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Abstract: This work is intended as an attempt to improve and simplify some recent fixed point theorems for two pairs of mappings
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examples to illustrate our results.
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1 Introduction

The theory of fixed point is a very active area of research
despite having a history of more than hundred years. The
strength of fixed point theory lies in its application, which
is spread throughout the existing literature fixed point
theory. Banach [7] in 1922 , introduced the first important
and significant result in the field of metric fixed point
theory. Later, Banach contraction principle has been
extended and generalized in numerous different ways (see
[1, 3-6, 8 —9,12 — 13] ). In the similar way, various
common fixed point results were proved in different types
of spaces i.e cone metric spaces [10], fuzzy metric spaces
[2], uniform spaces [15], noncommutative Banach spaces
[16] and so on.The concept of C*-algebra valued metric
spaces was introduced by Ma et al. [11] in 2014 which
was more general than metric space, replacing the set of
real numbers by C*-algebras and some fixed point results
for mappings under contractive or expensive conditions
were also proved.There are many examples of C*-algebra,
such as the set of complex numbers, the set of all bounded
linear operators on a Hilbert space H,L(H ), and the set of
n x n matrices, M,(C). If a normed algebra A admits a
unit /,al = la = a for all a € A, and ||| = 1, then we say
that A is a unital normed algebra. A complete unital
normed algebra A is called unital Banach algebra. We say
that a € A is invertible if there is an element b € A such
that ab = ba = I. In this case, b is unique and written as
a~'. The set Inv(A) = {a € A | a is invertible } is a group

under multiplication. We define spectrum of an element a
to be the set (a) = {2 € C | Al —a ¢ Inv(A)}.

Let A be a unital C*-algebra with a unit /, then

OHr=I,

(ii) For any a € Inv(A), (a*) ' = (a™")".

(iii) Forany a € A (¢*) = (a)* = {A € C: 1 € (a)}.

(iv) The sum of two positive elements in a C*-algebra is a
positive element.

(v) If a is an arbitrary element of a C*-algebra A.<7, then
a*a is positive.

(vi) Let A be a C*-algebra. If a,h € A*tand a < b, then for
any x € A both x*ax and x*bx are positive elements and
x*ax < x*bx.

All over this paper, <7 means a unital C*-algebra with a
unit /,R is set of real numbers and R™ is the set of
non-negative real numbers, M,(R) is n X n matrix with
entries in R, A is C*-algebra valued Metric Space. In the
next definition, we will define C*-algebra valued Metric
Space.

Definition 1.//1] Let U be a nonempty set. Suppose that
the mapping A : U x U — & is defined, with the
following properties:

(1)0:, < A1) forall £ and ¢ in U,

(ii) A(L,0) =0, ifand only if { = Z,

(iii) A(6,0") = A(',£) for all ¢ and ¢’ in U,

(iv) AL, 1) <A(l,z)+ A(z,0) forall £,¢ and z in U.
Then A is said to be a C*-algebra-valued metric on G,
and (U,ﬁ%,A) is said to be a C*-algebra-valued metric
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space. We know that range of mapping A in metric space
is the set of real numbers which is C*-algebra; then
x-algebra-valued metric space generalizes the concept of
metric spaces, replacing the set of real numbers by </ |

Definition 2./11] Let (U,47,A) is a C*-algebra-valued
metric space and let {{,} be a sequence in U. If

(i) for any € > 0, there is N such that ||A (£,,0)|| < € for
all n > N, then the sequence {{,} is said to be
convergent, and we denote it as limy e £, = £

(ii) for any € > 0, there is N such that || A ({y,4)|| < € for
all m,n > N, then the sequence {{y} is said to be Cauchy
sequence.

(iii) C*-algebra-valued metric space is said to be
complete if every Cauchy sequence in 5 with respect to
& is convergent.

Lemma 1. [14] Let <7 be a C*- -algebra then

(i) If {b,} C & and lim,_,.. b, = 0 o, then for any a € <,
lim, 00 a*by, a—O . Set o, = {EE% a=a }

(ii) If a,b € <7, andc € Q%Jr, then a < b deduces ca < cb,
where (Q/Jr = (§f+ﬂ,§/.

(iii) Let {{,} be a sequence in X. If {{,} converges to {
and V', respectively, then { = {'.

