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Abstract: The two weighted hyperbolic classes B∗
α, logβ are introduced and studied. Moreever, D-metric space in B∗

α, logβ and

Q∗K(p,q) general spaces is presented. We show that the two classes B∗
α, logβ and Q∗K(p,q) are complete metric space. Finally, we

establish the conditions needed for the weighted uCf operator to be bounded and compact.
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1 Introduction

The open unit disk ϒ = {γ ∈ C : |γ| < 1}, where C is the complex plane and ∂ϒ is the boundary. Assuming that ϑ(ϒ )
be the space of all analytic functions in ϒ . Assuming also that B(ϒ ) is a concerned subset of ϑ(ϒ ) consisting of those
L ∈ ϑ(ϒ ) for which |L (γ)|< 1 for all γ ∈ϒ .

The concerned Green’s function of ϒ is given by Λ(γ,a) = log 1
|f(γ)| , with f(γ) = a−γ

1−āγ
, where the points γ,a∈ϒ give

the Möbius transformation by the singular point γ ∈ϒ .
The definition of the linear composition operator Cf is defined as Cf(L ) = (L ◦f) (see [1–3]).
The definition of the weighted composition operator ucf given in [4] as follow

(uCfL )(γ) = u(γ)L (f(γ)), γ ∈ϒ and u ∈ ϑ(ϒ )

A function L ∈ B(ϒ ) belongs to α-Bloch space Bα ,0 < α < ∞, if

|| f‖Bα
= sup

γ∈ϒ

(1−|γ|)α |L ′(γ)|< ∞.

The little α-Bloch space Bα, 0 consisting of all L ∈Bα so that

lim
|γ|→1−

(1−|γ|2)|L ′(γ)|= 0.

The author in ( [5]) introduced the definition of logarithmic Bloch-type space as follows

Definition 1.Let α > 0,β ≥ 0 and L be an analytic function in ϒ the logarithmic Bloch-type space Bα

logβ
is defined by

||L ||Bα

logβ
=

{
L ∈ ϑ(ϒ ) : ||L ||Bα

logβ
= sup

γ∈ϒ

(1−|γ|)α(ln
eβ/α

(1−|γ|)
)|L ′(γ)|< ∞

}
.

Case 1: β = 0 then Bα

logβ
becomes the α-Bloch space Bα

Case 2: α = β = 1 then Bα

logβ
becomes the logarithmic Bloch space.
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The authors in ( [6]) introduced the definition of QK(p,q) which has attracted a lot of attention in recent years. It defined as
follows

Definition 2.Let K : [0,∞)→ [0,∞) is right-continuous and non decreasing functions. If 0 < p < ∞, −2 < q < ∞, then an
analytic function L in ϒ is said to belong to the space QK(p,q) if

||L ||QK(p,q) := sup
a∈ϒ

∫
ϒ

|L ′(γ)|p(1−|γ|2)q K(Λ(γ,a))dA(γ)< ∞.

2 Preliminaries

Definition 3.(see [7]) B∗α is define the concerned hyperbolic Bloch space as follow

B∗α = {L : L ∈ B(ϒ ) and sup
γ∈ϒ

(1−|γ|2)αL ∗(γ)< ∞},

where L ∗(γ) = |L ′(γ)|
1−|L (γ)|2 , is concerned the hyperbolic derivative of L ∈ B(ϒ ). See( [8])

B∗
α, 0 is define the little concerned hyperbolic Bloch-type class B∗

α, 0 consisting of all L ∈B∗α where

lim
|γ|→1−

(1−|γ|2)αL ∗(γ) = 0.

The norm of B∗α is defined by

||L ||B∗α = |L (0)|+ sup
γ∈ϒ

(1−|γ|)α |L ∗(γ)|.

Now, we will introduce the definition of weighted hyperbolic Bloch.

