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Abstract: A group G has the property P if G is finitely generated and is of a finite extension of a free group. In this paper 

we prove that if the group G has the property P and H is a subgroup of G thenIf H is of finite index, then H has the property 

P or H is finite and normal, then the quotient group G/H has the property P.  

Furthermore, we prove that if G is a group acting on a tree X without inversions such that the stabilize Gv of each vertex v 

of X has the property P, Gv G, the stabilizer Ge of each edge e of X is finite, and the quotient graph G/X for the action of 

G on X is finite, then G has the property P.    

We have applications to tree product of the groups and HNN extension groups.  

Keywords: Groups acting on trees, Finite extensions of free groups, Tree product of groups and HNN extension groups. 

 

1 Introduction 

For the structures of group acting on trees without 

inversions we refer the readers to [1], [7], [8] and [12]. In 

[2, Th.1.3], Gregorac, proved that if IiAG iH  ,  

free product of the groups Ai, iI with amalgamated 

subgroup H such that  Ai, iI  are finite extensions of free 

groups, and, H and I are finite, then G is an extension of 

free group. In [3, Th.1], Karrass, Pietrowski and Solitar 

proved that a G is a finite extension of a free group if and 

only if G is an HNN group of the form 

   ,...,,, 1 KrelttKgenG n 

niMtLt iiii ...,,1,1 
only if G is an HNN group 

where K is a tree product of a finite number of finite groups 

(the vertices of K), and each (associated) subgroup Li and 

Mi are subgroups of a vertex of K. 

         In this paper we generalize such results to groups 

acting on trees without inversions in a way that the 

stabilizers of the vertices of the tree have the property P, the 

stabilizers of the edges are finite, and the quotient graph for 

the action of the group on the tree is finite. As applications 

we show that the subgroups of finite index and the 

quotients of groups having the property P have the property 

P. We end the paper with examples of groups acting on  

 

 

 

trees without inversions having the property P.   We begin a 

general background of groups acting on trees without 

inversions introduced in [1], [7], [8] and [10] as follows.  A  

Graph X consists of two disjoint sets  XV  (the set of 

vertices of X) and  XE  

(the set of edges of X) with  XV   non-empty, together 

with three functions    ,:0 XVXE 

   ,:1 XVXE   and )()(: XEXE    is an 

involution satisfying  the conditions 10   and 

.01   For simplicity, if  ,XEe   then we write 

   ,0 eoe     ,1 ete   and   .ee   This implies 

that    ,eteo     ,eoet   and .ee   We say that a 

group G acts on a graph X without inversions if there is a 

group homomorphism  .: XAutG   In this case, if 

Xx   (vertex or edge) and ,Gg   then we write  xg  

for     .xg  Thus, if ,Gg   and  ,XEy   then 

     ,ygoyog       ,ygtytg     ygyg  . 

If the group G acts on the graph X and Xx   (x is a 

vertex or edge), then 

A. The stabilizer of x, denoted xG  is defined to be the set 

xG   .: xxgGg    It is clear that ,GGx   and 

if  XEx   and u     ,, xtxo  then xx GG   and 

,ux GG   
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B. The orbit of x denoted  xG  is defined to be the set 

  xG   .: Ggxg  It is clear that G acts on the 

graph X without inversions if and only if    eGeG   for 

any  ,XEe   

C. the set of the orbits XG  of the action of G on X is 

defined as   .: XxxGXG  XG  forms a graph 

called the quotient graph for the action of G on X, where 

      ,: XVvvGXGV    XGE

    ,: XEeeG   and if  ,XEe   then 

     ,eoGeGo     eGt   ,etG  and 

   .eGeG   
 

Definition 1. Let G be a group acting on a tree X without  

inversions, and let T and Y be two sub trees of X such that 

,YT   and each edge of Y has at least one end in T. 

Assume that T and Y are satisfying the following: 

(i) T contains exactly one vertex from each vertex 

orbit. 

