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Abstract: The main objective of present article is to drive expansion formulas for the product of basic analogue of hypergeometric
function and Fox’s H-function by the application of the g-Leibniz rule for Weyl type and Reimann-Liouville type fractional
g-derivatives. Some special cases involving product of g-analogue of hypergeometric function, G-function and MacRobert’s
E-function have been discussed.
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1 Introduction and Preliminaries

In last few years, many researchers have attention to the g-calculus and fractional g-differential equations due to numerous
applications of the g-calculus in physics, statistics and mathematics. It is also called the quantum calculus can be dated
back to 1908, Jackson’s work [1] and fractional g-calculus is the g-analogous of the ordinary fractional calculus.

For 0 <| ¢ |< 1 the g-shifted factorial is defined as [2]:

1 (k=0)
b; = b; = _ 1
( q)k (61 Q)k { 1:(1)(1 —bq‘s) (kEN), ey
here, b,q € Cand b # ¢~ (1 € Ny).
The g-derivative of a function A(t) is defined as [2]:
d h(qt) — h(t)
D, {h =—Lfp =4, 2
(0} = L0} = =0 @
From above, we observe and notice that
d
lim D, = —
lim Dy {h(1)} = 2-{n(0)} 3)

if, given function 4(r) is differentiable.
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The g-integral of a function k(r) is defined as [2]:
s o
| n0d =51 -0) ¥ a'hied)
=0
[ h@dgt =s(1-a) ¥ g 'hlea™),
s =0

/Owh(t)dqt =s(1—q) i q'n(q").

|=—oo0
Then, (1) can be expressed in terms of g-gamma function as follows:

L(b+k)(1—g)*

(b;q)k = I,(b)

where the g-gamma function defined as [2] :

flb) = (q”;q)(z;(il)wqy” '

For k € Ny, g-shifted factorial with negative subscript is defined as follow:
1

(b:q)—k =
which yields

oL (—q/b®
(b;q) 1 = (bg %9 (g/biq)x

We also write that

oo

(b39)- = [J(1 = bg"),

s=0
here, b,q € C.
From (1), (9) and (10), we can stated that:
(a;9)e
bk = o= (ke
(b:9) (aq*:q)e (kez)

The following identities defined in [2] are important to prove our main results:
—n q —b n 7(11)
(bg "qhw=1\73q) |— ) ¢, (neZ)
b 2\ 4
(B30t = o (—qb™ O, (n ke Z)
q

. —1.
(bg ") = —(b’q,)f(?ljk. ’)q)"q"k, (nez)

(bq @)t = = (n€Z)

(1=bg~")(1 =bg=2)(1 =bg>)..(1 =bg™")’

“)

(&)

(6)

(N

@)

©)

(10)

(1)

12)

(13)

(14)

as)

(16)

A7)

© 2023 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 9, No. S1, 33-40 (2023) / www.naturalspublishing.com/Journals.asp NS e

