solution in the decision making process. 

2 Formulation of Chance Constrained Bi-

Level Multi-Objective Quadratic Fractional 

Programming Problem 

 

Here, we assume that there are two level in a hierarchal 

structure having first and second level decision maker. 

Accept that the vector of decision variables 𝑋 = (𝑋1, 𝑋2) ∈
𝑅𝑛 be isolated into two planners. The first-level decision 

maker (FLDM) has control over the vector 𝑋1 ∈ 𝑅𝑛1  and 

the second-level decision maker has control (SLDM) over 

the vector 𝑋2 ∈ 𝑅𝑛2 , where 𝑛 = 𝑛1 + 𝑛2.we also assume 

that  

𝑍𝑖(𝑋1, 𝑋2): 𝑅𝑛1 × 𝑅𝑛2 → 𝑅𝑘𝑖    𝑖 = 1,2. 

 

[FLDM]  

min
𝑋1

𝑍1(𝑋1, 𝑋2) = min
𝑋1

(𝑓11(𝑋1, 𝑋2), 𝑓12(𝑋1, 𝑋2), … , 𝑓1𝑘1
(𝑋1, 𝑋2)) . 

Where 𝑋2 solves 

 

[SLDM] 

 

min
𝑋2

𝑍2(𝑋1, 𝑋2) = min
𝑋2

(𝑓21(𝑋1, 𝑋2), 𝑓22(𝑋1, 𝑋2), … , 𝑓2𝑘2
(𝑋1, 𝑋2)) . 

 

Subject to  

 

𝑋 ∈ 𝑆 = {𝑋 = (𝑋1, 𝑋2) ∈ 𝑅𝑛: Pr (𝐴1𝑋1 + 𝐴2𝑋2
≤
≥

d)

> 𝐼 − 𝑚, 𝑋 ≥ 0, 𝑑 ∈ 𝑅𝑚}         (2.1) 

Where  

 

  𝑓𝑖𝑗(𝑋1, 𝑋2) =    
𝑃𝑖𝑗(𝑋1, 𝑋2)

𝑄𝑖𝑗𝑋1, 𝑋2)
                                     (2.2)      

 

Here 𝑃𝑖𝑗(𝑋1, 𝑋2) = 𝐶𝑖𝑗𝑋 +
1

2
𝑋𝑇𝐷𝑖𝑗𝑋 and 𝑅𝑖𝑗(𝑋1, 𝑋2) =

𝐶𝑖̅𝑗𝑋 +
1

2
𝑋𝑇𝐷̅𝑖𝑗𝑋 are quadratic functions 

 

𝑗 = 1,2, … , 𝑚1,      𝑖 = 1  for FLDM objective functions, 

 

𝑗 = 1,2, … , 𝑚2,     𝑖 = 2  for SLDM objective functions, 

 

Here the decision vector 𝑋1 = (𝑥1
1, 𝑥1

2, 𝑥1
3, … , 𝑥1

𝑛1) is  

 

Controlled by FLDM and 𝑋2 = (𝑥2
1, 𝑥2

2, 𝑥2
3, … , 𝑥2

𝑛2)  is  

 

Controlled by SLDM. 𝑋1 ∪ 𝑋2 = 𝑋 ∈ 𝑅𝑛 , 𝑛1 + 𝑛2 =
𝑛. 𝐼, 𝑚, 𝑑 are vectors of order 𝑝 × 1. 𝑘1 and  𝑘2 denote the 

number of objective functions in first-level and  second-

level and also 𝑚 denotes the number of 

constraints. 𝐶𝑖𝑗 , 𝐶𝑖̅𝑗  are constant vectors.𝐷𝑖𝑗 , 𝐷̅𝑖𝑗  are constant 

symmetric matrices. 𝑄𝑖𝑗(𝑋1, 𝑋2) > 0 for all 𝑋 ∈ 𝑆. 

𝐴𝑖  is 𝑚 × 𝑛𝑖  matrix 𝑖 = 1,2. S is considered as a non-empty 

polyhedron 

 

3 Conversions of Chance Constraints into 

Deterministic Constraints [31] 

 

Here we considered a chance constraints form as follows 

 Pr (∑ 𝑐𝑖𝑗𝑥𝑗 ≤ 𝑑𝑖

𝑛

𝑗=1

) ≥ 1 − 𝑚𝑖 ,

𝑖 = 1,2, … , 𝑝1                                                                (3.1)          

⟹ Pr (
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)

𝑛
𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
≤

𝑑𝑖𝐸(𝑑𝑖)

