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Abstract: In the present paper, we propose a new generalized Lindley distribution, which generalizes the Lindley distribution and
many extensions and generalization of it as proposed by various authors and researchers in recent years. Various properties of the
generalized Lindley distribution are provided. We have also investigated the characterization of the generalized Lindley distribution by
first truncated moment. The characterizations by order statistics and upper record values have also been investigated.
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1 Introduction

Modeling and analyzing of real lifetime data play very important roles in many fields of research such as biology,
computer science, control theory, economics, engineering, genetics, hydrology, medicine, number theory, statistics,
physics, psychology, reliability, risk management, etc., among others. The Lindley distribution is one of the most
important continuous probability distributions, and has been extensively studied and widely used by many researchers in
the fields of probability, statistics and other applied sciences since it was introduced as a mixture of exponential and
gamma distributions by Lindley in 1958 in the context of Bayesian statistics, as a counter example to fiducial statistics
and because of its superiority over exponential distribution; see [1,2]. In the present paper, we propose a new generalized
Lindley distribution (GLD), which generalizes the Lindley 1958 distribution and many extension and generalization of
Lindley distribution as proposed by various authors and researchers in recent years, among them, [3,4,5,6,7,8,9,10,11,
12,13] and [14,15] are notable.

The organization of the paper is as follows. In Section 2, we introduce the proposed generalized Lindley distribution
(GLD), and discuss its various distributional properties. In Section 3, we provide the characterizations of our proposed
generalized Lindley distribution. Some concluding remarks are given in Section 4.

2 The Proposed Generalized Lindley Distribution

In this section, we introduce our proposed generalized Lindley distribution, and discuss its various distributional
properties, which are described below.

2.1 Probability Density, Cumulative Distribution and Hazard Rate Functions:

For a positive continuous random variable X with scale parameter 6 > 0 and shape parameters o, 3,7,A > 0, we define
its probability density function (pdf) by

fa,BvA,0) = 0% x* ! (Bryat ) e x 0, B,7,1,0 >0, @2.1)
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Fig. 1: PDF’s: Behavior of the pdf of GLD for various values of the parameters

where ¢ denotes the normalizing constant given by

(2.2)

F=o(prio -G,

218

where I'(a) = [;°x* 'e~dx, (a > 0) denotes the gamma function. We denote the random variable having the pdf as
given in (2.1) as X(a, B,7,4,0) . By integrating (2.1) and simplifying, it is easily seen that [ fi(x)d x=1. So, (2.1)
defines a valid pdf. For example, when o = 1, = 1,y=1,A = 1 and 6 = 1, it is easily seen, after integration, that the
f(x) given by (2.1) is the pdf of the generalized Lindley distribution. The graphs of the pdf f(x,a,B,¥,A,0) for some
selected values of the parameters are given in Figure 2.1. The effects of the parameters can easily be seen from these
graphs. For example, it is clear from the plotted Figure 2.1, for selected values of the parameters, that the distributions of
the X (e, 3,7,A,0) are unimodal and positively right skewed with longer and heavier right tails.

The corresponding cumulative distribution function (CDF) f(x,a,3,7,4,0) is

Flx)= 0 [By(oc, ox) + e—yly(am, o)

= co[p (F(a)—F(a,Gx))wLell (F(o+ ) — (a4 A, 6x))
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Fig. 2: CDF’s of GLD for some selected values of the parameters
where ¢ denotes the normalizing constant given by equation (2.2), and y(@,x) = [5x* le~*dx and
Iy(x) = [7 x*le~*dx denote the lower and upper incomplete gamma functions, respectively, with

Y(ot,x) + I'(a,x) = I'(ex) ; see, for example, [16]. The graphs of the cdf f(x,o,fB,7,4,0) are given in Figure 2.2 for
some selected values of the parameters.

The hazard rate h(x, ¢, 3,7,4,0) of X(o,3,7,4,0) is given by

Cea+1xa71 (B + yxl)e*(’x

M B A0 = 0B (M (@) T(03) + 014y (M@ + 2) gy (6)]

The hazard rates are given in Fig. 2.3 for some particular values for o, 3,7, 1, 6.

2.2 Moments

The moment generating function Mx (¢) of X (e, 8,7,A,0) is given by
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Fig. 3: hf’s: Behavior of the hf of GLD for various values of the parameters

/ etx69a+1xa71(ﬁ+Yxl)676xdx
0

MX(t):
. Br'(«) Yy I'(a+A)
(BTN (T
from which we easily get the various moments as follows:
_EX) =g E e YA L (o
m=E(X)=cb(g+ =)= 25 (ce a+cay+c7w) 2.3)
oo+ 1 Yy (a+A)(a+A+1)
po =B =co( 2O Tla T AL,
C
= o1 (G’Ia+ay+ly+ 91a2+a2y+lzy+2aly)
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a(a+1)(+2) | v (@+A)@+A+1)(a+A+2)
o7 of 03 )