35
Agarwal [3], introduced the Reimann-Liouville type fractional g-derivative as follow:
1 'z
D! =— / —1tq)—y—1f(t)dyt
@)= gy fy G- f0d (18)
The above equation (18), exist V values of u.
From the equation (4), the above operator (18) can be stated as:
D {f()} = Zq 4" ) a1 f(zg). (19)
For f(z) = 21!, the above equation yields to
- L) gu
D! {11y = 1 vt (20)
Lin—u)
where, R(n) > 0, and exist V values of u.
The g-extension of the Leibniz rule involving Reimann-Liouville type fractional g-derivative defined
as follows [3]:
o (D7),
D {Ui(@Vi(0)} = ) ) ~D2 " {Ui(2q")}D% 4 {Vi(2)} 2D
r=0 1T
where, U] (z) and V) (z) are two regular functions with power series representation U (z) = Yo o asz’,
Vi(z) = Yo obs?’ .| z|< S2, then for above result (21), | z |< S = min(S;,S>).
The g- Weyl fractional derivative operator introduce by Al-Salam [4] as follows:
qfu(l+u)/2 oo .
DY {h(x :7/ t—x)_y_1h(tqg ™)d,t. (22)
X ,q{()} 1—;](_”) X( )ul(q )q
where, R(u) < 0 and from the equation (5), the above operator (22), can be stated as follows:
u(1— u)/Z
q' ( -
D2y {ho)} =T Z g"(1 =4 ) curhlxg"™") (23)
where, R(u) <0
and
= [ 1—(b/a)gq }
=a'[]|— o 24)
rg) [1 —(b/a)g"*t
For, h(x) = x~¢, the above equation reduces to
_ L(a+u) _ _ o
D ay _ 24 ua+u(l—u)/2 —a—u 2
N e x (25)
The g-extension of the Leibniz rule involving Weyl type fractional g-derivatives defined as follow [5]:
u . (71)rqr(r+1)/2(q Q) U— U—
DL U@V =) : D {UI(2)}:DL ({Vi(zg" ")} (26)
r=0 (q’ q)r
To, drive our main results, we need following g-analogue of Special functions :
Generalised g-hypergeometric abnormal type series ®; is defined as follow [6]:
bi,....by;q; = (b1, .eeenyby;
@ { 1y brig z] _ Z( I Q)lzlqal(Hl)/Z, 27

c1,...C5:q° ? (g,¢1,--C53q)1
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where, o > 0.

For o =0, above series (27), becomes generalised g-hypergeometric series @y as [6]:

b] br, > (b]a """ 7erQ)l )
f Dy |1 g o =y Pl TR
s {cl,...,cs; 1 Z] ; (g,c1, .. cs;q)lZ (28)

Vz, if r<s

where, convergence conditions for of the series (28), are as follows, for | g |< 1, ;
lz|<1, if r=s+1

The basic analogue of the H-function defined as [7]:

- ( 7)] 1 ;nl (b-fé-s)nn (lfajfyjs)n.zs
H 2
[Z *|@.9) 27”/ 1171 Glg" PO TIS,, 11 Glg®™ 58)G(qlfs)sinﬂ:sds7 29
where,
1 1

meo(1=g%™)  (q%;q)e’

and0<m <D,0<n<C;yjand 5j are all positive integers. For more details about Fox’s H function,
we refer see, [7].

Further notice that for y; = 6=1,j=1,...,C,i=1,....D, then Fox’s H-function (29),
becomes the g-analogue of the Meijer’s G-function studied by Saxena et. al. [7] as follow:
ar,.. aA]

(a,1) | _ .
(b,1) | =Gcp |59 b, by

7L/ ;n IG(qb’ s) jilG(qlfajfs)n.Zs " (31)
270 S 171 G(a' ) g1 Glg¥ ") Glg! ) sinms

He [z;q

where, 0 <m < D, 0 <n < C and R[slog(z) — logsinms] < 0.

If we substitute n = 0 and m = D in (31), then we have the basic analogue of MacRobert’s E-function
studied by Agarwal [8] as follows:

/ Jj= IG(quis)nZS
T 2m 12, G(g“~*)G(q'~*)sinms

EyD;bj:Caj: 7]

ds, (32)

at,.. ac}

D0
GC,D |:Zy bl bD

where, R([slog(z) — logsinms] < 0.

2 Main Results

Here, we drive some expansion formulae involving the product of g- analogue of hypergeometric function and Fox’s
H-function by substituting appropriate values to the functions U, (z) and V) (z) in the g-Leibniz rule via Weyl type and
Reimann-Liouville type fractional g-derivative.