√𝑣𝑎𝑟(𝑑𝑖)
) ≥ 1 − 𝑚𝑖 , 𝑖

= 1,2 … , 𝑝1    

 

⟹ 𝑚𝑖 ≥ 1 − P𝑟 (
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)𝑛

𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
≤

𝑑𝑖 − 𝐸(𝑑𝑖)

√𝑣𝑎𝑟(𝑑𝑖)
)                               
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⟹ 𝑚𝑖 ≥  P𝑟 (
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)

𝑛
𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
>

𝑑𝑖 − 𝐸(𝑑𝑖)

√𝑣𝑎𝑟(𝑑𝑖)
)                                       

⟹ 𝜓−1(𝑚𝑖) ≥
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)𝑛

𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
                                                                  

⟹ 𝜓−1(𝑚𝑖)√𝑣𝑎𝑟(𝑑𝑖) ≥ ∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)

𝑛

𝑗=1

 

⟹ ∑ 𝑐𝑖𝑗𝑥𝑗 ≤ 𝐸(𝑑𝑖)

𝑛

𝑗=1

+ 𝜓−1 (𝑚𝑖)√𝑣𝑎𝑟(𝑑𝑖),      1,2 … . , 𝑝1     

                                                                                (3.2) 

 

Here the distribution function and inverse of distribution 

function of standard normal variable are denoted by 𝜓(. ) 

and 𝜓−1(. ) respectively. 

Considering the case when  

Pr (∑ 𝑐𝑖𝑗𝑥𝑗 ≥ 𝑑𝑖

𝑛

𝑗=1

) ≥ 1 − 𝑚𝑖 ,         𝑖 = 𝑝1 + 1, 𝑝1 + 2, … , 𝑝                         

                                                                           (3.3) 

 

The constraints can be modified as:    

 

⟹ Pr
(

∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)
𝑛
𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
≥

𝑑𝑖 − 𝐸(𝑑𝑖)

√𝑣𝑎𝑟(𝑑𝑖)
) ≥ 1 − 𝑚𝑖 , 𝑖

= 𝑝1 + 1, 𝑝1 + 2, … , 𝑝                                 

 

𝜓 (
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)𝑛

𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
) ≥ 1 − 𝑚𝑖  

1 − 𝜓 (−
∑ 𝑐𝑖𝑗𝑥 − 𝐸(𝑑𝑖)

𝑛
𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
) ≥ 1 − 𝑚𝑖 

⟹ 𝜓−1(𝑚𝑖) ≥ (−
∑ 𝑐𝑖𝑗𝑥𝑗 − 𝐸(𝑑𝑖)

𝑛
𝑗=1

√𝑣𝑎𝑟(𝑑𝑖)
) 

⟹ ∑ cijxj ≥ E(di) − ψ−1

n

j=1

(mi)√var(di),

i                                                                

= p1 + 1, p1 + 2, … . , p        (3.4)           

Also,            

 

                               X≥ 0                                    (3.5) 

Here the equivalent deterministic system constraints (3.2), 

(3.4) and (3.5) are denoted by 𝑋. Here, 𝑋 and 𝑆 are 

equivalent set of constraints. 

 

4 Construction of Membership Function 

 

Let the optimal solution of first level and second level 

objective functions are denoted by  (𝑋1
1𝑗

, 𝑋2
1𝑗

; 𝑓1𝑗
𝑚𝑖𝑛 ,   j =

1,2, … , 𝑚1 ) and (𝑋1
2𝑗

, 𝑋2
2𝑗

;  𝑓2𝑗
𝑚𝑖𝑛  , 𝑗 = 1,2, … , 𝑚2). 

We have taken the maximum value of each objective 

functions individually that is corresponding aspiration 

level, for defining the membership functions of the fuzzy 

goals in [7, 27] as follows: 

𝑢𝑖𝑗 = 𝑚𝑎𝑥𝑓𝑖𝑗(𝑋1, 𝑋2)   𝑖 = 1,2,     𝑗 = 1,2, … , 𝑚𝑖 

Denote the membership function of objective function for 

the upper tolerance limit or aspired level. It can be assumed 

that the values of 𝑓𝑖𝑗(𝑋1, 𝑋2) ≥ 𝑢𝑖𝑗   𝑖 = 1,2,       𝑗 =

1,2, … , 𝑚𝑖 are acceptable and all values less than 𝑙𝑖𝑗 =

𝑚𝑖𝑛𝑓𝑖𝑗(𝑋1, 𝑋2) are absolutely not acceptable. Then, the 

minimum value of each objective functions are individually 

taken as the corresponding aspiration level and the 

membership functions 𝜇𝑖𝑗(𝑓𝑖𝑗(𝑋1, 𝑋2)) for the 𝑖𝑗𝑡ℎ fuzzy 

goal can be formulated as follows: 

