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Abstract: Nonlinear conjugate gradient method is very popular in solving large-scale unconstrained optimization problems due to
its lower storage requirement and simple iterative procedure. Research activities on extending nonlinear conjugate gradient method
to higher dimensional systems of nonlinear equations are just beginning. This paper presents simple three-term conjugate gradient
algorithm for solving large-scale systems of nonlinear equations.The strategies of acceleration and restart were incorporated in
designing the algorithm to improve its numerical performance. The global convergence of the proposed scheme with the general
Wolfe conditions under a suitable assumption was proved. Finally, the computational experiment was presented to show the efficiency
of the proposed method.

Keywords: Unconstrained optimization, Systems of nonlinear equations, Conjugate gradient, General wolfe condition.
Mathematics Subject Classification: 65H11, 65K05,65H12, 65H18

1 Introduction

Consider the problem of finding the solution of

F(x) = 0, (1)

where F : Rn → Rn is a nonlinear mapping. Often, the
mapping, F is a continuously differentiable mapping.
Equation (1) is the first-order necessary condition for the
unconstrained optimization problem whenF is the
gradient mapping of some functionf : Rn → R,

min f(x),x∈ Rn
. (2)

Problem (1) can be converted to the following global
optimization problem (2) with our function defined by

f =
1
2
||F(x)||2 (3)

As a system of nonlinear equations there are numerous
algorithms for (1), often the following iterative procedure

is used:

xk+1 = xk+αkdk, (4)

whereαk > 0 is attained using line search, and direction
dk are obtained by

dk+1 =−F(xk+1)+βkdk, d0 =−F(x0). (5)

In general nonlinear equations, there are numerous
algorithms which have been developed to deal with these
problems, for example, the Newton and quasi-Newton
methods [4], the Gauss-Newton methods [5], the
gradient-based and the conjugate gradient methods [6,9,
10,11,12], the trust region method [14], the
Levenberg-Marquardt methods [15], the tensor methods
[7],the derivative-free methods [16] and the subspace
methods [13]. Since conjugate gradient methods do not
need the storage of matrices, they are paid attention to as
an effective method for solving large-scale unconstrained
optimization problem and large-scale nonlinear equations.
It is well-known that choices ofβk affect the the
numerical performance of the method, and hence many
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researchers have studied effective choices ofβk (see [2,6,
9], for example). The Recent development of conjugate
gradient methods and their global convergence properties
is reviewed by Hager and Zhang [9]. There is a weakness
of conjugate gradient methods, namely, most of the
conjugate gradient methods do not necessarily satisfy the
descent condition ∇g(x)Tdk ≤ 0. Recently, some
researchers proposed three-term conjugate gradient
methods which always generate descent search directions
(see [9,10,11,12,13] for example). This is what
motivated us, to proposed a simple three conjugate
gradient algorithm for solving large-scale systems of
nonlinear equations by modifying the classical BFGS
inverse approximation of the Jacobian inverse restarted as
identity matrix at every step. The method possessed low
memory requirement, global convergence properties and
simple to be implemented.
The main contribution of this paper is to construct a fast
and efficient three-term conjugate gradient method for
solving (1) the proposed algorithm is based on the recent
three-term conjugate gradient algorithm for Deng and
Wan [12] for unconstrained optimization. In other words
our algorithm can be thought as an extension to
three-term conjugate gradient algorithm to a general
systems of nonlinear equations. We present experimental
results and performance comparison with a three-terms
Polak-Ribiere-Polyak conjugate gradient algorithm for
large-scale nonlinear equations [5], to illustrate that the
proposed algorithm is efficient and promising.
The rest of the paper is organized as follows: In section 2,
we simply recall the latest three-term conjugate gradient
algorithm for unconstrained optimization of Deng and
Wan and then construct our algorithm . Subsequently
Convergence results are presented in Section 3. Some
numerical results are reported in Section 4 to show its
practical performance. Finally, conclusions are made in
Section 5.
Throughout this paper,‖.|| denote the Euclidean norm of
a vector. For simplicity, we abbreviateg(xk) asgk in the
context.