20 a+ 207+ 247+ 20* o + 302y

s =E(X3) = ce(

9)L+2
+ a3y 43027+ A3y + 3aA’y+ 302 Ay + 6ady)

ala+1)(+2)(a+3) v (a+A)(a+A+1)(e+A+2)(o+A+3)
64 Tor 64 )

(60% o+ 6ay+6Ay+80*a® +20% o + 11’y + 603y + Aty

Uy = E(X*) = ce(

9)L+3
+18aA’y+ 18a’Ay+4aA’y+ 40’ Ly + 6a° Ay + 22ay)

3 Characterizations

We shall now present some characterizations of our proposed GLD by truncated first moment, order statistics and upper
record values. We need the following two Lemmas 3.1 and 3.2. The proofs of the lemmas are given in [17]. For

completeness of our paper we will give proof of Lemma 3.1 and the proof of the Lemma 3.2 is similar.

Assumption A. Assume that the random variable X is absolutely continuous with pdf f(x) and the corresponding cdf

F(x).Further we assume that E(X) exists, the f(x) is differentiable and @ = supx|F(x) > 0 and § = infx|F(x) < 1.

Lemma 3.1. Under the assumption of Assumption A, if E(X|X < x) = g(x)7(x), where g(x) a continuous differentiable
functionin o < x < f8 and 7(x) = % ,if and only if £(x) = cexp(f *=£%gx), provided [* = g Y 7y is finite for all x,

g(X)
o < x < 3, where ¢ is determined by the condition f(f fx)dx=1.

Proof. We know that

Jouf (w)du

EXX< x)= 0

Thus

[ ufdu=g(0)s)

Differentiating both sides of the equation, we obtain

Rearranging the above equation, we have

fe)_x—g
o~ sl

On integrating both sides of the above equation, we obtain

fix) = cexp(./‘x(_g(%‘::)(x)dx)7

where c is determined by the condition [ O’? fx)dx=1

Lemma 3.2. Under the assumption of Assumption A, if E(X|X > x) = h(x)r(x) where h(x) is a continuous differentiable
functionin o < x < 8 and r(x) = lf(x()x) if and only if f(x) = cexp(f — ) 1) provided — Ja =7 X+h ) dx is finite for

h(x)
all x, o < x < f3, where c is determined by the condition fa fx)dx=1.
Proof. The proof is similar to Lemma 3.1.
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3.1 Characterizations by Truncated First Moment:

The following two theorems give the characterization of X (e, 3,7,A,0) by truncated first moment.

Theorem 3.1.Theorem 3.1. Suppose the random variable X satisfies the Assumption A and & =0 and = o . Then
E(X[]X <x) =g(x)T(x),

(BIo(6x) +I{g42)(6x)

glx) = X1 (B 4 yah)e 0x G.D
and
() = £,
if and only if

f(x) =0 X (B+yxt)e ™ a, By, A > 0.

Proof. Suppose the random variable X has pdf as given in 2.1, then

S = [ 0™ u(B -+ yt)e
= 0% (BT (6 x) + g 42)(0 x)

Thus we have

sty BI®0) + T (0
x0T (B 4 yxh)e0x
Suppose
sy BI®0) + T (0

xotfl (ﬁ + f}/xl)efﬂx

Then, we have

(BIa(6x) +I{qs2)(6x) a—1  Ap*~!

/(x) = x—
B XN (Bypt)e xRty )
a—1 Ayt
=g+ Gy )

Thus
x—g/(x) a—1 Ayt

() v By

A—
By Lemma 3.1, and noting that %ln(xo"l(ﬁ +yxt)e %) = el ;;yj—xl; — 0 and £in(e %) = —6 , we will have

f(x) _ o1 gl

o) x Biry

Integrating both sides of the above equation with respect to X, we obtain

f(x) — c9a+1x(x71 (ﬁ _’_yx)L)efo7

where ¢ is a constant.
Using the condition [;” f(x)dx = 1, we will have
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f(x) — Ceoﬁlxafl (ﬁ + ,)/xl)efﬂx-
This completes the proof of Theorem 3.1.

Theorem 3.2. Suppose the random variable X satisfies the Assumption A and ¢ = 0 and 3 = oo . Then

E(X|X = x) = h(x)r(x),

where

E(x) — [y 0% u® (B +yu*)e O du
c9“+'xa*'(ﬁ+yxl)e*9x

E() — 0% (BI(03) 1 Tg.1(65)
C@O‘+1xa*1(ﬁ+}/xl)e*9x

h(x) =

and r(x) = ]f(—;()x), if and only if

f@) =0 (B yat)e . By, A > 0.
Proof. Suppose the random variable X has pdf as given in 2.1, then
S(x)h(x) = / O Ny (B 4y ut)e O du
! "X
=E(x)— / O U (B 4y ut)e Odu
o

= E(x) = 0% (BI%(6 x) + [{g12)(6 x)