That is, the limit of a convergent sequence in a C*-algebra-
valued metric space is unique.

Lemma 2.[14] Let <7 be a C*-algebra then

(i) the set & is closed cone in [a cone C in a real or
complex vector space is a subset closed under addition
and under scalar multiplication by R,

(ii) the set s equal to {a*a cac ),

(iii) if 0, < a < b, then ||al| <||b],

(iv) if &/ is unital and a and b are positive invertible
elements, Then a < b implies OQ‘} <pl<qg!

Definition 3./11] Suppose that (U, ./, A) is a C*-algebra-
valued metric space. A mapping 2 : U — X is called C*-
algebra-valued contractive mapping on U, if there is an
A € & with |A|| < 1 such that

A(20,20) < A*A(,0)A forall £,0 € U.

2 Main results

Theorem 1.Let (U, ,A) be a complete
C*-algebra-valued metric space. Let 21,2, : U — U be

two self mappings. Suppose that there exists A € < with
[IA]| € [0,1) such that

max{A(Ql (f),gzgl (f)),A(Qz(f),ngz(f))}
=A% (min{A (¢, 2,(0)),A(6, 22 () DA (2.1)
for every { € G and

Y(0') = inf{A(L,0)+min{A((, 2, (0)} : €€ T} =0, (22)

for every €' € U with {' is not a common fixed point of 2,
and 25 .
Then 2, and 2, has a unique fixed point.

ProofLet £y € U be arbitrary and define a sequence {/,}
by
0 — {Ql (£,—1) if nis odd
=

0> (£,—1) if nis even

Then if n € N is odd, from
Ay lyg1) = A (21 (Uh—1), 22 (4y))
=A (21 (ln-1),2221 (ln-1))

<
max {A (2] ({,—
< A*(min{A (¢,—1,2; ({y—
SAA (1,21 (L)) A
=A*A(by_1,0n) .

we have

1),

1),2221 (lu—1)),A (22 by

7 1),212> (b1))}
))7A(n 1>Q2(

A

If n» € N is even, then by have
A(£n7£n+l):A(QZ(En—l)ye@l(‘gn))
=A(2y(ln1), 2122 (1))

=

max {A (22 (by-1), 212 (ln-1)), A
< A* (min{A (4,—1,2> (ly—1)),A

(2.1), we

(21 (ty-1), 222, (Ly_1))}
(bn-1,21 (ba-1))}) A

SAA(ly—1,22 (6y1)) A

=A*A (£,—1,%,) A, for any positive integer n, it must be the
case that

Aln,lyi1) SAA (L1, 8,) A (2.3)

By repeated application of (2.3), we obtain

A (£n7£n+l) = A*A (Erzflvgn)x
<A A (lya, byr) (M)

= (A°)"A (b, 1) (A)"
For m,n € N with m > n, and by triangular inequality in
C*-algebra-valued metric spaces, we have
A (Envgm) <A (£n7£n+])+ ot A (Emfl 7£m)
(A)" A (Lo, €1) (A)" 4+ (A7) A (b, 1) (A)™!
[(W <A>"+---<z*>'"” (A" (A (b, 00))
[(A" (A1) TAT (A (Lo, )
i ' M \ A (o, 1)
}zm R A o, 1
|z A 14 (o ) 11
< IAIPIA (Lo, )11
< 2L 1A (b, )| 1
Thus A (4,,¢,) tends to 0
implies 1imy, ;e ||A (€4, £,) || = 0. Thus sequence {£,} is
a Cauchy sequence in U. Since U is complete, so £, — z
in U. Assume that z is not a common fixed point of 2,
and 2,.
Then by (2.2), we

o =inf{A(¢,z) + min{A(¢,2,(¢))}: £ € U}
<inf{A (¢y,z) + min{A (¢,, 2 ({y))} : n € N}
< mf{l LA (G, 00)|1T+ A (b l1) i € N}

=
=
=
=
<

IN

as n — oo, which further

have
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=

2n
inf {237 14 (Co, €)1+ (A" 14 (o, 1)} 12 € N =

O - , which is a contradiction.
Therefore 7=2(2) = 22(2).
Uniqueness:
Ifv=2,(v) = 2,(v) for some v € U, then
A(v,z) =max{A(2,(v), 2, 2,(v)),A(2»(v), 21 2>(v))}
< A*(min{A(v,2:(v)),A(v, 2>(v))})A
< A*(min{A(v,v),A(v,v)})A

< A*A(v,v)A, which implies that A (v,z) = U

Hence the maps 2 and 2, has a unique fixed point.