Definition 4.Let α > 0, for L ∈ B(ϒ ) if

||L ||B∗
α, loΛβ

= sup
γ∈ϒ

= sup
γ∈ϒ

(1−|γ|)α(ln
eβ/α

(1−|γ|)
)L ∗(γ)< ∞ ,

thus L belongs to the B∗
α, logβ .

Definition 5.(see [1]) Let K : [0,∞)→ [0,∞) is right-continuous and non decreasing functions. If p > 0, q > −2, then
L ∈ϒ is belongs to the space Q∗K(p,q) if

||L ||Q∗K(p,q) := sup
a∈ϒ

∫
ϒ

L ∗(γ)p(1−|γ|2)q K(Λ(γ,a))dA(γ)< ∞.

Definition 6.A weighted composition operator uCf : B∗
α, logβ → Q∗k(p,q) is said to be bounded if there is a positive

constant C so that ||CfL ||L ∗log
(p,q,s)≤C||L ||B∗

α, logβ
for all L ∈B∗p, α .

Definition 7.A weighted composition operator Cf : B∗
α, logβ → Q∗K(p,q) is said to be compact if it maps any ball in

B∗p, α onto a precompact set in Q∗K(p,q).

Definition 8.(see [9]) Let p,s > 0,α < ∞,q >−2 and f is a holomorphic mapping from ϒ →ϒ . then Cf : B∗
α, logβ →

Q∗K(p,q) is compact if and only if for any bounded sequence {Ln}n∈N ∈B∗
α, logβ which converges to zero uniformly on

compact subsets of ϒ as n→ ∞ we have lim
n→∞
||CfLn||Q∗K(p,q) = 0.
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3 D-metric space

The properties Topological of D- metric space in general from has been introduced in [10–12].

Definition 9. [13] If X is a nonempty set and R a set of real numbers. If the function D : X×X×X → R satisfies the
following conditions:

(i) D(l,s,γ)≥ 0 for all l,s,γ ∈ X and equality iff l = s = γ (non negativity),

(ii) D(l,s,γ) = D(l,γ,s) = · · ··

(iii) D(l,s,γ)≤ D(l,s,a)+D(l,a,γ)+D(a,s,γ) for all l,s,γ,a ∈ X.

Then D is called a D− metric on X.

(X ,D) represents D-metric space of a set X with D-metric D. The generalization of D-metric space has been introduced
in [11].

Example1.1: [13] Assume that (l,d) is ordinary metric space and function D1 on X3 can be define in the following
form

D1(l,s,γ) = max{d(l,s),d(s,γ),d(γ, l)},
for all l,s,γ ∈ X . Thus, D1 is a D-metric on X and (X ,D1) is a D-metric space.

Example1.2: [13] Assume that (X ,d) is ordinary metric space and function D2 on X3 can be define in the following form

D2(l,s,γ) = d(l,s)+d(s,γ)+d(γ, l)

for l,s,γ ∈ X . Thus, D2 is a D-metric on X and (X ,D2) is a D-metric space.

Remark.From Example1.1, we can deduce that the D-metric D1 is the diameter of a set containing of the points l,s,γ in
X . From Example1.2, we can deduce that the D-metric D2 is the sum of the lengths of the sides of a triangle with vertices
l,s,γ in X (the perimeter of a triangle).

Definition 10.(Cauchy sequence , completeness) [14] A sequence (ln) in a metric space X = (l,d) is called a Cauchy
sequence if For every m,n > N and ε > 0 there exist an N = N(ε) where

d(lm, ln)< ε.

If every Cauchy sequence in X converges then the space X is complete.

Theorem 1. [13] Let (X ,d) is ordinary metric on X and (X ,D1),(X ,D1) be corresponding D-metrics on X. Then, (X ,D1)
and (X ,D2) are complete if and only if (X ,d) is complete.

4 D-metrics in B∗
α, loΛ β and Q∗K(p,q)

Now, we present a D-metric space on B∗
α, logβ and Q∗K(p,q).