Thus
h(x) = E(x) — c0%+! (BT (6x) + g 2)(6))
(x) - cOot1ya—1 (B + ,)/xl)679x .
Suppose
hix) — E(x) 7c9a+1(ﬁfa(9x)+1“(a+l)(9x)
=T e (B e
Then
hi(x) = —x — E(x) — 6% (Ba(6) +Iq44)(6%) (2= L Aptt 0)
= C9a+1x(x71(ﬁ+7/xl)e79x X ﬁ—i—xly
Thus
J(x) = —x— E(x) = 0% (BI5(6x) + [{g42)(6x) ((x— 1 N Ay o)
= C9a+1x(x71(ﬁ+7/xl)e79x X ﬁ—i—xly
o—1 l)fxl71
= —X—h(x)( X + m— 0).
Thus

_x+hx) chlJrl}/xl’l B
h(x)) — x B4ty

By Lemma 3.2. we will have

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

132 NS B M. Habibullah et al.: A New Generalized Lindley Distribution

flx) a—1 Apt!
o - x iy

Integrating both sides of the above equation with respect to X, we obtain

Fx) = 02 (B4 y e

where c is a constant.
Using the condition [;” f(x)dx = 1, we will have,

f(x) _ c@”‘“xo‘*l (B + ,},xl)efﬂx.
This completes the proof of Theorem 3.2.

3.2 Characterizations by Order Statistics

If X1,X5,...,X, be the n independent copies of the random variable X with absolutely continuous distribution function
F(x) and pdf f(x) , and if X; , < X», < ... < X, , be the corresponding order statistics, then it is known from [18],
chapter 5, or [19], chapter 2, that X; , |Xk’n =x,for1 < k< j< n,is distributed as the (j-k)th order statistics from

(n-k) independent observations from the random variable V having the pdf fy (v|x) where fy (v|x) = 5 S (Fv()x) ,0<v<x,
and X; n|Xg, =x,1 < i <k < n,is distributed as ith order statistics from k independent observations from the random
variable W having the pdf fiy (w|x) where fy (w|x) = M,w <x.LetS_|= ﬁ (X1 nt+Xon+ ... +Xk,17n) ,and Ty, =

F(x)
ﬁ (Xk+l o +Xk+2,n +.. +Xn.n) .

Theorem 3.3: Suppose the random variable X satisfies the Assumption A with o =0 and 8 = oo, then E(Si—1|Xi, =

x) = g(x)t(x) , where 7(x) = % and g(x) being given by 3.1, if and only if X has the pdf

f(x) =0 X (B+yxt)e ™ a, By, A > 0.

Proof: It is known that E(Si_|Xi, = x) = E(X|X < x) ; see [13], and [20]. Hence, by Theorem 3.1, the result follows.

Theorem 3.4: Suppose the random variable X satisfies the Assumption A with o¢ =0 and 8 = oo, then E (T} ,| Xy, = x) =

g(x)7 f (Fx()x) , where

g(x) being given by 3.1 and E(X) being given by 2.3, if and only if X has the pdf
f@) = 0% (B yat)e ™ o By, A > 0.

Proof: Since E(Tj ,| Xy, =x) = E(X|X > x), see [13], and [20], the result follows from Theorem 3.2.

3.3 Characterization by Upper Record Values

For details on record values, see [21]. Let X,X5,... be a sequence of independent and identically distributed absolutely
continuous random variables with distribution function F(x) and pdf f(x) . If ¥, = ma x(X;, X5, ..., X,;) forn > 1 and
Y; > Yj_1, j>1,then X; is called an upper record value of {X,,,n > 1} . The indices at which the upper records occur
are given by the record times {U (n) >min(j|j > U (n+1),X; > Xy(,_1), n>1)} and U(1) = 1 . Let the nth upper
record value be denoted by X (n) = Xy, -

Theorem 3.5: Suppose the random variable X satisfies the Assumption A with @ =0 and § =oco, then E(X(n+1)|X(n) =

x)=g(x)q S g()x) , where
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g(x) being given by 3.1 and E(X) being given by 2.3, if and only if X has the pdf

f(x) =0 X (B+y e a,B,y,A > 0.
Proof: It is known from [18], and [22] that E(X(n+ 1)|X(n) = x) = E(X|X > x) . Then, the result follows from
Theorem 3.2.

4 Concluding Remarks

The Lindley distribution is one of the most important continuous probability distributions, and has been extensively
studied and widely used by many researchers in the fields of probability, statistics and other applied sciences since it was
introduced as a mixture of exponential and gamma distributions by Lindley in 1958 in the context of Bayesian statistics,
as a counter example to fiducial statistics and because of its superiority over exponential distribution. In the present
paper, we have proposed a new generalized Lindley distribution (GLD), which generalizes the Lindley 1958 distribution
and many extension and generalization of Lindley distribution as proposed by various authors and researchers in recent
years. Various properties of the generalized Lindley distribution have been investigated. We have also investigated the
characterization of the generalized Lindley distribution by truncated first moment where we have considered a product
of reverse hazard rate and another function of the truncated point. The characterizations order statistics and upper record
values have also been investigated. We believe that the findings of this paper would be useful for the practitioners in
various fields of studies, and further enhancement of research in distribution theory and its applications.
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