Example 1.Let § = {1}” U{0} and & = My(R) be

D=

endowed with the norm ||A] = (Zl] 1 aijl ) and
*: My(R) — M, (R) involution given by A* = A. Clearly,

each matrix of type A = [O 2} belongs to <7 | if a,b > 0.

azy ax by b

ajj—b;j<0foralli,j=1,2.
Define A : U x U — &7 by

P NV (] B " 10 B
|£f£'|21;{
Then (M>(R),4/,A) is a complete C*-algebra-valued
metric space.
Now, we define 21,2, : 0 — U by

This implies that [ 1 alz] [b” blz} if and only if

2100 = 02(5) = 2G5 =
0and 2, (4n1+2) = ﬁ and

3212(0) = 10, 2(4_]n) = 4n+1’°@2(2n 1) =
Ini2 and Qz (E) =0.

Then for / = i we have

max{A(Ql(g) 2,2,(0)),A(2, ( ) 212:(0))}

max{A (21 (37) 2221 (37) .4 (22 (%), 212 (55) }

(
4n74n+1) (0 0)}

*max{A(
il P 0 00
= e d |13 04,,+1| L HOO”
n n
= max { |25~ gt 10
<max{inI;7,O}
——I

(mm{A(f ,@1 ),
<A*E ln{Z ’2n )

zi) A. It is easy to see that the above inequality is

AL, 25(0)})A

1

true for ¢ = 2n171 and A = [2?} Also,
03

V() = inf{A(ﬁ )+

min{ A(¢,2,(¢))}: £ €T >0, (2.4)
for every ¢/ € U with ¢’ is not a common fixed point of 2,

and 2, for <Al < 1.
This shows that the all conditions of Theorem 1 are
satisfied and O is a fixed point for 2 and 2.

Corollary 1.Let  (U,%/,A) be a  complete
C*-algebra-valued metric space. Let 2 : G — U be self

-mapping. Suppose that there exists A € &/ with
|IA]l € [0,1) such that

A (22(0),25(0)) 227 (A(, 25(0))2, (2.5)
for every { € U and that
y(é'):inf{A(E,E')JrA(E,e@Q(E)):EGU}>—0;7, (2.6)

for every €' € U with ' is not a fixed point of 2,.
Then 25 has a unique fixed point.

Proof.Taking 2,
result.

= 2, in Theorem 1, we get the required

Theorem 2.Let (U, ,A) be a complete
C*-algebra-valued metric space. Let 2| and 2, be
mappings from U onto itself. Suppose that there exists

A e o with Al > 1 such that
min{A(Qle(6)791(f)),A(ngz(f),Qz(f))} =
A% (max{A (21 (1), ), A(2(0), )}, 27)
for every 14 € O and
Y(l) = inf{A(faf’) + min{A({, 2,(0)),A(¢, 25(0))} :

Le U}~ 0 (2.8)
for every E’ € U with ' is not a common fixed point of 2,
and 2. Then 21 and 2, has a unique fixed point.

Proof.Let £y € U be arbitrary. Since 2 is onto, there is
an element ¢; such that ¢; € Q{l (£p). Since 2, is onto,
there is an element ¢, such that /, € 25 ! (£1). Continue

(t5,) and

like this, we can find /41 € 2

lypao € Q;l (bops1) forn=1,2.3,....

Therefore, ¢, = 21 (bon+1) and £oy1 = 25 (bopsn) for
n=0,1,2,...

If n = 2m, then using (2.7)

A (€n71 ,fn) = A (€2m71 ;EZm) =

A (25 (b)), 21 (Lamy)) =
A (2,2 (bans1) ;21 (Cams1))

= min{A (Q2Q1 (lam+1) Qi (bamt1)

A (Q1Q2 (bam+1) Q2 (lam+1)) }

.