2 Algorithm

In this section, we briefly review the latest family of three-
term conjugate gradient method of Deng and Wan [12] and
then construct our method step by step. consider

min f(x),x∈ R
n

, (6)

where f : Rn → R is continuously differentiable such that
it gradient is available.
Let g : Rn → R

n denote the gradient ofg, and let gk
denote the value ofg atxk. The recent designed method of
Deng and Wan generate a sequence{xk} with an arbitrary
choosing initial starting pointx0 ∈ R

n giving by

xk+1 = xk+αkdk, (7)

wherek> 0, dk ∈ Rn is called a search direction atxk and
αk > 0 is a step size alongdk. Denoteyk = gk+1−gk, sk =
xk+1− xk, the search direction is generated by

dk+1 =

{

−gk+1 fork= 0,
−gk+1− δksk−ηkyk fork≥ 1,

(8)

whereδk is defined by

δk = (1−min

{

1,
||yk||

2

yT
k sk

}

)
sT
k gk+1

yT
k sk

−
yT

k gk+1

yT
k sk

, (9)

ηk =
sT
k gk+1

yT
k sk

. (10)

According to [12] dk+1 determined by [10] and [11] is
descent direction and it also noted ifyT

k sk ≤ ||yk||
2 holds

then, (8), reduces to the method in [13].
incorporating with an improved line search and a dynamic
strategies of accelaration and restart into the algorithm,
their proposed three-term conjugate gradient is
experimentally illustrated very promising and
outerperforms the existent similar state-of-the-art
algorithm.

Now we are ready to turn our attention to the general
systems of nonlinear equations.
It is well known that if the jacobian matrix ofg is
posotive definite, the most efficient search direction atxk
is the Newton direction

dk+1 =−(∇gk+1)
−1gk+1. (11)

Thus, for the Newton directiondk+1, it holds true that

sT
k ∇gk+1dk+1 =−sT

k gk+1. (12)

From the secant condition that,

∇gk+1sk = yk, (13)

(12) can be approximated by

yT
k dk+1 =−sT

k gk+1. (14)

Therefore, if a search direction isdk+1 is required to
satisfy (14), then it can be regarded as approximate
Newton direction. Observe that

dk+1 =−Qkgk+1, (15)

whereQk is a matrix, given by

Qk = I −
skyT

k + yksT
k

yT
k sk

+(1−
||yk||

2

yT
k sk

)
sksT

k

yT
k sk

. (16)

Recall that, the classical BFGS Jacobian inverse
approximation update method is represented as:

Bk+1 = BK −
skyT

k Bk+BkyksT
k

yT
k sk

+(1−
yT

k Bkyk

yT
k sk

)
sksT

k

yT
k sk

.

(17)
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It is noticed that there is a close relation between (16) and
(17). Actually by settingBk = I and modifying the sign
infront of yT

k sk in the third term of (17) we are going to
obtain the direction as

dk+1 =−gk+1− ((1+ k ||yk||
2

yT
k sk

)
sT
k gk+1

yT
k sk

−
yT
k gk+1

yT
k sk

)sk−
sT
k gk+1

yT
k sk

.

(18)
Then it is easy to obtain thatk = −1 and by direct
computationdk+1 satisfies (14), from this point of view
(18) is not always descent specifically, ifyT

k sk < ||yk||
2,

for this purpose (18) can be modified as

dk+1 =−gk+1− δksk−ηkyk, (19)

where

δk = (1−min{1,
||yk||

2

yT
k sk

})
sT
k gk+1

yT
k sk

−
yT

k gk+1

yT
k sk

, (20)

ηk =
sT
k gk+1

yT
k sk

. (21)

Finally, we have

xk+1 = xk+ ξkαkdk, (22)

where

ξk =−
ak

bk
, (23)

ak = αkgT
k dk, bk = −αk(gk − gz)

T , gz = g(z) and
z= xk+αkdk. Hence Ifbk > 0, then the new estimation of
the solution is computed asxk+1 = xk + ξkαkdk,
Otherwise,xk+1 = xk+αkdk.