 

𝜇𝑖𝑗 (𝑓𝑖𝑗(𝑋1, 𝑋2))

= {

1
𝑢𝑖𝑗 − 𝑓𝑖𝑗(𝑋1, 𝑋2)

𝑢𝑖𝑗 − 𝑙𝑖𝑗

0

𝑓𝑖𝑗 ≤ 𝑙𝑖𝑗

𝑙𝑖𝑗 ≤ 𝑓𝑖𝑗 ≤ 𝑢𝑖𝑗

𝑓𝑖𝑗 ≥ 𝑢𝑖𝑗

                   (4.1) 

 

Let  

𝑋1
𝐿 = 𝑚𝑖𝑛 {𝑋1

2𝑗|𝑗 = 1,2, … , 𝑚2},𝑋2
𝐿 = 𝑚𝑖𝑛 {𝑋2

1𝑗|𝑗 = 1,2, … , 𝑚1} 

𝑋1
𝑈 ≤ 𝑚𝑎𝑥 {𝑋1

1𝑗|𝑗 = 1,2, … , 𝑚1}, 𝑋2
𝑈 ≤ 𝑚𝑎𝑥 {𝑋2

2𝑗|𝑗 = 1,2, … , 𝑚2} 

The decision lower than  𝑋1
𝐿 and 𝑋2

𝐿 are absolutely 

acceptable to the respective DMs. But, for making a 

balance of decision powers, the leader and follower would 

have to give possible relaxations of their decisions 

𝑋1 
𝐿and 𝑋2

𝐿, respectively and that depends on the decision 

making. 

Let 𝑋1
𝑈 and 𝑋2

𝑈 be the upper tolerance limits of respective 

decisions. Then  

𝑋1
𝐿 ≤ 𝑋1 ≤ 𝑋1

𝑈 

                                          𝑋2
𝐿 ≤ 𝑋2 ≤ 𝑋2

𝑈                        (4.2) 
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5 Fuzzy Goal Programming Model 

While dealing with the multiple conflicting objectives at a 

time, it is not possible to have a single solution that 

optimizes each objective simultaneously but one may 

obtain a compromise solution. Among various techniques 

that deal with multi-objective optimization problems in an 

imprecise environment, one of the most commonly used 

method is fuzzy goal programming. In fuzzy goal 

programming technique, the positive and negative ideal 

deviation along with the fuzzy membership function is 

optimized in order to reach the prescribed goal assign by 

decision maker. So, as in Mohamed [20], for the described 

membership functions in equations (4.1), the flexible 

membership goals having the aspired level unity may also 

be written as follows: 

𝜇𝑖𝑗(𝑓𝑖𝑗(𝑋1, 𝑋2)) + 𝑑𝑖𝑗
− − 𝑑𝑖𝑗

+ = 1,         𝑖 = 1,2.        𝑗

= 1,2, … , 𝑚𝑖 

Or equivalently as 

𝑢𝑖𝑗 − 𝑓𝑖𝑗(𝑋1, 𝑋2)

𝑢𝑖𝑗 − 𝑙𝑖𝑗

+ 𝑑𝑖𝑗
− − 𝑑𝑖𝑗

+ = 1,     ,         𝑖 = 1,2.        𝑗

= 1,2, … , 𝑚𝑖                               (5.1) 

Over and under deviation is represented by  𝑑𝑖𝑗
− , 𝑑𝑖𝑗

+ ≥ 0 

respectively with 𝑑𝑖𝑗
− × 𝑑𝑖𝑗

+ = 0, from the aspired stage . In 

this paper FGP approach to fuzzy multi objective decision 

making problems have been used which is introduced by 

Mohamed [20] and is extended to solve BLMO-QFP 

problems. As a result considering the goals of each 

individual objective function, the equivalent fuzzy 

quadratic bi-level fractional multi-objective goal 

programming model of the problem may be written as 

𝑚𝑖𝑛𝑍 = ∑ 𝑤1𝑗
− 𝑑1𝑗

−

𝑚1

𝑗=1

+ ∑ 𝑤2𝑗
− 𝑑2𝑗

−

𝑚2

𝑗=1

 

Subject to 

𝑢1𝑗 − 𝑓1𝑗(𝑋1, 𝑋2)

𝑢1𝑗 − 𝑙1𝑗
+ 𝑑1𝑗

− − 𝑑1𝑗
+ = 1,     ,               𝑗 = 1,2, … , 𝑚1 

 