A" (max{A (21 (loms1) s loms1,A (22 (Lomsr) s lams1 }) A
= A A (21 (lams1) s lomy1) A = A*A (Lo, bomg1) A

Z A A (b, by A

If n = 2m + 1, then using 2.7
A (Enflagn) =A (£2m7£2m+1)

=A (21 (Loms1) 22 (Lom2))
=A (212 (lany2) , 22 (lams2))
o

min {A(Q2Q1 (2 m+2) Qi (L2 m12)
A(Qi1Q2(l2 m+2), Q2 (b2 mi2))} =
A (max{A (21 (Lam+2)  loms2,A (22 (Loms2) lomsn }) A

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

P. Kumar et al.: (Some Common Fixed Point Results in...

= A*A (o@z (£2m+2) ,62m+2)A
= A*A (boyms1,bomy2) A
= A*A (fmfn#»l)z"

Thus for any positive integer n, it must be the case that

A(ly—1,bn) = AA(E,,,E,,H))» which implies that,
1l < plAtnt)] € .. <
WHA(MI I, (2.9)
R*HA2,thenO<R<1smce||7L||>1

Now, (2.9) becomes ||A (€n, lnr1)]| < R™||A (Lo, £1)]|-
Also, we have For m,n € N with m > n, and by triangular
inequality in C*-algebra-valued metric space, we have

4 (€ns ) [| < NA (s bnir) |4 A+ [[A (Cnr, ) |
S R'[|A (o, 0l ...+ R"HA (b, 1)

Rf’l
< A (G )]

Therefore limy, p—seo ||A (€4, 4m)]] = 0 and so sequence
{¢,} is a Cauchy sequence in U. Since U is complete, so
£, — zin U. Assume that z is not a common fixed point of
2, and 2. Then by hypothesis, we have
0<inf{l|A(¢,z)|| +

min{[[A(¢, 2, (O)[],[|A(¢, 22(0))][} - £ € T}

<inf{[|A (€n,2)[| +

min{[|A (€,, Q1 (£))|[ + |4 (€, Q2 (€n))[[} : n € N}
<inf {5 1A (€0, 01)]|+ 14 (ba-1,6) | :n €N}

< inf{mHAW»HHR)H||A<eo,el>|| nen} =
0, which is a contradiction.

Therefore, z = 2i(z) = 22(z). Uniqueness: If
v=2(v) = Z(v) for some v € U, then
A (v, Z) = min{A (,@291 (V), Ql (v)),A (Ql 32 (V), Qz(v))}

A*(max{A(2;(v),v),A(22(v),v,) A
A*(max{A(v,v),A(v,v)})A
=A"A(vv) = O(g{,

Yo

which implies that A (v,z) = 0
Hence the maps 2, and 2, has a unique fixed point.

Corollary 2.Let  (U,%/,A) be a  complete
C*-algebra-valued metric space and let 2, be an onto
self-mapping. Suppose that there exists A € </ with

A(25(0),25(0)) = A*A(25(0),0)A,  (2.10)

for every { € U and that

) =inf{A(L L)+ A(2o(0),0) LET} =02, (2.11)

for every {' € U with (' is not a fixed point of 25.
Then 2, has a unique fixed point.

Proof.Taking 2,
result.

= 2, in Theorem 2, we have the desired

Theorem 3.Let (U, ,A) be a complete
C*-algebra-valued metric space. Let 2, : U — U be self
-mapping. Suppose that there exists A € &/ with ||A| > 1
such that A (23(0),2,(0)) = A*A(25(£),0)A for every
L €U and 2, is onto continuous. Then 2, has a fixed
point.

Proof. Assume that there exists ¢/ € U with £’ is not a fixed
point of 2, and y(¢') = inf{A({,0') + A(22({),0) : £ €
U} =0..

Then there exists a sequence {/, } such that

lim {A (60, 0') + A (22 (6) 4a) } =0,

So, we have A (£,,0') — 0: and A (25 () b)) — 0. as
n— oo, ' '
Hence
A (2 (L), 1) <A (22 (4y),Ln)+ A (£y, ") implies that
D (by) =1
Since .2, is continuous, we have
Qz (f’) = o@z (1im,Hm En) = lim,Hm Qz (En) =).
This is a contradiction.
Hence if ¢’ is not a fixed point of 2,, then

fy(f’) = inf{A(ﬁ,f/) +A(2,(0),0) : Le X}~ O;f’

which is condition (2.11) of Corollary 2.
By Corollary 2, there exists z € U such that z = Z,(z).