Therefore with the constructed search direction and the
acceleration scheme we find the stepsize by the standard
Wolfe line search strategy

f (xk+αkdk)− f (xk)≤ ραkg
T
k dk, gT

k+1 ≥σgT
k dk,

(24)
wheredk is descent direction and 0< ρ < σ < 1.

Algorithm 2.1 (STTCG)
Step 1 : Givenx0 ,α > 0 , σ ∈ (0,1), and computed0 =
−g0, setk= 0 .
Step 2 : If ||gk|| < ε then stop; otherwise continue with
step 3.
Step 3 : Determine the stepsizeαk by using the standard
Wolfe line search strategy in (24).
Step 4 :Computez= xk+αkdk, gk = g(zk) andyk = gk−
gz.
Step 5 :Computeak = αkgT

k dk andbk =−αkyT
k dk.

Step 6 : Acceleration scheme: Ifbk > 0, then computed as
ξk =− ak

bk
and update the iterate pointsxk+1 = xk+ξkαkdk;

Otherwise,xk+1 = z and computegx+1 andsk = xk+1− xk
andyk = gk+1−gk
Step 7 : Determineδk andηk by (20) and (21) respectively.
Step 8 :compute the search direction by (19).
Step 9 : powel restart criterion. If||gk+1||

2 > 0.2||gk+1||
2,

then setdk+1 =−gk+1. Step 10 :Considerk= k+1 and go
to step 2.

3 Convergence Result

In this Section, we will establish the global convergence
for Algorithm 2.1.
Definition
Let Ω be the level set defined by

Ω = {x|‖g(x)‖ ≤
√

‖g(x)‖2+ τ}

whereτ is a positive constant.
The following Assumptions are needed to establish the
global convergence of the Algorithm 2.1
Assumption A. (i) The level set
Ω = {x|‖g(x)‖ ≤

√

‖g(x)‖2+ τ} is bounded;
(ii) In some neighborhoodN of Ω , g(x) is lipschitz
continuous, i.e there exist a constantL > 0 s.t for all
x,y∈ N,

‖g(x)−g(y)‖ ≤ L‖x− y‖. (25)

Asssumption A(ii) implies that there exists a constant
κ > 0 such that

‖g(x)‖ ≤ κ , (26)

for all x∈ Ω . Thus the sequence{gk} is bounded.
Sinceg(xk) is decreasing ask →+∞, it follows that from
assumption A(i) that the sequence{xk} generated by
Algorithm 2.1 is clearly contained in a bounded region.
Thus, there exist a convergent subsequence of{xkj}.
without lost of generality, it is supposed that{xk} is
convergent.

Lemma 1.Let g: Rn → Rn be a continuously differentiable
mapping, suppose that the line search satisfies the general
Wolfe line search in(24), then dk+1 defined by(19),(20)
and(21) is descent direction.

Proof. From general Wolfe conditions in (24), we have
yT

k sk > 0. if yT
k sk < ||yk||

2, then,

gT
k+1dk+1 =−||gk+1||

2
< 0. (27)

Otherwise,

gT
k+1dk+1 =−||gk+1||

2−
(

1−min{1,
yT
k θkyk

yT
k sk

}
)

(gT
k+1sk)

2

yT
k sk

≤ 0.

(28)

Lemma 2.Suppose that the line search satisfies general
Wolfe (24). Then dk+1 defined by(19),(20) and (21)
satisfies the conjugacy condition that

dT
k+1yk =−tkg

T
k+1sk. (29)

Proof.By direct computation we get

yT
k dk+1 =−

(

1−min{1,
yT

k θkyk

yT
k sk

}

)

+
yT

k θkyk

yT
k sk

)sT
k gk+1,

(30)
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where

tk = 1−min{1,
yT

k θkyk

yT
k sk

})+
||yk||

2

yT
k sk

> 0. (31)

In particular, if ||yk|| < yT
k sk, then tk = 1. Therefore, the

direction dk+1 defined by (19),(20) and (21) satisfies
conjugacy condition (29).