Assume that 0 < p,−2 < q < ∞, and 0 < α < 1. First, we can get a D-metric in B∗
α, logβ , for L ,Λ ,ϑ ∈B∗

α, logβ by

D(L ,Λ ,ϑ ;B∗
α, logβ ) := DB∗

α, logβ
(L ,Λ ,ϑ)+ ||L −Λ ||B∗

α, logβ
+ ||Λ −h||B∗

α, logβ

+ ||ϑ −L ||B∗
α, logβ

+ |L (0)−Λ(0)|+ |Λ(0)−ϑ(0)|+ |ϑ(0)−L (0)|,
(1)

where
DB∗

α, logβ
(L ,Λ ,ϑ) := dB∗

α, logβ
(L ,Λ)+dB∗

α, logβ
(Λ ,ϑ)+dB∗

α, logβ
(ϑ ,L )

and

DB∗
α, logβ

(L ,Λ ,ϑ) :=
(

sup
γ∈ϒ

|L ∗(γ)−Λ
∗(γ)|+ sup

γ∈ϒ

|Λ ∗(γ)−ϑ
∗(γ)|+ sup

γ∈ϒ

|ϑ ∗(γ)−L ∗(γ)|
)
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×
(
(1−|γ|)α(ln

eβ/α

(1−|γ|)
)L ∗(γ)

)
.

Therefor, for L ,Λ ,ϑ ∈ Q∗K(p,q) we present a D-metric on Q∗K(p,q) by

D(L ,Λ ,ϑ ;Q∗K(p,q)) := DQ∗K(p,q)(L ,Λ ,ϑ)+ ||L −Λ ||Q∗K(p,q)+ ||Λ −h||Q∗K(p,q)+

||ϑ − f ||Q∗K(p,q)+ |L (0)−Λ(0)|+ |Λ(0)−ϑ(0)|+ |ϑ(0)−L (0)|,

where
DQ∗K(p,q)(L ,Λ ,ϑ) := dQ∗K(p,q)(L ,Λ)+dQ∗K(p,q)(Λ ,ϑ)+dQ∗K(p,q)(ϑ ,L )

and

dQ∗K(p,q)(L ,Λ) :=
(

sup
γ∈ϒ

∫
ϒ

|L ∗(γ)−Λ
∗(γ)|p(1−|γ|2)q(1−|ϕ(γ)|2)sdA(γ)

) 1
p

.

Proposition 1The B∗
α, logβ class with the D-metric D(., .;B∗

α, logβ ) is a complete metric space. Then, B∗
α, log, 0 is a

closed (and therefore complete) subspace of B∗
α, logβ .

Proof.Assume that L ,Λ ,ϑ ,a ∈B∗
α, logβ . Thus, clearly

(i) D(L ,Λ ,ϑ ;B∗
α, logβ )≥ 0, for all L ,Λ ,ϑ ∈B∗

α, logβ .

(ii)D(L ,Λ ,ϑ ;B∗
α, logβ ) = D(L ,ϑ ,g;B∗

α, logβ ) = D(Λ ,ϑ ,L ;B∗
α, logβ ).

(iii)D(L ,Λ ,ϑ ;B∗
α, logβ )≤ D(L ,Λ ,a;B∗

α, logβ )+D(L ,a,ϑ ;B∗
α, logβ )+D(a,Λ ,ϑ ;B∗

α, logβ )

for all L ,Λ ,ϑ ,a ∈B∗
α, logβ .

(iv)D(L ,Λ ,ϑ ;B∗
α, logβ ) = 0 implies L = Λ = ϑ .

Then, D is a D-metric on B∗
α, logβ , and (B∗

α, logβ ,D) is D-metric space.
Now, the Theorem 1 can be used to prove the completeness. Assume that (Ln)

∞
n=1 is a Cauchy sequence in metric

space (B∗
α, logβ ,d), So, for any ε > 0 there exist N = N(ε) ∈ N where d(Ln,Lm;B∗

α, logβ ) < ε, for all n,m > N.

