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Abstract: Nonlinear conjugate gradient method is very popular inisglhlarge-scale unconstrained optimization problems due t
its lower storage requirement and simple iterative prooedResearch activities on extending nonlinear conjugeddignt method
to higher dimensional systems of nonlinear equations aeheginning. This paper presents simple three-term catgugradient
algorithm for solving large-scale systems of nonlinear aigms.The strategies of acceleration and restart wererponcated in
designing the algorithm to improve its numerical perforeenThe global convergence of the proposed scheme with therale
Wolfe conditions under a suitable assumption was provethllyi the computational experiment was presented to shevefficiency

of the proposed method.
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1 Introduction is used:
Consider the problem of finding the solution of X1 = X+ Ak, (4)
whereay > 0 is attained using line search, and direction
F(x) =0, (1) dy are obtained by
whereF : R" — R" is a nonlinear mapping. Often, the  dixy1 = —F (Xk+1) + Bk, do=—-F(%). (5)

mapping, F is a continuously differentiable mapping. . )
Equation (1) is the first-order necessary condition for theln general nonlinear equations, there are numerous
unconstrained Optimization prob|em whelg is the algorlthms which have been deVGIODEd to deal with these

gradient mapping of some functidn R" — R, problems, for example, the Newton and quasi-Newton
methods 4], the Gauss-Newton methods5][ the
minf(x),x € R". 2) gradient-based and the conjugate gradient meth@®s [

10,11,12], the trust region method 1H], the
Problem (1) can be converted to the following global Levenberg-Marquardt methodsd, the tensor methods

optimization problem (2) with our function defined by ~ [7].the derivative-free methodsl§] and the subspace
methods 13]. Since conjugate gradient methods do not

1 2 need the storage of matrices, they are paid attention to as
f= §||F(X)|| (3) an effective method for solving large-scale unconstrained
optimization problem and large-scale nonlinear equations
As a system of nonlinear equations there are numeroult is well-known that choices off¢ affect the the
algorithms for (), often the following iterative procedure numerical performance of the method, and hence many
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researchers have studied effective choiceBcqkee R, 6, wherek > 0, dy € R" is called a search direction gt and
9], for example). The Recent development of conjugateay > 0 is a step size alondy. Denoteyy = gk1 — Ok, & =
gradient methods and their global convergence propertiegy.1 — Xk, the search direction is generated by

is reviewed by Hager and Zhang][ There is a weakness

of conjugate gradient methods, namely, most of the door —0Ok+1 fork =0, 8
conjugate gradient methods do not necessarily satisfy the k1 = — Q1 — OSc— MYk fork > 1, (8)
descent condition Og(x)"dy < 0. Recently, some B
researchers proposed three-term conjugate gradientheredy is defined by

methods which always generate descent search directions

(see P,10,11,12,13] for example). This is what C1-mind1 IVkl2 ) SEOke1  VEOki1 9
motivated us, to proposed a simple three conjugate 0= (1—min ’ylgk ) y-|k-gK - ylsk > 9
gradient algorithm for solving large-scale systems of T

nonlinear equations by modifying the classical BFGS N = Sq Gk+1 (10)
inverse approximation of the Jacobian inverse restarted as k VE

identity matrix at every step. The method possessed IowAccording to 12] de,y determined by 10] and [11] is

memory rquirement, global convergence properties an%escent direction and it also notedyﬁ‘sk < |lyil[2 holds
simple to be |mpler‘r_1ented. . . then, @), reduces to the method idJ].
The main contribution of this paper is to construct a faStincorporating with an improved line search and a dynamic

and efficient three-term conjugate gradient method forstrategies of accelaration and restart into the algorithm,

solving () the p_roposed algorithm is l_:)ased on the recentIheir proposed  three-term  conjugate  gradient  is
three-term conjugate gradient algorithm for Deng andexperimentally ilustrated ~ very  promising  and

Wan [12] f(_)r unconstrained optimization. In other v_vords outerperforms the existent similar state-of-the-art
our algorithm can be thought as an extension tor’;llgorithm

three-term conjugate gradient algorithm to a genera

systems of nonlinear equations. We present experimentq\llow we are ready to turn our attention to the general
results and performance comparison with a three—termgystems of nonlinear equations.