Theorem 1.The following summation result hold true:

ary .., ar;q;p(2g") | pym+1n u ay), A—tk
rca.[lb] P >]HC++LDH{p<zq) ‘(1<A><t+uk),(b>)]

,...bg3q .8
oo — r. u)r (33)
Z ; ql A ,q)uq()“+) ® al,...,ar,l;q;P(qu) Hm+1,n (Z r)k. ( Y)v(oak)
5 qq) (ha)e O b A r =gt | ot [PEETH k), (5, )
Proof.From the equation (21), we have:
" > (—1)g" /2 a)r r
D UVI()} =} Dz {U1(z4")}D; 4 {V1(2)} (34)

- (g:9)r
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To, prove our result, we begin with U} (z) = z* !, &, [alb,l CZ’CI é)z} and Vi (z) = He'j, [pz 3q (a

in the above equation to obtain

u A—1 ap, ar’q PZ (aay)
N )
w (35)
Z r r(r+1)/2( )rDufr ar,q p ) D1 gmn Zk' (a,}/)
Pt (4:9): @ 2a ep [P (p, 5)
Denote the left-hand of the above equation by L
_ A—1 ap,...,arq;P2 7 (av,)/)
LD;q{ D, [ b b’ ° }HC”L’; [pz iq (b,(s)” (36)
Than view of definitions (27), (29), the above equation becomes
I — i (ar,ariq) ot(t+1)/2
=0 (Qabla b )[
S P~ (37)
1 / ;n | ( bj—§; S)Hn ( 1—a; yjs) ps . {ZA+;+k5-71}ds
270 S N1 1 Gg' O T 1 Gg" 1) G q! ) sinms Pea
On using the equation (20),
_ I (A +t+ks) o
D Atttks—1 _ q A+t+ks—u—1
a2 ; LA +ithks—u) (38)
Then using the identities (7),(10), (12) and (30), we have
u { l+t+ks71} _ G(qlilitﬂlikx) A+t+ks—u—1 (39)
a\z - (_1)uq(lflftfks)uqu(ufl)/Z(1 _ q)uG(qlflftfks)Z
Then substitute value of (39) in the equation (37), we have
L= i (a]7 """ aar’q)lptqo‘l(H»l)/z
=0 (Q)bla . bs»q)[
1 / "GP )T Gg' ) mp? “0)
21t o 12,01 Glg' 2770 VIS, 11 G(g“ )G (g' ) sinms

G(ql At ks) A+t+k 1
5 S—Uu—
x (C1)igU AR ugula—D2(1 — g)uG(q A1) ds

On re-arranging the terms and using the definitions, (27), (29), we get

B (71)7uzlfu71q(l71)uqu(lfu)/z al,...,ar;q;p(zq“) il ) ( ,y) (17171‘,]{)
L= T B | e B D [P a3 ey | 4D

Now denote right-hand side of (35), by R

oo (71)rqr(r+1)/2(q*u;q)r W B ar,....ar;q;p(zq" 7
k=) @ DI,y (gt Ty ._.Ifs.’;gq) DL, He'p [peg
r=| 9 r b) b

Now, from definition of (27) and applying (20) and some identities (8), (14) and (15), we get

—-r A — rs > Alyennns , Ay, iy
DY, {(Zf] ))L -} [ bla q:p (24" )} } = ZMptqo‘l(H»l)/z tg(A=1)
=0
(

Bl

bS:Q q,bl, bs,q)[

g "(1=q) "(g":9)(q"* "1q)u
( )M(C])L,Q)r( A+r— us )tqu lufulqu(u 1)/2—ur

(43)
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Then from definition (29) and applying (20) and some identities (8), (10), (12) and (30), we get

