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Abstract: This research article aims at treating the transverserelaegnetic wave propagation in lossy media, labeled TEMP.
Following the trail of works by Hussain and Belgacem, andgBeem et al. towards getting the transient electric fieldtsmi of
Maxwell’s equations, here we seek Sumudu transform badetisofor transient magnetic field. Moreover, we featuremected
interesting shifting properties of the Sumudu transforome found useful in solving this very particular problem.rtRarmore,
we establish new analytico-numerical results, and exkitsiphical profiles of Sumudued ramp, gaussian pulse, and Smusoidal
functions.

Keywords: TEMP : Transversal Electromagnetic Propagation, Sumwhsform, Maxwell’s equations, Magnetic field, Electricdiel

1 Introduction 19,21,24,25,26,27,28]. Along the same lines, a Sumudu

treatment of unsteady fluid flow problems is done4d][
The mutual relation theory between electric and magnetic  Distinctive Sumudu treatments for trigonometric
fields are goverened by Maxwell's equations. The coupledunctions were recently presented iAQ], for Bessels
set of simultaneous equations, considered in variousunctions (see for instance4]) in [21]. Various Sumudu
media, hones down the relation between electric field withordinary and partial differential equations resolutions a
that of conductive current and electric displacement, andeatured in B2,34,41]. In particular, many fractional
the relation between magnetic field with that of magneticdifferential equations were Sumudu treated 28, p3, 26,
induction and magnetic polarization 1,R,3,4,5]. 29,33 35,36,37,38,39]. Description of various numerical
Applications and treatments of this system of equationsmethods for the solutions of partial differential equasion
abound in the engineering and scientific literature. Foralong with MATLAB mathematical tool plots and
instance, the relation of Maxwell's equations to the calculations were described 4.

transmission lines is treated iB][ Asymptotic methods | jke for the Laplace transform (see recent Laplace
variations, and analytical models of electromagneticyansform restructure in3fl]), the Sumudu transform,

problems are given in7[8,9]. Generalized electric signal gimply connoted , "Sumudu”, may be applied to
treatment with Maxwell's equations in10,11,12.  niece-wise continuous possibly bilateral functions of

Determination of the transversal electric and magneticexponential orderA = {f(H)[3M, 11,2 > O,|f(t)| <
wave propagations in lossy media, (TEMP) problem .
solution of Maxwell’'s equations, is established 18[14], = MeT ,if t € (—1)! x [0,0)}
using Laplace transform. The parallel processing of  For functions in the admissible sét the sumudu is
Maxwells equations in different media and related worksdefined by,
in [1516], and treatments of fractional Maxwell's
equations are described ib§,20,30]. I
Natural and Sumudu transforms based treatments 0§[f(t)] o /0 e f(utdt
Maxwell’s equations seeking the determination of 1

® ot
transient electric and magnetic fields can be found.if) [ = a/o e uf(t)dt; ue (—1,12). 1)
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We bring the reader’s attention of the Gamma function  Sumudu transform application to equatiof) (with

like exponential kernel and the variablefactoring the  SH(zt)] = G(zu) vyields the non-homogeneous

argument of the function to be sumudued. As mentionedifferential equation,

in various works of the Authors, the Sumudu turns out to 2620

be the smutiplied Laplace trasform where ths is zu) .

substituted by Zu. Being linear the Sumudu preserves dz Y6z =Q(zu). ©)

scale, unit and dimension properties. . o

where y? = A + ¢, so thatA = £ and ¢ = &7 and

Qzu) = —vhy(2 — Auhy(2), here

2 TEMP derivation and Sumudu treatment ho(2) = limioH(zt) and hy(2) = lim;_0 2520 The
homogeneous solution of equatiob) (is obtained by

Electromagnetism is best summarized through thesetting Q(zu) = 0, so that, (%)/\u = —(A + ),
realtions of interactions among magnetic field, electric 0

displacement and electric field, magnetic '”d“Ct'O”',g'Ventherefore, % - 1+ /\i) and the particular solution
by the of quadruple system of Maxwell vector equations, 0 u

of equation §) obtained by method of variation of

()Ox E(zt) = —%B(zt) parameter are respectively,

(0 x H(zt) =I(zt)+ £D(z1) Gn(zu) = A(u)e"?+ B(u)e”. (6)
(iii) 0.B(z,t) = 0 o2 o1z

i — _Y [ |z
(V)0.D(zt) = p(z1) Gplz ) = Zy/e Qzudz+ % /e Qlzu)dz (7)