𝑢2𝑗 − 𝑓2𝑗(𝑋1, 𝑋2)

𝑢2𝑗 − 𝑙2𝑗
+ 𝑑2𝑗

− − 𝑑2𝑗
+ = 1,     ,             𝑗 = 1,2, … , 𝑚2 

𝑋1
𝐿 ≤ 𝑋1 ≤ 𝑋1

𝑈 

𝑋2
𝐿 ≤ 𝑋2 ≤ 𝑋2

𝑈 

                                  (𝑋1, 𝑋2) ∈ 𝑆                            (5.2) 

 

𝑑𝑖𝑗
− , 𝑑𝑖𝑗

+ ≥ 0 with 𝑑𝑖𝑗
− × 𝑑𝑖𝑗

+ = 0,         𝑖 = 1,2.        𝑗 =

1,2, … , 𝑚𝑖 

Where 𝑤𝑖𝑗 
–

are the relative weights by considering the 

reciprocal of the difference of upper and lower bounds 

respective 𝑖𝑡ℎ level and 𝑗𝑡ℎ objective functions. Which can 

be determined as follows.  

  𝑤𝑖𝑗
− =

1

𝑢𝑖𝑗−𝑙𝑖𝑗
,            𝑖 = 1,2.        𝑗 = 1,2, … , 𝑚𝑖                       

                                                                            (5.3) 

It is able to be without difficulty realized that the 

membership goals in (11) are in the form of quadratic 

fractional. So, the present FGP procedure cannot be used 

directly to solve the problem. To keep away from such 

problems, a linearization procedure is provided within the 

following phase 

6 Linearization of Membership Goals 

A linearization problem has been discussed in order to 

solve the existing FGP process. By using the under and 

over deviational variable has been done. Therefor by 

considering the 𝑖𝑗𝑡ℎ membership goal can be represented as 

goal (5.2).  

ℎ𝑖𝑗𝑢𝑖𝑗 = ℎ𝑖𝑗𝑓𝑖𝑗(𝑋1, 𝑋2) + 𝑑𝑖𝑗
− − 𝑑𝑖𝑗

+ = 1 Where ℎ𝑖𝑗 =

1

𝑢𝑖𝑗−𝑙𝑖𝑗
 ,         𝑖 = 1,2.        𝑗 = 1,2, … , 𝑚𝑖 

 The expression 𝑓𝑖𝑗(𝑋1, 𝑋2) are represented in equation 

(2.2). The above goal can be written as 

ℎ𝑖𝑗𝑢𝑖𝑗 − ℎ𝑖𝑗

𝑃𝑖𝑗(𝑋1, 𝑋2)

𝑄𝑖𝑗(𝑋1, 𝑋2)
+ 𝑑𝑖𝑗

− − 𝑑𝑖𝑗
+ = 1, 

or equivalently as 

(ℎ𝑖𝑗𝑢𝑖𝑗 − 1)𝑄𝑖𝑗(𝑋1, 𝑋2) − ℎ𝑖𝑗𝑃𝑖𝑗(𝑋1, 𝑋2) + 𝑑𝑖𝑗
− 𝑄𝑖𝑗(𝑋1, 𝑋2)

− 𝑑𝑖𝑗
+ 𝑄𝑖𝑗(𝑋1, 𝑋2) = 0 

Here we have 

 𝐺𝑖𝑗 + 𝑑𝑖𝑗
− 𝑄𝑖𝑗(𝑋1, 𝑋2) − 𝑑𝑖𝑗

+ 𝑄𝑖𝑗(𝑋1, 𝑋2) = 1          (6.1) 

In which  
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𝐺𝑖𝑗 = (ℎ𝑖𝑗𝑢𝑖𝑗 − 1)𝑄𝑖𝑗(𝑋1, 𝑋2) − ℎ𝑖𝑗𝑃𝑖𝑗(𝑋1, 𝑋2) + 1          

                                                                            (6.2) 

By Kornbluth [17] Pal et al. use the variable change method 

that represented in (6.1) and may be linearized as follows. 