m bj—&;s n 1—a;—y;s s
D;’q{Hf’\’fg’{ka’q (a,y)]} 1/ 17, G(g" %) [T}, Glg )zp

(b.8)] f " 2mi e T2, Glg = 55 TS H,G< G G(g! ) sins w
G(qr ks)(l 7q)7rzksfr
(_1)rq7ksrqr(rfl)/2G(q7ks)
Now, using (44),(43) in (42) and re-arranging some terms, we get
R Z)quflq(lfl)u(_l)uqu(lfu)/2 i (qfu;q)r(ql717r;q)uq(7t+u)rX
- 1—qg)“ . A
( ;qL) o = (¢:9)r(q ;q)r) o 4s)
ay,...,ar, Aq; P qu +1, k. a,y), O7k
1 Dot [bl,...bs,quru;qG] HglJrl,ngl |:P(ZCI) 5q (rvk)v(b76)
o, from an , we have our desired result.
So, fi (41) and (45) h desired 1
ala---varJI;P(un) m+1.n u\k. (aay)a(l _)’_t7k)
’Q*'[ bryobeg® | Hestpen |PEE)Sa) 3L b (b, 6)
o (. - (46)
Z (@A q)ugP T o |atandigp(ed)] gmiin () (a,7),(0,k)
= qq) (a*:9)r US| by by A r—ug® | e 1D+t PR Gy (b, 5)
Corollary 1.The following result hold true:
ag,...,d 1, [ . ava 17}’7t5k
rs {bl b, P (" )} HEL D P(un)k’q‘a(— A)—(t+u,k), b,)6)
_ - _ 47)
v @9 g)ug M ay,.apd ] s . |(a7),(0,k)
"L GO b d P Heiba PRV )
Proof.On substitute ¢ = 0 in (1) and using (28), we get our desired result.
Corollary 2.The following result hold true:
ap, .. 1 . ac, [ -
P [b (e )] Gelibi [p(zqu)’q‘(l—),—t(—i—u) bl...)bg}
_ a- (48)
& (79) (g q)ug M ap,...and 11, ay...ac,0
; (q 9)r(q*:q), r1 Pt bl,...bs,l—ri—r—uq’p(zqr) Grg+l,zl)+l p(zq"):q rb1 bp

ProofOnputtingc =0,k=1landyj=8=1,j=1,..,Candi=1,...,D in (1) and using (31), we get our desired result.
Corollary 3.The following result hold true:

r P ﬁ;l’ ’b 4:p(zq" )} EgD+1,bj;(1=A—t+u): C+1,a;5(1 -4 —1);p(24")]

1—A—r. (49)

o (¢7":9)r(q ;9)uq
; (¢:9)r(¢":9),

Proof.On consideringc =0, k=1,m=D,n=0and yj=0;=1,j=1,..,Candi=1,...,D in (1) and using (32), we
get our desired result.

(AJru)r al’ 7ar’z’

1Pt {b, _'_b;_"kJrruq;p(zq’)} EJD+1,bj;r:C+1,a;;0;p(zq")]

Theorem 2.The following summation result hold true:

&, [a],...,ar;q;(g;;u)] i |:p(zqu)k ‘( (a,7), (A +1,k) }

bi,biig® | MeHIDH AT e s
_y (aadhighg R 1|:al7...,ar,/1+uI’;q;—(zqgr):| .
a2 (gad g, T b At r—ug®

1 Kk
XHE Dy [P(ZQ” ")iq
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Proof.From the equation (26), we have:

u (_1)rqr(r+l)/2(q*“:q)r

DL AU (V1(2)} = ;) (¢:9)

Do {UI(2)}:De ({Vi(zg" )} (51

p
Then consider U; (z) =z, ®; {al‘)’ Z”Z’G ] and Vi(z) = Hp'p {pz ,q‘((b 6))] and with same parallel line of proof as
1y

(1) and using some identities (8), (10), (12), with results (25), (30) we get our desired result.

Corollary 4.The following result hold true:

ay,...,dr | p m+1,n u\k. (av,y)v()t'+t7k)
" [bl,...bsq’_u} Hevipa [”(Zq ) ’4(1 F1Yuk). (0.5)

Zq HERe
_y (4 @)r(d" @2 O Jaran Adu—r P ] et p(zg"")q|(@ 1) (00
A o g, T bk e [Renioen |PEER k), (6,8)
Proof.On substitute ¢ = 0 in (2) and using (28), we get our desired result.
Corollary 5.The following result hold true:
ap,...,dy L m+1,n u aCa(ijt)
r(ps |:b1,...bs q,un] GC+17D+1 [P(zq ) ‘(l—i—t—i—u) b bD
53
- I C] Q)uq rre1)/2 ® al,...,a,JLJrufr . p Gm+1,n u—ry. ..ac,0 6
r;() ) C[l — ) r+1Ps+1 by,...bs, A 517% C+1,D+1 P(ZCI ) rb1 bp

Proof.Onputtingo =0,k=1andy;=6;=1,j=1,..,Candi=1,...,Din (2) and using (31), we get our desired result.