(ii) Y contains exactly one edge  sayy  from edge 

orbit.  The pair  YT;  is called a fundamental domain for 

the action of G on X. For the existence of fundamental 

domains, we refer the readers to [5].   We note that the set 

of vertices V(T) of T is in one to one correspondence with 

the set of vertices  V(X/G) of X/G  and the set of edges 

E(Y) of Y is  in one to one correspondence with the set of 

edges E (X/G) of X/G. 

For the rest of this section, G is a group acting on a tree X 

without inversions, and  YT;  is the fundamental domain 

for the action of G on X. We have the following definitions. 

Definition 2.  For any vertex  ,XVv   there exist a 

unique vertex denoted 
v of T and an element g (not 

necessarily unique) of G such that   .vvg 
 That is, 

   .vGvG 
 Moreover, if  ,TVv   then v* = v, and 

for each edge  ,YEy   let  y  be any element of G 

satisfying the following:  

(a)if    ,TVyo   then        ,ytyty 


 and 

  1y  in case  TEy ,    

(b)if    ,TVyt   then         ,


 yoyoy  and 

    1
 yy . Furthermore, let y  be the edge yy   if 

   ,TVyo   and   yyy   if    .TVyt   It is 

clear that      ,


 yoyo  and
  

 yoy GG . If 

 ,TEy   then .yy GG   

Definition 3. If gG is an element of G and eE(Y) is an 

edge of Y, define [g, e] to the pair [g, e] = ).,( egG e  

Define X̂ to be the set   ,:;ˆ GgegX 

 .YEe  

 

2 The Main Result 

Theorem 1 of [3] can be stated as follows. A group G is a 

finite extension of a free group if and only if G is an HNN 

group of the form 

   ,...,,, 1 KrelttKgenG n 

niMtLt iiii ...,,1,1 
 Where K and I are finite. We 

note that if G is an HNN extension group of presentation  

    IiMtLtKreltKgenG iiiii   ,,, 1
 of base 

K and of associated pairs  ii ML ,  of isomorphic 

subgroups of K, ,Ii   where   )(KrelKgen   stands 

for any presentation of K, and ,1

iiii MtLt  Ii   stands 

for the relations   .,1

iiii Axxxtt   Then G acts on 

the tree X without inversions defined as follow: 

   ,: GggKXV   and 

     ,,,, 1 iiii tgLtgMXE  where Gg   and 

.Ii   For the edges  ii tgM ,  and   ,,, 1 IitgL ii 
 

define     ,,, 1 gKtgLotgMo iiii  

  ,, KgttgMt iii   

  ,, 11 KgttgLt iii

   and    ,,, 1 iiiii tLgttgM

and    .,, 11

iiiii tMgttgL    Let .Gf   Then for the 

vertex gG and the edges  ii tgM ,  and  1, 

ii tgL  of X, 

define      ,,,, iiii tfgMtgMffgKgKf   and 

   .,, 11   iiii tfgLtgLf  The stabilizer of the vertex 

gKv   is ,1 gKgKv
 a conjugate of G, the 

stabilizers of the edges  ,, ii tgB  and  1, 
ii tgA  are 

,1ggM i
 a conjugate of ,iM  and ,1ggLi

 a conjugate 

of iL  are finite for all .Ii   

The orbits of  ii tgBgG ,,  and  1, 

ii tgL  are 

 GffK :  and   .:, GftfM ii   
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If  the group  G acts on a tree X without  inversions such 

that Gv G for any vertex vV(X) of X, then by [5, Th.4], 

there exists  a fundamental domain (T;Y) for the action of 

G on X, and [7, Th. 5.1], G has the presentation  G = 

yymmvv GyyGyyGGGrelyGgen   11 ].[].[,),(),(

, where , m and y  stand for edges of E(Y) such that 

mE(T), o(y)V(T), t(y)V(T).   