Since (Ln) ⊂ B(ϒ ), the family (Ln) is uniformly bounded and hence normal in ϒ . Hence, there is L ∈ B(ϒ ) and a
subsequence (Ln j)

∞
j=1 where Ln j converges to L uniformly on compact subsets of ϒ . It follows that Ln also converges

to L uniformly on compact subsets, and from the Cauchy formula, the same also holds for the derivatives. Now let m>N.
Thus, the uniform convergence yields.∣∣∣∣L ∗

n (γ)−L ∗
m(γ)

∣∣∣∣(1−|γ|)α

(
ln

eβ/α

(1−|γ|)

)
= lim

n→∞

∣∣∣∣L ∗
n (γ)−L ∗

m(γ)

∣∣∣∣(1−|γ|)α

(
ln

eβ/α

(1−|γ|)
)

)
≤ lim

n→∞
d(Ln,Lm;B∗

α, logβ )≤ ε

for all γ ∈ϒ , and it follows that ||L ||B∗
α, logβ

≤ ||Lm||B∗
α, logβ

+ ε. Then L ∈B∗
α, logβ as desired. Moreover, the above

inequality and the compactness of the usual B∗
α, loΛ β space tends to (Ln)

∞
n=1 converges to L with respect to the metric

d, and (B∗
α, logβ ,D) is complete D-metric space.

Since lim
n→∞

d(Ln,Lm;B∗
α, logβ )≤ ε.

Now, we introduce the characterization of complete D-metric space D(., .;Q∗K(p,q).

Proposition 2The Q∗K(p,q) class with the D-metric D(., .;Q∗K(p,q) is a complete metric space. Hence, Q∗K, 0(p,q) is a
closed (and therefore complete) subspace of Q∗K(p,q).

c© 2022 NSP
Natural Sciences Publishing Cor.



Num. Com. Meth. Sci. Eng. 4, No. 1, 21-29 (2022) / www.naturalspublishing.com/Journals.asp 25

Proof.Assume that L ,Λ ,ϑ ,a ∈ Q∗K(p,q). Then clearly

(i) D(L ,Λ ,ϑ ;Q∗K(p,q))≥ 0, for all L ,Λ ,ϑ ∈ Q∗K(p,q).

(ii)D(L ,Λ ,ϑ ;Q∗K(p,q)) = D(L ,ϑ ,g;Q∗K(p,q)) = D(Λ ,ϑ ,L ;Q∗K(p,q)).

(iii)D(L ,Λ ,ϑ ;Q∗K(p,q))≤ D(L ,Λ ,a;Q∗K(p,q))+D(L ,a,ϑ ;Q∗K(p,q))

+D(a,Λ ,ϑ ;Q∗K(p,q))

for all L ,Λ ,ϑ ,a ∈ Q∗K(p,q).

(iv)D(L ,Λ ,ϑ ;Q∗K(p,q)) = 0 tends to L = Λ = ϑ .

Therefore, D is a D-metric on Q∗K(p,q), and (Q∗K(p,q),D) is D-metric space.
We use the Theorem 1 to proof the complete , assume that (Ln)

∞
n=1 be a Cauchy sequence in the metric space

(Q∗K(p,q),d), that is, for any ε > 0 there is an N = N(ε) ∈ N so that d(Ln,Lm;Q∗K(p,q)) < ε, for all n,m > N. Since
(Ln)⊂ B(ϒ ), such that Ln j converges to L uniformly on compact subsets of ϒ . It follows that Ln also converges to L
uniformly on compact subsets, now assume that m > N, and 0 < r < 1. Then, the by using Fatou’s we got∫

ϒ (0,r)

∣∣∣∣L ∗
n (γ)−L ∗

m(γ)

∣∣∣∣p(1−|γ|2)q K(Λ(γ,a))dA(γ)