HereE andH are respective electric and magnetic field g, he conductivityc > 0 in the lossy medium, the
intensity vectors,B , J , D are respective magnetic boundary condition is assumed ’ as

induction, current density and electric displacement“mHoH(Z t) = h(t) ; t > 0. Finiteness requirement and

vectors,p , z, t are respective volume, charge density, j,ndedness satisfication leadsBfu) = 0 in equation
position vector and time. In a lossy medium, the magnetic 6) as z —+ o, and from the boundary condition
induction and electric displacement have the following Alu) = S[IimHoi-I(z t)] = Sh(t)] = G(u). So

relations respectively, ’ '

_ -yz
()B(z1) = HH(z1) Glzu)=G(we™ ©)
(i)D(zt) = €E(zt) Expandinge¥Z (eqn (4), page 4164p)) with a=1/, /i€,
Therefore in the simple medium, with the aid of Ohm’s ?uic%r?e andJo(.) is the zeroth order first kind Bessel
law '
vz ©
()J(zt) = 0E(zt) eT = a// e ™y (g\/ 2 a2t2> e /udt.  (9)
zZ/a

Maxwell’'s equations are given by, . _ . .
g g y Differentiating equationg) with respect t,

()OxE(zt) = —uZH(zt)
(i)0x H(zt) = e ZE(zt) + 0E(zt)

b
e V2 — g a%gai?

— a// e‘b‘i\]o (g\/ 72— a2t2> e V/udt. (10)
zZ/a

which by settingH(zt) = Hy(zt) andE(zt) = Ex(z ), 0z
yields the following PDEs system Substituting /u = vin equation 10),
0E(z 1) dH(zt) _o @ eV — ef‘%';zefaiuz_au
0z ot " /00 |:eb(uv) J 3 (b 2 aZ(UV)Z):|
22 /2=
aHﬁ(Z’t) +eaE[§tZ’t> + oE(zt) =0. @3) 2/ 92"\ a
z x e Vdv. (11)

where u,e,0 being strictly positive constants, are the

respective permeability, permittivity and conductivity. The integral part of equatiorL{) can be written as,

Partially differentiating equation2f with respect tot, vz by i,

equation 8) with respect toz, assuminge is exact, (ie eV =eraea~auge(zv)). (12)
d%E _ 9% ; ; 0E(zt)

that $—= = £-=) using equation2) for =2~ leads to where®d(z,v) = e 22 3, (g zZ—avz) forv>Z and 0

linear PDE, for the magnetic field.
for0<v< 2. Hence,
0°H(zt) 0°H(zt) OH(zt) o 1
02 —HET gz tHO——. (4 G(zu) = G(u)e a%e @’ —auGu)Jd(zv)].  (13)
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Magnetic Field Sumudu Transform
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Fig. 1: Magnetic fieldH({, 8) for the boundary conditioh(t) as exponential ramp function and its Sumudu transfefig, 6) plotted
with distance = 0,1,2 and 3 shown in respective left and right plot.
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Fig. 2. Magnetic fieldH((, 8) for the boundary conditioh(t) as gaussian pulse function and its Sumudu transfe(i 6) plotted
with distance = 0,1,2 and 3 shown in respective left and right plot.

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

212 NS 2 F. B. M. Belgacem et al.: Sumudu computation of the transisagnetic...

Megnetic Field Sumudu Transform
| =0 =1 = =3 | | =0 =1 = =3 |

1 ]

: 0.4+
0.54

] 0.34

H(G0) 09/ / G(Le) 1

B 0'2 —
-0.5

4 0'1 -

-1 T T T T T T T T T T 0+ T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50
Time © Time ©

Fig. 3: Magnetic fieldH (¢, 8) for the boundary conditioh(t) as finite sinusoidal function and its Sumudu transf@(q, 6) plotted
with distance = 0,1,2 and 3 shown in respective left and right plot.