Let 𝐷𝑖𝑗
− = 𝑑𝑖𝑗

− 𝑄𝑖𝑗(𝑋1, 𝑋2) and 𝐷𝑖𝑗
+ = 𝑑𝑖𝑗

+ 𝑄𝑖𝑗(𝑋1, 𝑋2); the 

expression of quadratic form can be obtained as 

        𝐺𝑖𝑗 + 𝐷𝑖𝑗
− − 𝐷𝑖𝑗

+ = 1                                     (6.3) 

With 𝐷𝑖𝑗
−, 𝐷𝑖𝑗

+ ≥ 0 and 𝐷𝑖𝑗
−𝐷𝑖𝑗

+ = 0 since 𝑑𝑖𝑗
− , 𝑑𝑖𝑗

+ ≥ 0 and 

𝑄𝑖𝑗(𝑥1, 𝑥2) > 0. 

Here, clearly the equation (6.3) contains only quadratic 

forms without any fractional part. Further, to obtain the 

linear membership function we transform the quadratic 

membership function (6.3) with the help of Taylor series. 

By maximizing the each objectives in upper and lower level 

membership functions 𝜇𝑓𝑖𝑗(𝑋)  that is associated with 

upper and lower level 𝑓𝑖𝑗(𝑋1, 𝑋2)(𝑖 = 1,2,     𝑗 =

1,2, … , 𝑚𝑖), we have determined 𝑋0 = (𝑋1
0, 𝑋2

0) with the 

help of Taylor polynomial series the linear approximation 

of 𝑖𝑗𝑡ℎ membership goal in (6.3) can be obtained as 

 

1 − 𝐷𝑖𝑗
− + 𝐷𝑖𝑗

+ = 𝐺𝑖𝑗(𝑋)

≅ 𝐺𝑖𝑗𝑋0

+ ((𝑥1 − 𝑥1
0)

𝜕

𝜕𝑥1

+ (𝑥2 − 𝑥2
0)

𝜕

𝜕𝑥2

+ ⋯

+ (𝑥𝑛 − 𝑥𝑛
0)

𝜕

𝜕𝑥𝑛

) 𝐺𝑖𝑗(𝑋0). 

Or equivalently as 

 

 1 − 𝐷𝑖𝑗
− + 𝐷𝑖𝑗

+ = 𝐺𝑖𝑗(𝑋) ≅ 𝐺𝑖𝑗(𝑋0) + ∑(𝑥𝑘 − 𝑥𝑘
0

𝑛

𝑘=1

)
𝜕𝐺𝑖𝑗(𝑋0)

𝜕𝑥𝑘

,              

                                                                            (6.4) 

Where n is the number of decision variables, 𝑥0
𝑘 is the 𝑘𝑡ℎ 

component of 𝑋0 = (𝑋1
0, 𝑋2

0) and 𝑥𝑘 is the 𝑘𝑡ℎ component 

of the new solution 𝑋 = (𝑋1, 𝑋2). 

 The linear approximation of the 𝑖𝑗𝑡ℎ membership goal may 

be rewritten as 

  𝐺𝑖𝑗(𝑋0) + [∇𝐺𝑖𝑗(𝑋0)]
𝑇

(𝑋 − 𝑋0) + 𝐷𝑖𝑗
− − 𝐷𝑖𝑗

+ = 1               

                                                                             (6.5) 

Where ∇𝐺𝑖𝑗(𝑋0) is the gradient of 𝐺𝑖𝑗(𝑋0) and the 

superscript T denotes transpose of ∇𝐺𝑖𝑗(𝑋0). 

In the following the linearization manner, the proposed 

FGP model of the BLMO-QFP problem can be represented 

as 

𝑀𝑖𝑛𝐹 = ∑ 𝑤1𝑗
− 𝑑1𝑗

− + ∑ 𝑤2𝑗
− 𝑑2𝑗

−

𝑚2

𝑗=1

𝑚1

𝑗=1

 

Subject to 

𝐺1𝑗(𝑋0) + [∇𝐺1𝑗(𝑋0)]
𝑇

(𝑋 − 𝑋0) + 𝐷1𝑗
− − 𝐷1𝑗

+ = 1       𝑗

= 1,2, … , 𝑚1 

𝐺2𝑗(𝑋0) + [∇𝐺2𝑗(𝑋0)]
𝑇

(𝑋 − 𝑋0) + 𝐷2𝑗
− − 𝐷2𝑗

+ = 1          𝑗

= 1,2, … , 𝑚2 

𝑋1
𝐿 ≤ 𝑋1 ≤ 𝑋1

𝑈 

𝑋2
𝐿 ≤ 𝑋2 ≤ 𝑋2

𝑈 

                   (𝑋1, 𝑋2) ∈ 𝑆                                                (6.6) 

𝐷𝑖𝑗
−, 𝐷𝑖𝑗

+ ≥ 0 with 𝐷𝑖𝑗
− × 𝐷𝑖𝑗

+ = 0          𝑖 = 1,2         𝑗 =

1,2, … , 𝑚𝑖 

In which F represents the fuzzy achievement function 

including the weighted under deviational variables. The 

FGP model (18) provides the maximum satisfactory 

decision for both the FLDM and the SLDM by way of 

accomplishing the aspired levels of the membership goals 

to the extent possible in the decision environment.  