=
∫

ϒ (0,r)
lim
n→∞

∣∣∣∣L ∗
n (γ)−L ∗

m(γ)

∣∣∣∣p(1−|γ|2)q K(Λ(γ,a))dA(γ)

≤ lim
n→∞

∫
ϒ (0,r)

∣∣∣∣L ∗
n (γ)−L ∗

m(γ)

∣∣∣∣p(1−|γ|2)q K(Λ(γ,a))dA(γ)≤ ε
p,

and by take r→ 1
−
, it follows that, ∫

ϒ

(L ∗
n (γ))

p(1−|γ|2)q K(Λ(γ,a))dA(γ)

≤ 2p
ε

p +2p
∫

ϒ

(L ∗
m(γ))

p(1−|γ|2)q K(Λ(γ,a))dA(γ).

This yields
||Ln||pQ∗K(p,q) ≤ 2p||Lm||pQ∗K(p,q)+2p

ε
p.

And thus L ∈ Q∗K(p,q). We also find that Ln→L with respect to the metric of (Q∗K(p,q),D) and (Q∗K(p,q),D) is
complete D-metric space.

5 weighted composition operators of uCf : B∗
α, loΛ β → Q∗K(p,q)

The boundedness and compactness of weighted composition operators on B∗
α, logβ and Q∗K(p,q) spaces are studied in

this section. We use the following notation in the proof

Φf(α,β , p,q;a) = sup
a∈ϒ

∫
ϒ

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)dA(γ).

For 0 < α < 1, let we have the two functions L ,Λ ∈B∗
α, logβ with the constant C,

(|L ∗(γ)|+ |Λ ∗(γ)|)≥ C

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p > 0, f or each z ∈ ϒ .

Now, we introduce the following theorem
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Theorem 2.let f be a holomorphic mapping from ϒ → ϒ and p,q > 0, 0 < α ≤ 1. Thus the weighted composition
operator uCf : B∗

α, logβ → Q∗K(p,q) is bounded if and only if,

sup
γ∈ϒ

Φf(α,β , p,q;a)< ∞. (2)

Proof.First direction let sup
γ∈ϒ

ff(α,β , p,q;a)< ∞ is achieved, L ∈B∗
α, logβ with ||L ||B∗

α, logβ
≤ 1, we can get

||uCfL ||pQ∗K(p,q)

= sup
a∈ϒ

∫
ϒ

(L ∗(f(γ))p|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))dA(γ)

≤ sup
a∈ϒ

∫
ϒ

L ∗(f(γ))p(1−|f(γ)|)α p
(

ln
eβ/α

(1−|f(γ)|)

)p

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)

= ||L ||pB∗
α, logβ

sup
a∈ϒ

∫
ϒ

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)

= ||L ||pB∗
α, logβ

Φf(α,β , p,q;a)< ∞.

Second direction, by using the fact that for each function L ∈B∗
α, logβ , the analytic function uCf(L ) ∈ Q∗K(p,q) .

Then, using the functions of lemma 1.2

2p
{
||uCfL1||pQ∗K(p,q)+ ||uCfL2||pQ∗K(p,q)

}
= 2p

{
sup
a∈ϒ

∫
ϒ

(
(L ∗

1 (f(γ)))p +(L ∗
2 (f(γ)))p

)
|f′(γ)|p

×(u(γ))p(1−|γ|2)q K(Λ(γ,a))dA(γ)
}

≥ C
{

sup
a∈ϒ

∫
ϒ

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)
}

≥ CΦf(α,β , p,q;a).

Hence uCf is bounded, the proof is completed.
The weighted composition operator uCf : B∗

α, logβ → Q∗K(p,q) is compact if and only if for every sequence Ln ∈
N ⊂ Q∗K(p,q) is bounded in Q∗K(p,q) norm andLn→ 0, n→ ∞, uniformly on compact subset of the unit disk (where N
be the set of all natural numbers), hence,

||uCf(Ln)||Q∗K(p,q)→ 0,n→ ∞.