Polak-Ribiere-Polyak conjugate gradient algorithm for It is well known that if the jacobian matrix of is

Iarrcn;:je(;zgzlzl ngrri]t“hnme?; ggilé?;ﬁr?ﬁgo r'g”#ﬁg?te that the posotive definite, the most efficient search directiorat
prop 9 P 9. is the Newton direction

The rest of the paper is organized as follows: In section 2,
we simply recall the latest three-term conjugate gradient A1 = _(ng+1)_1gk+1~ (11)
algorithm for unconstrained optimization of Deng and

Wan and then construct our algorithm . SubsequentlyThus, for the Newton directiody, 1, it holds true that
Convergence results are presented in Section 3. Some

numerical results are reported in Section 4 to show its S D0k 101 = Gy (12)
grglcct?gr?lk_ferformance. Finally, conclusions are made inFrom the secant condition that,
Throughout this pape.|| denote the Euclidean norm of Okt 18 = Yk (13)
20\ﬁg;ot.r. For simplicity, we abbreviatgxx) asgx in the (12) can be approximated by

y-lEkorl = —Sll-ngrl- (14)
2 Algorithm Therefore, if a search direction &1 is required to

satisfy (@4), then it can be regarded as approximate
Newton direction. Observe that

Okr1 = —QuOkt1, (15)

whereQy is a matrix, given by

In this section, we briefly review the latest family of three-
term conjugate gradient method of Deng and W) 4nd
then construct our method step by step. consider

minf(x),x € R", (6)

_ , , , o T U | 2
wheref : R" — R is continuously differentiable such that k= T +( To ) Te
; . ) . Yie S Yk Y
it gradient is available.
Let g: R" — R" denote the gradient of, and let gk Recall that, the classical BFGS Jacobian inverse
denote the value af atx,. The recent designed method of approximation update method is represented as:
Deng and Wan generate a sequefrgg with an arbitrary T T . T
choosing initial starting pointy € R" giving by Sk¥k Br+ Bryk (1- Yk BkYk)ﬁ.

Y VESREY

Xict-1 = X + Ol (7) (17)

(16)

Bky1 =Bk —
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It is noticed that there is a close relation betwek8) and
(17). Actually by settingByx = | and modifying the sign
infront of yIsk in the third term of 17) we are going to
obtain the direction as

2 T T T
O = — (14 kD SOk YieOkrayg SOkl
1= ~Ger1 — ((1+ vl se ) s Wi ) Vi s

(18)
Then it is easy to obtain that = —1 and by direct
computationdy 1 satisfies {4), from this point of view
(18) is not always descent specifically, yf sc < [|yk||?,
for this purpose18) can be modified as

Oky1 = —Oks1 — XSk — MYk, (19)
where
I SOk YR Okt
O = (1—min{1, - , 20
( { Vi S ) Ve Ve (20)
3;<rgk+1
= —=. 21
Finally, we have
Xict1 = Xic + &k ik, (22)
where -
== 23
&« b (23)

a = ook, by = —o(g — 97, 9 = 9(2) and
Z= X+ ady. Hence Ifb, > 0, then the new estimation of
the solution is computed asg,1 = Xk + &Okdk,
Otherwisexy. 1 = Xk + 0okdk.

3 Convergence Result

In this Section, we will establish the global convergence
for Algorithm 2.1.

Definition

Let Q be the level set defined by

Q ={xlllgMl < +/llgx)[[>+ 1}

wherert is a positive constant.

The following Assumptions are needed to establish the
global convergence of the Algorithm 2.1
Assumption A. (i) The level
Q = {X/[lg®)[ < V/[l9(x)[|+ 1} is bounded;
(i) In some neighborhoodN of Q, g(x) is lipschitz
continuous, i.e there exist a constdnt- 0 s.t for all
X,y €N,

set

190 =gl < LlIx=ylI. (25)

Asssumption A(ii) implies that there exists a constant
K > 0 such that

lgX)ll <k, (26)

for all x € Q. Thus the sequendgy} is bounded.
Sinceg(xk) is decreasing als — 4o, it follows that from
assumption A(i) that the sequendey} generated by
Algorithm 2.1 is clearly contained in a bounded region.
Thus, there exist a convergent subsequence[xf}.
without lost of generality, it is supposed th@xy} is
convergent.

Therefore with the constructed search direction and thd-emma 1letg: R" — R" be a continuously differentiable
acceleration scheme we find the stepsize by the standar@@PPing, suppose that the line search satisfies the general

Wolfe line search strategy

f (Xt ared) — f (%) < pagy di, Oki1> Ug%gza)

wheredy is descent direction and9p < o < 1.
Algorithm 2.1 (STTCG)

Step 1 : Giverxg ,a >0, 0 € (0,1), and computely =

—0o, Setk=0.