Lemma 3.Suppose that dk is a descent direction and
assumption A (ii) holds then for all x on the line segment
connecting xk and xk+1. Under the general Wolfe line
search(24) it holds true that

αk ≥
(1−σ)|gT

k dk|

L||dk||
. (32)

Proof.subtractinggT
k dk from both side of inequality (24)

we are going to obtain

(σ −1)gT
k dk ≤ (gk+1−gk)

Tdk = yT
k dk ≤ ||yk||||dk|| ≤ αkL||dk||

2.

(33)

sincedk is decsent and 0< σ < 1, then the desired result
i.e (32) follows directly .

Lemma 4.Let {dk} and{αk} be two sequences generated
by Algorithm 2.1. suppose that Assumptions A(i) and A(ii)
hold. Then,

∞

∑
k=0

(gT
k dk)

2

||dk||
<+∞. (34)

Proof.From (24) and lemma 3 it follows that

fk− fk+1 ≥−ραkg
T
k dk ≥ ρ

(1−σ)(gT
k dk)

2

L||dk||2
(35)

Then by assumption A(i) (34) is proved.

Lemma 5.Let {dk} and{αk} be two sequences generated
by Algorithm 2.1. whereαk is obtained by the(24).
suppose that Assumption A(i) and A(ii) hold. If

∑
k≥1

1
||dk||

=+∞, (36)

then,
lim inf

k→∞
||gk||= 0 (37)

Proof.
Denoteρk =

dT
k gk

||gk||||dk||
In view of lemma 3dT

k gk ≤−||gk||
2.

Therefore,

ρk ≤−
||gk||

||dk||
. (38)

which yields

ρ2
k ≥

||gk||
2

||dk||2
. (39)

Let by contradiction that

liminf k → ∞||gk|| 6= 0. (40)

Then there existλ > 0 such that

||gk|| ≥ λ > 0,∀k≥ 1. (41)

Thus,

λ 2

||dk||2
<

||gk||
2

||dk||2
≤ ρ2

k =
(dT

k gk)
2

||dk||2||gk||2
<

(dT
k gk)

2

λ 2||dk||2
. (42)

From lemma 3

∞

∑
k=0

(gT
k dk)

2

||dk||2
<+∞, (43)

which implies that∑∞
k=0

1
||dk||

2 < +∞ is convergent. This
contradict the condition (36). Hence the proof is complete.

Theorem 1.Let {dk} and {αk} be two sequences
generated by Algorithm 2.1, whereαk is obtained via
standard Wolfe condition. Suppose that Assumptions A(i)
and A(ii) hold. If g is a uniformly convex function on S, i.e
there exists a constantν > 0 such that

(g(x)−g(y))T(x− y)≥ ν||x− y||2, , f or all x,y∈ N,

(44)
then,

lim
k→∞

||gk||= 0. (45)

Proof. By Lipchitz continuity, we know that
||yk|| ≤ L||sk||. On the other hand by uniform convexity, it
yields

yT
k sk ≥ ν||sk||

2
. (46)

Thus,

|δk| ≤
|sT

k gk+1|

|yT
k sk|

+
||yk||

2|sT
k gk+1|

|yT
k sk|2

+
|yT

k gk+1|

|yT
k sk|

, (47)

≤
λ

ν||sk||
+

L2λ
ν2||sk||

+
Lλ

ν||sk||
, (48)

|δ |=
λ
ν
(1+L+

L2

ν
)

1
||sk||

. (49)

Since

|ηk|=
|sT

k gk+1|

|yT
k sk|

≤
||sk||||gk+1||

ν||sk||2
≤

λ
ν||sk||

, (50)

Finally

||dk+1|| ≤ ||gk+1||+ |δk|||sk||+ |ηk|||yk|| ≤ λ + λ
ν (2+L+ L2

ν ).
(51)

Hence,dk+1 is bounded. In view of Lemma 3, (45) holds
true. And the proof is completed.
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4 Numerical performance of the STTCG and
comparison

In this section we report some numerical results obtained
with an implementation of the STTCG algorithm. The
code is written in MATLAB R2013a on a PC with Intel
COREi5 processor with 4GB of RAM and CPU
1.80GHz. We used 10 test problems with dimension
between 100 to 10000 to test the performance of the
proposed methods in terms of the number of iterations
(iter) and the CPU time (in seconds). We define a
termination criterion for the methods as