[0,1) and &7 = M,(RR) be endowed

NN
|A||(z\ai,j|) |
i

and * : Mr(R) — M,(R) involution given by A* = A.

This implies that { 1 ‘“2} < {b” blz] if and only if
az ax 22
aij—bij S 0 for all i,j = 1,2.

Define A : U x U — &7 by

Example 2.Let U =
with the norm

(=02 0 10
atee) =1 O] 1R [§9] =1e- e,

Then (M,(R),</,A) is a complete C*-algebra-valued
metric space. Define 2, : U — U by 2,(¢) = 8/
Obviously 2, is onto and continuous.

Also for each £,¢' € U we have
A (230,2,0) = A(644,8()

|64¢ — 8¢ 0
0 |64¢ — 8¢

=[56¢%1,
= ATA(25(0),0)A where ||A]| = 7.

Thus 2, satisfy the conditions given in Corollary 2 and 0
is the unique common fixed point of 2.
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Theorem 4.Let (U, ,A) be a complete
C*-algebra-valued metric space. Let 2, : U — U be self
-mapping.Suppose that there exists A € </ with ||A]| > 1
such that

A(25(0), 2,(1")) >
A" min{A (6, 25(0),A(22(0),0), AL, O)}2,  (212)
for every £,0' € U and 2, is onto continuous, then 2,
has a fixed point.

ProofReplacing ¢ by 2,(f) in (2.12), we obtain
A(22(0). 23(0)) >
),*min{A(E,,%(ﬂ)),A (Q%(E),,@z(é)) (6, 25(¢ }l
(2.13)

for all x € U.

Without loss of generality, we may assume that

2(0) + 23(0).

Otherwise, 2, has a fixed point. Since [|A| > 1, it

follows from (2.12) that
A(22(0),23(0)) = A A(22(0),0)2,

for every ¢ € U. By the argument similar to that used in

Theorem 3, we can prove that, if ¢ # 2,(¢'), then

() = inf{A(L,0')+ A(22(£),0) : £ € B} > O;{, which

is condition (2.10) of Corollary 2. (

So, Corollary 2 applies to get a fixed point of 2.

3 Application

As an application of Corollary 1, we find an existence and
uniqueness result for a type of following Fredholm integral
equation:

/Kste )dt + h(s) (1)

for all s, € E where E is a Lebesgue measurable set.
Suppose that K : E> x R — R and h € L*(E). Let
O = L”(E), H = L*(E) and L(H) = A. Define
A:UxU— o by

AL, 2,(0))

for all £ € U, where M : H — H is the multiplicative
operator defined by:

=M_2,0)

My(y) = o.y

Then (U,A,A) is a C*-algebra-valued metric space.
Now we consider the following assumption:
for all £,¢' € U there exist y € (0, 1) such that

K (5,8, £(1)) = K(s,2,0'(£))| < yI(£(t) = £'(2))].

Theorem 5.If the above assumption holds. Then the

integral equation (1) has a unique solution in O.

Proof.-We define 2, : U — U by

/Kstﬁ )dt + h(s),

:éK@m%MW

SetA =yl then A € L(H)+
¢ € H, we have

1 A(22(6),25(0)) 1=l #,2,0)- 220) |
= sup (A 9, 23(0) 9 P)

))dt +h(s), Vs,t€E.

and || A ||=y < 1. For every

lloll=1

T ” 1/ /KS e K(Svae%(f)(f))df\]<P(S)@ds

¢

su Sy s,t, ) 2ds
<H(p” 1/ /'K 1,6(1)) —K( 71Q2(f)(’))|df]\¢( )|*d
<y sup | 19(s)P*ds || £~ 25(0) |

loll=1
<yIE=22(0) [l
=IAqlA,220) |-

Since || A || < 1, Hence, the Fredholm integral Equation (1)
has a unique solution.

4 Conclusion

In this paper,we have proved some recent fixed point
theorems for two pairs of mappings using generalized
contractive  conditions in the framework of
C*-algebra-valued metric spaces. An example and
application is also given to support the result. This work
can further be extended and generalised in various metric
spaces also.
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