Step 2 : If||gk|| < € then stop; otherwise continue with

step 3.

Step 3 : Determine the stepsizg by using the standard

Wolfe line search strategy ir24).

Step 4 :Compute = xx + axdk, gk = 9(z) andyk = gk —

gz

Step 5 :Computay = axgy dk andby = —ay dk.

Step 6 : Acceleration scheme:df > 0, then computed as

&= —%E and update the iterate poings 1 = Xk + &k d;

Wolfe line search in24), then ¢, defined by(19),(20)
and(21) is descent direction.

Proof. From general Wolfe conditions ir24), we have
Vi sc > 0. if yise < |lyil[?, then,

Or 101 = — gkl < O. (27)

Otherwise,
o 10:1= g2~ (1 min{1, Yk ) B <
k+1YK+1 +1 3 yISk ylsk (58)

Lemma 2 Suppose that the line search satisfies general
Wolfe (24). Then ¢.; defined by(19),(20) and (21)
satisfies the conjugacy condition that

Otherwise X, 1 = zand comput@y 1 ands, = X1 — X« i, 1Yk = — O, 15 (29)

andyk = Gk+1 — Ok _ _

Step 7 : Determiné, andny by (20) and @1) respectively.  Proof.By direct computation we get

Step 8 :compute the search direction 5%9)( , Ta. T4,

Step 9 : powel restart criterion. |fok+1/| > 0.2||gk+1]|%, T — — 1 — ming1. T2k Yi OkYk\ T

then setly, 1 = —0k. 1. Step 10 :Considée=k+ 1 and go Vi min{1, y{sk )+ y1k'sk S Gk,

to step 2. (30)
(© 2017 NSP
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where Let by contradiction that
T 2 -
tkzl_min{]_’ykfkyk})_’_ |I>;|_<II S0 (31 liminf . — oo| |gy|| # O. (40)
YieSk YieSk Then there exist > 0 such that
In particular, if ||yg|| < y{sk, thenty = 1. Therefore, the llgk/| > A >0,vk > 1. (41)
direction dy,1 defined by 19),(200 and Q1) satisfies
conjugacy conditionZ9). Thus,
Lemma 3Suppose that dis a descent direction and A2 lad)? . 5, (diaw)? (d] g)?
assumption A (ii) holds then for all x on the line segment TR NE N ol 21ok12 ~ A2[|dd] 2 (42)
connecting x and %.;. Under the general Wolfe line
search(24) it holds true that From lemma 3
0 Td )2
(1—0)|gfdk| (O™, (43)
S~ VR 2 )
= ]| (32) Eo 1Al ?

Proof. subtractinggld;< from both side of inequality24)
we are going to obtain

(0~ 1)ggdk < (Ghr1 — G) " dhe = Yy e < Iy 1]kl | < onL|[dke]|>-
(33)

sincedy is decsent and & o < 1, then the desired result
i.e (32 follows directly .

Lemma 4Let{d¢} and{ax} be two sequences generated

by Algorithm 2.1. suppose that Assumptions A(i) and A(ii)

hold. Then, S
® d
> G9)° _ ., (34)
& 1ldkl]
Proof.From 24) and lemma 3 it follows that
1—0)(gldy)?
fic — fier > —pagy de > P% (35)

L[d[>

which implies that;[f:om <+ is convergent. This
contradict the conditior86). Hence the proof is complete.

Theorem 1Let {di} and {ax} be two sequences
generated by Algorithm 2.1, whem is obtained via
standard Wolfe condition. Suppose that Assumptions A(i)
and A(ii) hold. If g is a uniformly convex functionon S, i.e
there exists a constamt> 0 such that