‖F(xk)‖< 10−4
. (52)

The tables list the numerical results, where Iter and Time
stand for the total number of all iterations and the CPU
time in seconds, respectively;||Fk|| is the norm of the
residual at the stopping point. We also used ”-” to
represent failure during iteration process due one of the
following:

1.The number of iteration and/or the CPU time in second
reaches 1000;

2.Failure on code execution due to insufficient memory;
3.If ||Fk|| is not a number (NaN).

We present here the benchmark problems used to test the
proposed methods in this research.
Problem 1.The strictly convex function[45]:
Fi(x) = exi −1
i = 1,2, ...,n.
x0 = (0.5,0.5,0.5, ...,0.5)T

.

Problem 2.System ofn nonlinear equations[45]:
Fi(x) = xi −3xi(

sinxi
3 −0.66)+2

i = 2,3, ...,n.
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 3.System ofn nonlinear equations [28]:
Fi(x) = cosx1−9+3x1+8ex2,

Fi(x) = cosxi −9+3xi +8exi−1,

i = 1,2, ...,n
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 4.System ofn nonlinear equations:
Fi(x) = (0.5− xi)

2+(n+1− i)2−0.25xi −1,
Fn(x) = n

101−e−x2
n,

i = 1,2, ...,n−1.
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 5.System ofn nonlinear equations [2]:
Fi(x) = 4xi + xi+1−2xi − x i+1

3
,

Fn(x) = 4xn+ xn−1−2xn− xn+1
3
,

i = 1,2, ...,n−1.
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 6.System ofn nonlinear equations [48]:
Fi(x) = x2

i −4,
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 7.System ofn nonlinear equations [5]:
F1(x) = sin(x1− x2)−4e2−x2 +2x1,

Fi(x) = sin(2− xi)−4exi−2+2xi + cos(2− xi)−e2−xi ,

i = 2,3, ...,n.
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 8.System ofn nonlinear equations [45]:
Fi(x) = ∑n

i=1xixi−1+exi−1 −1,
i = 2,3, ...,n
x0 = (0.5,0.5,0.5, ...,0.5)T.

Problem 9.System ofn nonlinear equations [48]:

Fi(x) = xi −∑n
i=1

x2
i

n2 +∑n
i=1xi −n,

x0 = (0.5,0.5,0.5, ...,0.5)T

i = 1,2, ...,n.
Problem 10.System ofn nonlinear equations [48]:
Fi(x) = 5x2

i −2xi −3,
i = 1,2, ...,n
x0 = (0.5,0.5,0.5, ...,0.5)T.
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Fig. 1: Performance profile of STTCG and TPRP methods with
respect to number of iterations of problems 1-10
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Fig. 2: Performance profile of STTCG and TPRP methods with
respect to CPU time in seconds of problems 1-10
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Table 1: Numerical results based on dimension of problem (n), Numberof iterations and CPU Time (in seconds) of problems 1-6
STTCG Algorithm TPRP Algorithm

P Dim Iter ||Fk|| CPU time Iter ||Fk|| CPU time
100 4 1.5264e-08 0.003181 88 9.6201e-05 0.031619

1 1000 4 4.8268e-08 0.015766 98 9.20E-05 0.103898
5000 4 1.0793e-07 0.084453 105 8.91E-05 0.414489
10000 4 1.5264e-07 0.163825 107 9.92E-05 0.80703
100 9 6.4647e-05 0.005891 17 8.1857e-05 0.009647

2 1000 10 4.0993e-05 0.022897 18 5.9288e-05 0.042653
5000 10 9.1664e-05 0.111459 20 5.6441e-05 0.216124
10000 11 2.5994e-05 0.219785 20 7.9820e-05 0.375422
100 26 6.9265e-05 0.014515 97 9.4677e-05 0.061587