7 The FGP Algorithm for Chance Constrained 

BLMO-QFP 

The stepwise solution algorithm for solving BLMO-QFP 

has been summarized as follows: 

Step1. For each level, transform the chance constraints into 

equivalent deterministic constraints. 

Step2. Calculate the individual best solution for each 

objective function for each level subject to the respective 

constraints. 

Step3. With the help of individual best solution, we find the 

value of each objective function in both levels after that we 

set the goals and upper tolerance limits.  

Step4. Construct the quadratic fractional membership 

http://www.naturalspublishing.com/Journals.asp
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functions for each of the objective function in both levels.  

Step5. Obtain the quadratic programming problem from 

quadratic fractional membership functions after applying 

linearization techniques by using (6.3) and (6.5) 

Step6. Decide the desire bounds on the decision variables 

provide by the DMs in (4.2) 

Step7. Formulate the Model (6.6) for the BLMO-QFP 

problem.  

Step8. Solve Model (6.6) to get an existing solution to the 

BLMO-QFP problem. 

Step9. If the DM is satisfied with the existing solution in 

Step 8, then go to Step 10, else go to Step11. 

Step10. Stop with a satisfactory solution to the BLMO-QFP 

problem. 

Step11. Tune\adjust the upper tolerance limits of all the 

decision variables in order to get compromise solutions i.e. 

go to Step 6. 

8 Numerical Examples 

To illustrate the proposed FGP method, the following 

chance constraint bi-level multi-objective quadratic 

fractional programming problem is taken into 

consideration. 

[FLDM] 

min (
𝑋1

𝑓11 =
𝑥1

2 − 𝑥1
2

𝑥1
2 + 𝑥2

2 + 2
, 𝑓12 =

(𝑥1 − 2)2 − 𝑥2

(𝑥2 − 2)2 + 5
 )    

Where 𝑋2 solves 

[SLDM] 

min (
𝑋2

𝑓21 =
(𝑥1 − 1)2 + (𝑥2 + 3)2

𝑥1
2 + 𝑥2 + 10

, 𝑓22 =
8𝑥1

2 − 9𝑥2
2 − 4

𝑥1
2 + 𝑥2

2 + 8
) 

Subject to 

Pr(𝑥1 + 𝑥2 ≤ 𝑑1) ≥ 1 − 𝑚1                                      (8.1) 

Pr(−2𝑥1 + 5𝑥2 ≤ 𝑑2) ≥ 1 − 𝑚2                              (8.2) 

Pr(3𝑥1 − 4𝑥2 ≤ 𝑑3) ≥ 1 − 𝑚3                                 (8.3) 

𝑥1 ≥ 0, 𝑥2 ≥ 0.                                                                   

The mean, variance and the confidence levels are given as 

follows: 

   𝐸(𝑑1) = 3, 𝑣𝑎𝑟(𝑑1) = 2, 𝑚1 = 0.03                       

          𝐸(𝑑2) = 12, 𝑣𝑎𝑟(𝑑2) = 8, 𝑚2 = 0.01                            

          𝐸(𝑑3) = 10, 𝑣𝑎𝑟(𝑑3) = 18, 𝑚3 = 0.05                   

Using (2.2) and (2.4), the chance constraints defined in 

(8.1),(8.2) and (8.3) can be converted into equivalent 

deterministic constraints as: 

𝑥1 + 𝑥2 ≤ 5.666                                                                 

−2𝑥1 + 5𝑥2 ≤ 18.576                                                            

       3𝑥1 − 4𝑥2 ≤ 3.021                                                                  

The individual optimal solution of the leader and followers 

are (𝑥1
11, 𝑥2

11) = (0.100,3.775)  with 𝑓11
𝑚𝑖𝑛 =

−0.874,(𝑥1
12, 𝑥2

12) = (1.393,4.272) with 𝑓12
𝑚𝑖𝑛 = −0.757, 

(𝑥1
21, 𝑥2

21) = (1.007,0) with 𝑓21
𝑚𝑖𝑛 = 0.817, (𝑥1

22, 𝑥2
22) =

(0.612,3.96) with 𝑓22
𝑚𝑖𝑛 = −11.523,respectively. 