(9 —g(y) (x—y) > v|}x—y|>, , for all x,yeN,

(44)
then,
lim [|g«|| = O. (45)
k—co
Proof. By Lipchitz continuity, we know that

|lyk/| < L||s«/|. On the other hand by uniform convexity, it
yields

T 2
, N s> V| |% 46
Then by assumption A(i)34) is proved. % Il (46)
Thus,
Lemma 5Let {d} and{a} be two sequences generated |5 | IseOkral | [yl Pl Okeal | YR Okl (7)
by Algorithm 2.1. whereay is obtained by the(24). e e e
suppose that Assumption A(i) and A(ii) hold. If
A L2A LA
1 < + -+ : (48)
T =1, (36) Vilsdl -~ vallsdl  vilsdl
& lldk]|
|5|—A(1—i—L+L—2)—:L (49)
then, o v v Isdl
imint |gi/| =0 B)  gince
Proof. |seGkal _ [[sellllgkrall A
dy . = < , 50
Denotep. = ook In view of lemma a4 g < gk M= "yrsd = visa? Svs €9
Therefore, Finally
pes -1 (39) 2
o : l1akral| < llgiceall + [AllIsed | + MKl < A + 52+ L+5).
which yields (51)
2 l|okl|? (39) Hence,dy,1 is bounded. In view of Lemma 34%) holds
Pic = Y true. And the proof is completed.
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4 Numerical performance of the STTCG and
comparison

i=23,..,n
X0 = (0.5,0.5,0.5,...,0.5)T.
Problem 8. System ofh nonlinear equationsip):

In this section we report some numerical results obtainedi(X) = ¥ L1 XiXi—1+ €1 —1,

with an implementation of the STTCG algorithm. The
code is written in MATLAB R2013a on a PC with Intel
COREIi5 processor with 4GB of RAM and CPU
1.80GHz. We used 10 test problems with dimension
between 100 to 10000 to test the performance of th
proposed methods in terms of the number of iteration
(iter) and the CPU time (in seconds). We define a
termination criterion for the methods as

IF (x| < 107%. (52)

i=23,...,n
X0 = (0.5,0.5,0.5,...,0.5)".
Problem 9. System ofh nonlinear equationsig:

2
RO =x—3Li%+3L%—n,

%o = (05,0.5,0.5,...,0.5)"
S=1,2,...n

Problem 10.System ofn nonlinear equationg:
Fi(X) = 5%% — 2x — 3,

i=1,2,..,n

X = (0.5,0.5,0.5,...,0.5)".

The tables list the numerical results, where Iter and Time

stand for the total number of all iterations and the CPU
time in seconds, respectivelyjF|| is the norm of the
residual at the stopping point. We also used "-" to
represent failure during iteration process due one of the
following:

1.The number of iteration and/or the CPU time in second
reaches 1000;

2.Failure on code execution due to insufficient memory;

3.If ||| is not a number (NaN).

We present here the benchmark problems used to test tt
proposed methods in this research.

Problem 1. The strictly convex functiof®5]:
F(x)=¢ei—-1

i=1,2,...,n

X0 = (0.5,0.5,0.5,...,0.5)".

Problem 2. System ofn nonlinear equationgf:
Fi(x) = x —3x(*3* — 0.66) + 2

i=23,..,n

Xo = (0.5,0.5,0.5,...,0.5)T.

Problem 3.System oh nonlinear equationf:
Fi(x) = cosx — 9+ 3x; + 8€%2,

Fi(X) = cosx; — 9+ 3x; + 8eXi-1,

i=1,2,...,n

Xo = (0.5,0.5,0.5,...,0.5)T.

Problem 4. System ofn nonlinear equations:
Fi(X) = (0.5—x)%+ (n+1—i)?2—0.25x — 1,
Fa(X) = B1—e %,

i=212,..,n—1

Xo = (0.5,0.5,0.5,...,0.5)T.

Problem 5. System ofnh nonlinear equation<]:
Fi(X) = 4% + %41 — 2% —Xiga,

Fn(X) = 4%n + Xn—1— 2Xn — Xﬂgj_,
i=212,..,n—1

X0 = (0.5,0.5,0.5,...,0.5)".

Problem 6. System ofh nonlinear equationsig:
F(X) =x —4,

Xo = (0.5,0.5,0.5,...,0.5)T.