Corollary 6.The following result hold true:

a,....ar P . ) . .
D, {b]l,...b;q’ﬁ] EgD+1,bj: (A +14u): C+1,a;:(A +1):p(2q")]

—u. r(r+1)/2 (54)

q q)q ala"'7ar7)’+u_r . P R 0 —r
r+l¢s+l[ by,...bs, A q,zqu—r} Eq[D+1,bj,r.C+1,aj,O,P(un )]

1A— M,Q)r

u

;) a)r(q

Proof.On substitute 6 =0, k=1,m=D,n=0and ;=8 =1, j=1,..,Cand i=1,...,D in (2) and using (32), we get
our desired result.

3 Some Examples

Example 1.By putting r = 2 and s = | in the Theorem (1) with the help of generalised g- hypergeometric function (28), it
becomes:

) u m+1.n u ,Y), l—l—l,k
29! {alblaz q:p(2q )} HCill,D+1 {p(zq )k;q}(l(f }?:)—(t—l—u,k),(b) )}

1-A—r. (A4u)r
q 19)ud ar,az,A 1, ,
q(q) (ql.q))u 32 [M,i—ﬁr—u q;p(zqr):| Hgirl,gﬂ [P(qu)k»q

L

Example 2.1f we set r = 1 and s = 1 in the Theorem (1) then by using the generalised g- hypergeometric function (28),
we have:

u m+1,n u sl 17&7[71{
1Py [Z 4:p(zq )} HE D {P(ZCI )k;q’(l(i;:)—(ﬂru,k)a b) )]
1—A—r.

(A4u)r
q sq)udq a,ﬂ, . M1 L a
- q(q) (ql‘q)) 22 [b,/wru 4:p(zq )} HE S [P(zq )4

|
M 8

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

40 NS B D. Baleanu et al. : Local Fractional Variational Iteration Algorithms ...

Example 3.1f we set r =2 and s = 1 in the Theorem (2), it becomes in the following form by using (28):

ap,a . P m—+1.n u Atok
X [ lbl ? q’ﬁ] HCL],DH [p(zq ) ‘(A(thzri k), (b’) )}

)
u (g r(r (57)
Z 6] Q)uq (r+1)/2 ® ap,ax, A +u—r . P Hm+1ﬁ P(Z ufr)k. (aaY)v(ka)
= (ql —2=u ), bi, A 9> g | erin q M\ (rk), (b, 5)
Example 4.If r = 1 and s = 1 in the Theorem (2) and using (28), we get:
a p m+1,n u (a,}/),(?Lth,k)
d [b ‘1’@] Hevip [p(zq s ‘(A +t+uk),(b,) 58
i - CI Q)uq r(r+1)/2 @ a,l‘f'll—r . p Herl,rz ( ufr)k. (a,y),(O,k
r=0 (ql A—u; q)r S bvl % unir C+1,D+1 pizq 4 (rvk)v(b76)

4 Concluding Remark

In a series of papers by many researchers [5,9,10,11,12,13], investigated many applications of g-Leibniz rule given by
(21) and (26) and deduced many fascinating transformations and summation formulas involving many g- hypergeometric
functions of one and more variables including the basic g-analogue of Fox’s H- function. Here, we have introduced
summation formulas for the product of basic hypergeometric function and g-analogue of Fox’s H-function by the
application of the g-Leibniz rule for Weyl type g-derivative and Reimann-Liouville type g-derivative. Then, we have
drive some particular cases of the results presented in this article. Our results are new in theory of quantum calculus.
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