Let  );
)(






XVv mmv GGGK

][][ 1 mGmL mm

 and .mm GM   It is clear that K is 

a tree product of the groups vG  with amalgamation 

subgroups mm ML , .This implies that 

yy GyyGyyKrelyKgen  11 ].[].[),(),( is an 

HNN extension group of base K, associated isomorphic 

subgroups mm ML , , and stable letters the edges yE(X) 

ox X such that o(y)V(T), t(y)V(T). This leads the 

following lemma.  

Lemma 2.1. A group G has the property P if and only if 

there exists a tree X on which G acts on X without 

inversions such that the stabilize Gv of each vertex v of X is 

finite, Gv G, and the quotient graph G/X for the action of 

G on X is finite.  

Proposition 2.1. the group G has the property P and H is a 

subgroup of G then 

(i) If H is of finite index, then H has the property P.  

(ii) If H is finite and normal, then the quotient group G/H 

has the property P.  

 

Proof. Since G has the property P, G is finitely generated, 

andby Lemma 2.1, exists a tree X such that G acts on X 

without inversions, the stabilize vG for each vertex v of X 

is finite and the quotient graph G/X 

for the action of G on X is finite 

(i) Since G is finitely generated and H is of finite index in 

G, by the Reidemeister-Schreier subgroup theorem 

[6,Corollary 2.8, page 93], H is finitely generated. Then H 

acts on X by restriction. It is clear that the vertex stabilize 

Hv of the vertex v of X satisfies Hv = HGv. Since Gv is 

finite, Hv is finite. Since H is of finite index in G, and G/X 

isfinite, therefore by Lemma 7 of [7], the quotient graph 

H/X for the action of H on X is finite. Thus, H has the 

property P. 

(ii)   Since G is finitely generated, it is clear that HG  is 

finitely generated. Let XH be the set 

}.:{ x

H GHXxX   Then by Proposition 4.3 of 

[8], XH is a subtree of X and HG  acts on 
HX  without 

inversions, where if  gG, and xE(
HX ) then such that 

gH(x) = g(x). It is clear that the stabilizer of x
HX  under 

the action of HG on 
HX  is HGHG xx )( , where 

xG  is the stabilizer of x under the action of G on X.  Since 

stabilizer of each element xX of X under the action of G 

on X is finite, therefore stabilizer of each x
HX  under the 

action of HG on 
HX is finite. If xV(V) and 

HGHG xx )(  = G/H, then Gx = G. Contradiction. 

Hence HGHG xx )(  ≠ G/H for any vertex xV(V). 

It is clear that if x
HX , where x is a vertex or an edge, 

then the orbit (G/H)(x) of x under the action of G/H on XH 

is given by (G/H)(x) = G(x) where G(x) is the orbit of x 

under the action of G on X. This implies that the quotient 

graph 
HXHG for the action of G/H on XH is = 

{(G/H)(x) = G(x):xX}G/X. Since G/X is finite, 

therefore 
HXHG is finite. Consequently, the quotient 

group G/H has the property P.  This completes the proof. 

Before we prove the main result of this paper, we introduce 

the following concept taken from [1, page 78]. Let H be a 

subgroup of a group G and let H act on a set X. Define   

to be the relation on XG   defined as    ,,, vguf   

if there exists Hh   such that ghf   and  .1 vhu   

It is easy to show that   is an equivalence relation on 

.XG   The equivalence class containing  uf ;  is 

denoted by .uf H  Thus, 

   .:; 1 Hhuhfhuf H  
 

Define XG H  to be the set 

 .,: XxGgxgXG HH  the main result 

of this section is the following theorem.  

Theorem 2.1. If G is a group acting on a tree X 

without inversions such that  the stabilize vG for each 

vertex v of X  has the property P, GGv  , the 

stabilizer  eG  of each edge e of X is finite, and the 

quotient graph G/X for the action of G on X is finite, 

then the group G has the property P. 