3 1000 28 6.8690e-05 0.059455 106 8.9246e-05 0.224129
5000 29 8.6013e-05 0.240648 112 8.9051e-05 1.051879
10000 30 6.8119e-05 0.430044 114 9.6236e-05 1.857360
100 16 9.9520e-05 0.007855 20 6.3527e-05 0.01041

4 1000 18 6.3729e-05 0.035541 21 7.1739e-05 0.045256
5000 19 6.4126e-05 0.135590 22 3.6882e-05 0.190270
10000 19 9.0688e-05 0.261424 22 5.2159e-05 0.36712
100 14 4.6340e-05 0.008503 14 7.5054e-05 0.009104

5 1000 15 5.8615e-05 0.037034 15 9.6216e-05 0.039770
5000 16 5.2427e-05 0.143230 16 5.5932e-05 0.180076
10000 16 7.4143e-05 0.274368 16 7.9100e-05 0.350064
100 10 3.6828e-05 0.005975 17 2.1584e-05 0.011010

6 1000 11 2.3292e-05 0.025098 17 6.8254e-05 0.030440
5000 11 5.2083e-05 0.108580 19 5.4749e-05 0.144925
10000 11 7.3657e-05 0.199006 19 7.7426e-05 0.255382

Table 2: Numerical results based on dimension of problem (n), Numberof iterations and CPU Time (in seconds) of problems 7-10
STTCG Algorithm TPRP Algorithm

P Dim Iter ||Fk|| CPU time Iter ||Fk|| CPU time
100 143 9.7928e-05 0.060383 7 - 0.007176

7 1000 152 9.4715e-05 0.216088 12 - 0.068942
5000 144 9.6823e-05 0.786077 53 9.9910e-05 0.614886
10000 148 9.6419e-05 1.479564 52 9.5775e-05 1.136529
100 45 8.5992e-05 0.034983 39 5.0179e-05 0.039739

8 1000 20 9.1045e-05 0.080477 53 5.8972e-05 0.228211
5000 23 9.0727e-05 0.396575 184 9.8877e-05 3.811658
10000 9 7.7739e-06 0.409578 65 6.9965e-05 2.735592
100 10 7.3224e-05 0.007216 86 9.5750e-05 0.061622

9 1000 37 8.8631e-05 0.068108 76 9.3339e-05 0.23127
5000 42 8.3241e-05 0.331232 27 9.6663e-05 0.345739
10000 22 8.7128e-05 0.424679 104 9.9467e-05 2.175488
100 22 9.1535e-05 0.009544 14 4.7435e-05 0.010289

10 1000 25 6.2523e-05 0.031216 15 8.2750e-06 0.030116
5000 26 8.3884e-05 0.134385 15 1.8503e-05 0.126861
10000 27 7.1178e-05 0.26030 15 2.6168e-05 0.339827

We have tested our proposed method STTCG by
solving twenty (10) benchmark nonlinear systems of
equations. The results in Tables 1 and 2 demonstrated
very clearly that the use of STTCG has reduced the
number of iterations and CPU time for solving the tested
problems compared to TPRP.This happened due to the
low computational cost of the method, which was

achieved by incoporating acceleration scheme and a
Powell restart in to the algorithm.

In Table 1 and 2, we listed numerical results.The
numerical results indicated that the proposed method,
STTCG, compared to TPRP has minimum number of
iterations and CPU time. Except for problems 7 and 10
where the TPRP has less number of iterations than
STTCG. Figures 1 and 2 are performance profiles derived
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by Dolan and More [44] which show that our claim is
justified, that is, less CPU time and number of iterations
for each test problem with the exception of problems 7,
and 10. Furthermore, on average, our||Fk|| is small which
signifies that the solution obtained is true approximation
of the exact solution compared to the TPRP.

5 Conclusion

In this paper an alternative three-term conjugate gradient
algorithm for solving nonlinear system of equations as
modification of BFGS quasi-Newton update with descent
direction has been presented. Intensive numerical
experiments on some benchmark nonlinear system of
equations of different characteristics indicated that the
suggested method i.e STTCG are faster and more efficient
compared to TPRP [5]. The global convergence of the
proposed method is also provided using general Wolfe
line search.
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