Now, we introduce the compactness in the following theorem:

Theorem 3.Let f : ϒ →ϒ and 0 < p < ∞, −1 < q < ∞, 0 < α ≤ 1. Thus the following conditions are equivalent:

(i) uCf : B∗
α, logβ → Q∗K(p,q) is compact.

(ii) lim
r→1−

sup
a∈ϒ

Φf(α,β , p,q;a)→ 0.

Proof.The first direction that (ii) achieved. Assume B := B̄(Λ ,δ ) ⊂B∗α , where Λ ∈B∗α and δ > 0, is a closed ball, and
Assume that {Ln}∞

n=1 ⊂ B is any sequence. We need to arrive that the image has a convergent subsequence in Q∗K(p,q),
which implies that the proof for compactness of uCf . Again, {Ln}∞

n=1 ⊂ B(ϒ ) implies that, there is a subsequence

c© 2022 NSP
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{Ln j}∞
j=1 which converges uniformly on the compact subsets of ϒ to an analytic function L . By using the derivative

of an analytic function from Cauchy formula, the sequence {L ′
n j
}∞

j=1 converges uniformly on compact subsets of ϒ to
L ′. It follows that also the sequences {Ln j ◦f}∞

j=1 and {L ′
n j
◦f}∞

j=1 converge uniformly on compact subsets of ϒ to
{L ◦f} and {L ′ ◦f}, respectively. Therefore, L ∈ B⊂B∗α since for any fixed R,0 < R < 1, the uniform convergence
yield d(L ,Λ ;B∗α)≤ δ (see [10] pp.130).
Let ε > 0. Since (ii) is achieved, we may fix r,0 < r < 1, where

sup
a∈ϒ

∫
|f(γ)|>r

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)dA(γ)≤ ε. (3)

By the uniform convergence, we may fix N1 ∈ N where

|(Ln j ◦f(0) )− (L ◦f(0) )| ≤ ε. f or all j > N1. (4)

The condition (ii) is known to imply the compactness of uCf : B∗
α, logβ → Q∗K(p,q), hence, possibly to passing once

more to a subsequence and adjusting the notations, we may assume that

||(Ln j ◦f )− (L ◦f )||Q∗K(p,q) ≤ ε. f or all j > N2 f or some N2 ∈ N. (5)

Now, assume

I1(a,r) = sup
a∈ϒ

∫
|f(γ)|>r

(
(Ln j ◦f )∗(γ)− (Λ ◦f )∗(γ)

)p

K(Λ(γ,a))(1−|γ|2)qdA(γ).

and

I2(a,r) = sup
a∈ϒ

∫
|f(γ)|≤r

(
(Ln j ◦f )∗(γ)− (Λ ◦f )∗(γ)

)p

K(Λ(γ,a))(1−|γ|2)qdA(γ).

{Ln j}∞
n=1 ⊂ B and L ∈ B, it follows from (1) that

I1(a,r) = sup
a∈ϒ

∫
|f(γ)|>r

(
(Ln j ◦f )∗(γ)− (Λ ◦f )∗(γ)

)p

K(Λ(γ,a))(1−|γ|2)qdA(γ)

= sup
a∈ϒ

∫
|f(γ)|>r

∣∣∣∣ (Ln j ◦f )
′
(γ)

1−|(Ln j ◦f )(γ)|2
− (Λ ◦f )

′
(γ)

1−|(Λ ◦f )(γ)|2

∣∣∣∣p
K(Λ(γ,a))(1−|γ|2)qdA(γ)

= sup
a∈ϒ

∫
|f(γ)|>r

∣∣∣∣( L
′

n j(f(γ))
1−|Ln j(f(γ))|2

− Λ(f(γ))
1−|Λ(f(γ))|2

)
(1−|f(γ)|)α

(
ln

eβ/α

(1−|f(γ)|)

)∣∣∣∣p
|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)

≤ DB∗
α, logβ

(Ln j ,Λ) sup
a∈ϒ

∫
|f(γ)|>r

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ)

≤ δε.