Proof. Let vV(X). SinceGv has the property P, Gv is 

finitely generated. Since the quotient graph G/X for the 

action of G on X is finite, by Lemma 4.4 of [11], G is 

finitely generated. Furthermore, by Lemma 2.1, exists a tree 

Xv such that Gv acts on Xv without inversions, the stabilizer 

(Gv)u for each vertex u of Xv is finite (Gv)u ≠ Gv , andthe 

quotient graph  vv XG  for the action of Gv on Xv is finite. 

Let  YT;  be a fundamental domain for the action of G on 

http://www.naturalspublishing.com/Journals.asp
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X. Since the quotient graph XG  for the action of G on X 

is finite, T and Y are  finite. By Lemma 4.4 of [6], G is 

generated by the generators of ,vG  TVv   and by the 

elements  ,y  .YEy   By Theorem 3.4 of [7], there 

exists a tree denoted as 

 
 

,ˆ~




















TVv

vG XGXX
v

 

Where   ,:;ˆ GgegX   ,YEe  and 

   ,,; egGeg e     
 


TVv

vG XVGXV
v




~

and     
 

.ˆ~




















TVv

vG XEGXXE
v

 

The ends and the inverse of the edge eg
vG  are defined 

as follows:    ,etgegt
vv GG 

   eogego
vv GG   and  eg

vG

,eg
vG  where    ,, eoet  and e  are the ends and the 

inverse of the edge e in .vX  G acts on X
~

 as follows: if 

,, Ggf   ,YEy   ,TVv   ,vXEe   and 

 ,vXVu   then    ,;; yfgygf     egf
vG

,efg
vG  and   .ufgugf

vv GG   If Gg   

and  YEe   such that 

  ,111 eeeg
vvv GGG   then vGg   and 

 ,vXEe    .eeg   Hence, vG  acts on vX  with 

inversions. This is a contradiction because vG  has the 

property P. This implies that G acts on X
~

 without 

inversions. Now for Gg   and ,vXx   it is clear that 

the stabilizer xg
vG

G   of  the vertex xg
vG  is 

  ,1
  gGgG xvxg

vG
 where  xvG  is the stabilizer 

of x under the action of vG  on .vX  Since  
xvG  is finite, 

therefore, xg
vG

G   is finite.  So the stabilizer of each 

vertex of X
~

 under the action of G on X
~

 is finite. Now 

we show that the quotient graph XG
~

 for the action of G 

on X
~

 is finite. The fundamental domain  YT;  for the 

action of G on X induces a fundamental domain );( vv YT

for the action of vG on vX  for every vertex v of T. 

For each edge eE(Y), let ev be a vertex ev

)( ))*(( eoTV such that 
eveoe GG )( ))*((
, where 

eveoG )( ))*((
 is the vertex stabilizer of the vertex ev  

under the action of 
))*(( eoG  on 

))*(( eoX . Let T̂ = {

];1[ e : eE(T)}, Ŷ = { ];1[ e , [[e];e]: eE(Y)}, 

))1((ˆ~

)(


TVv

vG TTT
v



 , and ))1((ˆ~

)(


TVv

vG YYY
v



 , 

where [e] is the value of the edge e defined as in 

Definition 1 and [[e], e] is defined as in Definition 3. 

Then by Theorem 3.2 of [9], )
~

;
~

( YT  forms a 

fundamental domain for the action of G on X
~

. Since 

for each edge eE(X) of X  the stabilizer eG is finite 

and (T;Y) and );( vv YT , vV(T) are finite, then the 

fundamental domain )
~

;
~

( YT  is finite. This shows that 

the quotient graph XG
~

 for the action of G on X
~

 is 

finite. Then Lemma 2.1 implies that the group G has 

the property P. This completes the proof. 

3 Application 

Now we apply Theorem 2.1 to tree product of groups and 

HNN groups introduced in [4]. Tree product of groups and 

HNN groups are examples of groups acting on trees 

without inversions.   