Now using the individual optimal solution, we formulate as 

follows: 

 𝑋𝑖𝑗                   𝑓11                   𝑓12               𝑓21                  𝑓22          

(0.10, 3.77)      (-0.87)                (-0.38)            (3.38)             (-5.93)                 

 (1.39, 4.27)       (-0.74)                (0.25)         (3.27)               (-5.42)             

(1.01, 0)            (0.34)               (0.16)             (0.82)               (0.46)               

(0.61, 3.96)        (-0.85)             (0.15)             (3.39)              (5.91)             

The following table summarizes the aspiration levels and 

upper tolerance limits, of all objective functions for the two 

levels of the BLMO-QFP problem. 

                       𝑓11              𝑓12                   𝑓21                     𝑓22                     

    𝑢𝑖𝑗            0.34        0.67         3.39             5.91                  

      𝑙𝑖𝑗         -0.87      -0.38       0.82             -5.93                   

Now, by using the above tolerance ranges the quadratic 

fractional membership functions of FLDM are: 

𝜇𝑓11
(𝑓11(𝑥1, 𝑥2)) =

0.34 −
𝑥1

2−𝑥2
2

𝑥1
2+𝑥2

2+2

0.34 + 0.87
+ 𝑑11

− − 𝑑11
+ = 1 

𝜇𝑓12
(𝑓12(𝑥1, 𝑥2)) =

0.67 −
(𝑥1−2)2−𝑥2

(𝑥2−1)2+5

0.67 + 0.38
+ 𝑑12

− − 𝑑12
+ = 1 

𝑑1𝑗
− , 𝑑1𝑗

+ > 0 With 𝑑1𝑗
− × 𝑑1𝑗

+ = 0    𝑗 = 1,2   

The quadratic fractional membership functions of SLDM 

are: 

𝜇𝑓21
(𝑓21(𝑥1, 𝑥2)) =

3.39 −
(𝑥1−1)2+(𝑥2+3)2

𝑥1
2+𝑥2+10

3.39 − 0.82
+ 𝑑21

− − 𝑑21
+

= 1 
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𝜇𝑓22
(𝑓22(𝑥1, 𝑥2)) =

5.91 −
8𝑥1

2−9𝑥2
2−4

𝑥1
2+𝑥2+8

5.91 + 5.93
+ 𝑑22

− − 𝑑22
+ = 1       

𝑑2𝑗
− , 𝑑2𝑗

+ > 0 with 𝑑2𝑗
− × 𝑑2

+ = 0    𝑗 = 1,2. 

After transforming the quadratic fractional membership 

functions of FLDM into quadratic forms, in (15) the model 

takes the form as 

−1.55𝑥1
2 + 0.11𝑥2

2 − 0.44 + 𝐷11
− − 𝐷11

+ = 1, 

0.64(𝑥1 − 1)2 − 0.95(𝑥2 − 2)2 + 0.64𝑥2 − 0.81 + 𝐷12
−

− 𝐷12
+ = 1, 

Where 

𝐷11
− = 𝑑11

− (𝑥1
2 + 𝑥2

2 + 2), 𝐷11
+ = 𝑑11

+ (𝑥1
2 + 𝑥2

2 +

2) and 𝐷12
− = 𝑑12

− ((𝑥2 − 1)2 + 5), 

𝐷12
+ = 𝑑12

+ ((𝑥2 − 1)2 + 5), 𝐷1𝑗
− , 𝐷1𝑗

+ ≥ 0 with 𝐷1𝑗
− × 𝐷1𝑗

+ =

0     𝑗 = 1,2. 

The transformed quadratic fractional membership functions 

of SLDM are: 

−0.39(𝑥1 − 1)2 + 0.32𝑥1
2 − 0.39(𝑥2 + 3)2 + 0.32𝑥2

2

+ 4.19 + 𝐷21
− − 𝐷21

+ = 1, 

−0.13𝑥1
2 + 1.23𝑥2

2 − 2.60 + 𝐷22
− − 𝐷22

+ = 1, 

Where  

𝐷21
− = 𝑑21

− (𝑥1
2 + 𝑥2

2 + 10), 𝐷21
+ = 𝑑21

+ (𝑥1
2 + 𝑥1

2 +

10), 𝐷22
− = 𝑑22

− (𝑥1
2 + 𝑥2

2 + 8), 𝐷22
+ = 𝑑22

+ (𝑥1
2 + 𝑥2

2 +

8), 𝐷2𝑗
− , 𝐷2𝑗

+ ≥ 0 with 𝐷2𝑗
− × 𝐷2𝑗

+ = 0     𝑗 = 1,2 

The membership functions for FLDM and SLDM are 

maximal at the points 𝜇11
∗ (0.10,3.77),

𝜇12
∗ (1.39,4.27), 𝜇21

∗ (1.01,0), 𝜇22
∗ (0.61,3.96)   