(6)

On the other hand, for the uniform convergence on compact subsets of ϒ , we get an N3 ∈ N where for all j > N3,∣∣∣∣( L
′

n j
(f(γ))

1−|Ln j(f(γ))|2
− Λ(f(γ))

1−|Λ(f (γ))|2

)
(1−|f(γ)|)α

(
ln

eβ/α

(1−|f(γ)|)

)∣∣∣∣≤ ε.
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for all z with |f(γ)| ≤ r. Thus, for such j,

I2(a,r) = sup
a∈ϒ

∫
|f(γ)|≤r

(
(Ln j ◦f)

∗(γ)− (Λ ◦f)∗(γ)
)p

K(Λ(γ,a))(1−|γ|2)qdA(γ)

= sup
a∈ϒ

∫
|f(γ)|≤r

∣∣∣∣ (Ln j ◦f)
′
(γ)

1−|(Ln j ◦f)(γ)|2
− (Λ ◦f)′(γ)

1−|(Λ ◦f)(γ)|2

∣∣∣∣p
K(Λ(γ,a))(1−|γ|2)qdA(γ)

= sup
a∈ϒ

∫
|f(γ)|≤r

∣∣∣∣( L
′

n j(f(γ))
1−|Ln j(f(γ))|2

− Λ(f(γ))
1−|Λ(f(γ))|2

)
(1−|f(γ)|)α

(
ln

eβ/α

(1−|f(γ)|)

)∣∣∣∣p
|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p dA(γ).

≤ ε sup
a∈ϒ

∫
|f(γ)|≤r

(
|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)|)α p

(
ln eβ/α

(1−|f(γ)|)

)p

) 1
p

dA(γ)

≤Cε.

(7)

where C is the bounded obtained from (2). Combining (4), (5), (6) and (7) we get Ln j →L in Q∗K(p,q). From the converse
direction, Assume that Ln(γ) := 1

2 nα−1zn for all n ∈ N, n > 2. Thus {Ln}∞
n=1 belongs to the ball B := B̄(Λ ,δ ) ⊂B∗α

(see [7]). let Cf maps the closed ball B̄(0,3) ⊂ B∗α to a compact subset of Q∗K(p,q), Then, we have an unbounded
increasing subsequence {Ln j}∞

j=1 where the image of the subsequence {CfLn j}∞
j=1 converges with respect to it’s norm.

Where, {Ln}∞
n=1 and {CfLn j}∞

j=1 converge to 0 function uniformly on compact subsets ofϒ , the limit of the last sequence
must be 0. Thus,

||n j
α−1an j−1||Q∗K(p,q)→ 0, j→ ∞. (8)

Now assume that r j = 1− 1
n j

. For all numbers a,r j ≤ a < 1, we get the estimate (see [7]).

n j
α−1fn j

1−an j
>

1
e(1−a)α

. (9)

Using (9) we obtain

||n j
α−1an j−1||Q∗K(p,q) > sup

a∈ϒ

∫
|f(γ)|>r

|n j
α(f(γ))n j−1f′(γ)(u(γ))|p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)n j |)2 dA(γ).

>
1

2ep sup
a∈ϒ

∫
|f(γ)|>r

|f′(γ)|p(u(γ))p(1−|γ|2)q K(Λ(γ,a))

(1−|f(γ)n j |)α p

(
ln eβ/α

(1−|f(γ)n j |)

)p dA(γ).

(10)

Hence, the condition (ii) follows.

6 Conclusions

Finally, from this work, we obtained the important properties for D-metric spaces. Furthermore, we proved the essential
properties for D-metric on B∗

α, logβ and Q∗K(p,q). in the end, we presented the proof of the boundedness and compactness
for the weighted composition operatorsuCf from B∗α to Q∗K(p,q).
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