If  





Ii jiiji UUAA ;  is a tree product of the 

groups IiAi ,  with amalgamation subgroups 

,,, IjiUij   then A acts on the tree X without inversions 

defined as follow:     IiAgigAXV i  ,:,  and 

    .,,:, IjiAgijgUXE ij   If y is the edge 

 ,, ijgUy ij  then    ,, igAyo i    ,, jgAyt j  

and  ., jigUy ji  The group A acts on X as follows: 

let .Af   Then     ifgAigAf ii ,,   and 

  ijgUf ij ,  ., ijfgUij  If  v is the vertex 

   XVigAv i  ,  and y is the edge 

   ,, XEijgUy ij   then the stabilizer of v is 

,1
iiv AggAA  

 a conjugate of iA  and the stabilizer of 

y is ,1
ijijy UggUA  

 a conjugate of .ijU  The orbit 

of v is the set   vA   IiAaiagAi  ,:,  and the 

orbit of y is     ,:, IaijagUyA ij  ., Iji   

Now, we turn to the definition of an HNN group. Let G be 

a group and let I be an index set. Let  IiAi :  and 
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 IiBi :  be two families of subgroups of G. For each 

,Ii   let iii BA  :  is isomorphism. The group 
G  

of the presentation 

    IiBtAtGreltGgenG iiiii   ,,, 1
 is called 

an HNN group of base G and of associated pairs  ii BA ,  

of isomorphic subgroups of G, ,Ii   where 

   GrelGgen   stands for any presentationof G, and 

,1
iiii BtAt  Ii   stands for the relations 

  .,1
iiiiiii Aaatat 

The HNN group 
G  acts on 

the tree X without inversions defined as follow: 

   ,:  GggGXV and

     ,,,, 1 iiii tgAtgBXE  where 
Gg  and 

.Ii   For the edges  ii tgB ,  and   ,,, 1 IitgA ii 
 

define     ,,, 1 gGtgAotgBo iiii  

  ,, GgttgBt iii    ,, 11 GgttgAt iii
   and

   ,,, 1 iiiii tAgttgB and    .,, 11
iiiii tBgttgA    

Let .Gf  Then for the vertex gG and the edges 

 ii tgB ,  and  1, 
ii tgA  of X, define 

     ,,,, iiii tfgBtgBffgGgGf   and 

   .,, 11   iiii tfgAtgAf  The stabilizer of the vertex 

gGv   is ,1 gGgGv  a conjugate of G, the stabilizers 

of the edges  ,, ii tgB  and  1, 
ii tgA  are ,1ggBi  a 

conjugate of ,iB  and ,1ggAi  a conjugate of iA  are finite 

for all .Ii   The orbits of  ii tgBgG ,,  and  1, 
ii tgA  

are  GffG :  

and  .:, GftfB ii  We have the following 

propositions as applications of Theorem 2.1.                               

Proposition 3.1. Let  





Ii jiiji UUAA ;  be a 

tree product of the groups IiAi ,  with amalgamation 

subgroups IjiUij ,,  such that the group Ai has the 

property P for all iI, I is finite, and ijU is finite for all 

i,jI. Then A has the property P.   

Corollary 3.1. Let IiAA iC  ,  be the free 

product of the groups IiAi ,  with amalgamation 

subgroup C such that the group Ai has the property P for all 

iI, I is finite, and C is finite. Then the group A has the 

property P.
 

Proposition 3.2. Let 
G  be the HNN group 

   ,, GreltGgenG i  IiBtAt iiii  ,1
 of base G 

and of associated pairs  ii BA ,  of isomorphic subgroups 

of G such that the group G has the property P, iA  and Bi  

are finite for all iI, and I is finite. Then the group G* has 

the property P. 

4 Conclusions 

In this paper, we proved that if G is a group acting on a tree 

X without inversions such that the stabilize Gv of each 

vertex v of X has the property P, Gv G, the stabilizer Ge of 

each edge e of X is finite, and the quotient graph G/X for 

the action of G on X is finite, then G has the property P. On 

the other hand, we have applications to tree product of the 

groups and HNN extension groups.  
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