Problem 7. System ofh nonlinear equations]:
Fi(X) = sin(xy — Xp) — 46272 4+ 2xy,

Fi(X) = Sin(2 — %) — 4€572 4 2% + cog2 — x;) — €%

0.2

o TTCGL
e TPRP

.
4

0.1

L L L L L
25 3 3.5 4.5 5
T

Fig. 1: Performance profile of STTCG and TPRP methods with
respect to number of iterations of problems 1-10

I I I I I I I I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

L
0.1

Fig. 2: Performance profile of STTCG and TPRP methods with
respect to CPU time in seconds of problems 1-10
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Table 1: Numerical results based on dimension of problem (n), Nurobéerations and CPU Time (in seconds) of problems 1-6

STTCG Algorithm TPRP Algorithm
P Dim Iter A CPU time Iter [l CPU time
100 4  1.5264e-08 0.003181 88 9.6201e-05 0.031619
1 1000 4  4.8268e-08 0.015766 98 9.20E-05  0.103898
5000 4  1.0793e-07 0.084453 105 8.91E-05  0.414489
10000 4  1.5264e-07 0.163825 107  9.92E-05 0.80703
100 9  6.4647e-05 0.005891 17 8.1857e-05 0.009647
2 1000 10 4.0993e-05 0.022897 18 5.9288e-05 0.042653
5000 10 9.1664e-05 0.111459 20 5.6441e-05 0.216124
10000 11  2.5994e-05 0.219785 20 7.9820e-05 0.375422
100 26 6.9265e-05 0.014515 97 9.4677e-05 0.061587
3 1000 28  6.8690e-05 0.059455 106 8.9246e-05 0.224129
5000 29 8.6013e-05 0.240648 112 8.9051e-05 1.051879
10000 30 6.8119e-05 0.430044 114 9.6236e-05 1.857360
100 16  9.9520e-05 0.007855 20 6.3527e-05  0.01041
4 1000 18 6.3729e-05 0.035541 21  7.1739e-05 0.045256
5000 19 6.4126e-05 0.135590 22 3.6882e-05 0.190270
10000 19 9.0688e-05 0.261424 22 5.2159e-05 0.36712
100 14  4.6340e-05 0.008503 14  7.5054e-05 0.009104
5 1000 15 5.8615e-05 0.037034 15 9.6216e-05 0.039770
5000 16  5.2427e-05 0.143230 16 5.5932e-05 0.180076
10000 16  7.4143e-05 0.274368 16  7.9100e-05 0.350064
100 10 3.6828e-05 0.005975 17  2.1584e-05 0.011010
6 1000 11 2.3292e-05 0.025098 17  6.8254e-05 0.030440
5000 11  5.2083e-05 0.108580 19 5.4749e-05 0.144925
10000 11  7.3657e-05 0.199006 19 7.7426e-05 0.255382

Table 2: Numerical results based on dimension of problem (n), Nurobéerations and CPU Time (in seconds) of problems 7-10

STTCG Algorithm TPRP Algorithm
P Dim Iter [|Fd]| CPU time Iter [|Fd]| CPU time
100 143 9.7928e-05 0.060383 7 - 0.007176
7 1000 152  9.4715e-05 0.216088 12 - 0.068942
5000 144  9.6823e-05 0.786077 53 9.9910e-05 0.614886
10000 148 9.6419e-05 1.479564 52 9.5775e-05 1.136529
100 45  8.5992e-05 0.034983 39 5.0179e-05 0.039739
8 1000 20  9.1045e-05 0.080477 53 5.8972e-05 0.228211
5000 23  9.0727e-05 0.396575 184 9.8877e-05 3.811658
10000 9  7.7739e-06 0.409578 65 6.9965e-05 2.735592
100 10 7.3224e-05 0.007216 86 9.5750e-05 0.061622
9 1000 37 8.8631e-05 0.068108 76  9.3339e-05  0.23127
5000 42 8.3241e-05 0.331232 27  9.6663e-05 0.345739
10000 22 8.7128e-05 0.424679 104 9.9467e-05 2.175488
100 22 9.1535e-05 0.009544 14  4.7435e-05 0.010289
10 1000 25  6.2523e-05 0.031216 15 8.2750e-06 0.030116
5000 26  8.3884e-05 0.134385 15 1.8503e-05 0.126861
10000 27  7.1178e-05 0.26030 15 2.6168e-05 0.339827

We have tested our proposed method STTCG byachieved by incoporating acceleration scheme and a

solving twenty (10) benchmark nonlinear systems of Powell restart in to the algorithm.
equations. The results in Tables 1 and 2 demonstrated |n Table 1 and 2, we listed numerical results.The
very clearly that the use of STTCG has reduced thenumerical results indicated that the proposed method,
number of iterations and CPU time for solving the testedSTTCG, compared to TPRP has minimum number of
problems compared to TPRP.This happened due to th@erations and CPU time. Except for problems 7 and 10
low computational cost of the method, which was where the TPRP has less number of iterations than
STTCG. Figures 1 and 2 are performance profiles derived
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