Respectively. Now the membership functions are converted 

using first-order Taylor series in (17) of FLDM and SLDM 

as 

1 − 𝐷11
− + 𝐷11

+ ≅ 𝐺11(0.10,3.77)

+ ((𝑥1 − 0.10)
𝜕

𝜕𝑥1

+ (𝑥2 − 3.77)
𝜕

𝜕𝑦2

) 𝐺11(0.10,3.77) 

= −0.31𝑥1 + 0.83𝑦2 − 1.99 

1 − 𝐷12
− + 𝐷12

+ ≅ 𝐺12(1.39,4.27)

+ ((𝑥1 − 1.39)
𝜕

𝜕𝑥1

+ (𝑦2 − 4.27)
𝜕

𝜕𝑥2

) 𝐺12(1.39,4.27) 

= 0.49𝑥1 − 4.95𝑥2 + 17.58 

1 − 𝐷21
− + 𝐷21

+ ≅ 𝐺21(1.01,0)

+ ((𝑥1 − 1.01)
𝜕

𝜕𝑥1

+ (𝑥2 − 0)
𝜕

𝜕𝑥2

) 𝐺21(1.01,0) 

= 0.64𝑥1 − 2.34𝑥2 − 3.82 

1 − 𝐷22
− + 𝐷22

+ ≅ 𝐺22(0.61,3.96)

+ ((𝑥1 − 0.61)
𝜕

𝜕𝑥1

+ (𝑥2 − 3.96)
𝜕

𝜕𝑥2

) 𝐺22(0.61,3.96) 

= −0.16𝑥1 + 9.74𝑥2 − 21.83 

The upper tolerance limits for 𝑥1 and 𝑥2 their tolerance 

ranges are obtained as 

0.10 ≤ 𝑥1 ≤ 1.39 

0 ≤ 𝑥2 ≤ 4.27 

Then the proposed FGP model for solving BLMO-QFP is 

formulated as follows: 

𝑀𝑖𝑛𝑍 = 0.83𝐷11
− + 0.95𝐷12

− + 0.39𝐷21
− + 0.08𝐷22

−  

Subject to 

−0.31𝑥1 + 0.83𝑥2 + 𝐷11
− − 𝐷11

+ = 2.99 

0.49𝑥1 − 4.95𝑥2 + 𝐷12
− − 𝐷12

+ = −16.58 

0.64𝑥1 − 2.34𝑥2 + 𝐷21
− − 𝐷21

+ = 4.82 

−0.16𝑥1 + 9.74𝑥2 + 𝐷22
− − 𝐷22

+ = 22.83 

𝑥1 + 𝑥2 ≤ 5.67     

−2𝑥1 + 5𝑥2 ≤ 18.58    

3𝑥1 − 4𝑥2 ≤ 3.02 

0.10 ≤ 𝑥1 ≤ 1.39 

0 ≤ 𝑥2 ≤ 4.27 

𝑥1, 𝑥2 ≥ 0 

𝐷𝑖𝑗
−, 𝐷𝑖𝑗

+ ≥ 0 with 𝐷𝑖𝑗
− × 𝐷𝑖𝑗

+ = 0          𝑖 = 1,2         𝑗 = 1,2. 

http://www.naturalspublishing.com/Journals.asp


34                                                                                                H. Kausar et al.: A fuzzy goal programming approach … 
 

 

 

© 2019 NSP 

Natural Sciences Publishing Cor. 
 

The software LINGO is used to solve the problem. Optimal 

compromise solution of the problem is given by 𝑥1
∗ = 0.1 

and 𝑥2
∗ = 0 with objective functions values 𝑓11 =

0.01, 𝑓12 = 0.40, 𝑓21 = 0.98, 𝑓22 = −0.49 with 

membership function values 𝜇11 = 0.41, 𝜇12 = 0.07, 𝜇21 =

1.00 and 𝜇22 = 0.54 respectively. 

9 Conclusions 

A fuzzy goal programming method for solving chance 

constrained BLMO-QFP based on first order Taylor series 

approximation is presented in this paper. Within the 

proposed method, chance constraints are converted into 

equal deterministic constraints and the quadratic fractional 

membership functions corresponding to the objective 

functions are transformed into the linear membership 

functions by first order Taylor series. Thereafter, a 

numerical problem to validate the proposed method is 

given.  
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