The inverse Sumudu transform of equatiol3)( field in the lossy but conducting media > 0) is,

(application of second shifting and convolution theorem o [ 26 0
equations (50) and (51) irLf]) yields the magnetic field H({,8) =€ “h <—(9 - Z)) +{e
solution. 6¢ )
- €

H(zt) = e*gzh(t—z/a)—a X 0 e”h(;r]

X /Z/ah(t—r)e_bT |1( (9_,7)2_52)

5 b X — d (16)
x 0—2J0<— 22—(ar)2) dr. (14) ( (6—n) —Z)
a For the normalized time variabl&= buand space variable
Introducing the variable— 7 = 3 in (14), { = bz/athe Sumudu transform of magnetic field is given
by,

H(zt) = e*gzh(t —z/a) —ae ™

—z/a G(2.8) = SH(Z.0) —e <G [ %60) e /0 7O
[ e (€.6) = SH(L. )] —e 62 0) e/ 4 te

0 b X \/97Z e’]G (% 6) e*(effn/e
X 0—2.]0 (5 2 —a(t— B)Z) dg. (15) 0 o
(0—n)2_22
Considering the assigned and related permeability, l ( (6-n)*-¢ ) dn 17)
permittivity and conductivity ta andb earlier and further ( R (2) '
substituting for the normalised tim@& and space{
variablesp =bt= g ; ¢ =2 = [l n—bp =%,

so that (t—z/a) = 2(8-7) , (Z-adt—PB)?) = 3 Boundary conditions and numerical results

;—éz (¢2~(6-n)?) , dB = %dn. In consideration of For the exponential ramp function(t) = 1 — e /T in
Bessel functions properties, The normalised magnetiequation 16) with the ratio L7] 2¢/0 = 1, H({,0) is
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Table 1: Numerical calculations of magnetic fieli({, 6) due toh(t) as exponential ramp function with the ratibr7] 2e /o = 1 for

the different distancé and time6.

6=10 6 =20

T
—
™~

6=30 | 6=40 | 6=50

0 0.99995

1 1 1

0.75453 | 0.82413

0.85571| 0.87476| 0.88780

0.53103 | 0.65638

0.71600| 0.75252| 0.77778

0.34354 | 0.50387

0.58499| 0.63608 | 0.67196

0.20241 | 0.37175

0.46608 | 0.52788 | 0.57224

0.10656 | 0.26284

0.36166 | 0.42976| 0.48004

AN AN AN AN AN A AN
I
o|lo|h|lw|Nv|kR|o|©

0.048812| 0.17751

0.27294| 0.34296 | 0.39648

Table 2: Numerical calculations of Sumudu transform of magnetidfi&|{, 6) due toG(u) as Sumudu transform of exponential ramp
function with the ratio 17] 2e /o0 = 1 for the different distancé and time6.

G(Z,0)| 6=10 | 6=20 | 6=30 | 6=40 | 6=50
=0 | 0.90909 | 0.95238 | 0.96774| 0.97561| 0.98039
=1 | 055564 | 0.67680 | 0.73362| 0.76820| 0.79210
=2 | 0.32852 | 0.47411 | 0.55117| 0.60104| 0.63678
=3 | 0.18502 | 0.32595 | 0.40948| 0.46650| 0.50881
=4 | 0.097442| 0.21889 | 0.30006| 0.35869| 0.40366
{=5 | 0.046886| 0.14288 | 0.21638| 0.27279| 0.31763
{=6 | 0.019986| 0.090159| 0.15317| 0.20489| 0.24763

Table 3: Numerical calculations of magnetic fieldi(, ) due toh(t) as gaussian pulse function with the ratid][2e /0 = At and
to = A1 whereAt = 0.354 ns [L7] for the different distanc& and time6.

H(Z,0) 6=1 0=2 6=3 6=4 6=5
(=0 1 0.0000034886 | 1.4783x 10722 | 7.6084x 10720 | 4.7946x 10 88
(=1 | 0.0000012834 0.40902 0.048668 0.029978 0.020639
(=2 | —32092x 108 | 4.7215x10°7 0.16673 0.044262 0.031858
(=3 | —2.0463x108 | —1.3208x 1078 | 1.7369x 107 0.067757 0.029866
(=4 | 62332x10°10 | —32728x10°° | —4.6344x10°° | 6.3897x 108 0.027460
(=5 1.5204x 108 4.7466x10°° | 4.4811x10 10 | —1.4303x10°° | 2.3506x 108
(=6 | 14138x10°8 6.1290x 102 2.5462x 1072 | 6.8364x10°10 | —3.7871x 1010

shown in Fig.1 the first plot and its Sumudu transform
G(u) = % in equation 17) with the same ratio
G(¢,0) is shown in Fig.1 the second plot. For both the
plots the normalized distance considered{as- 0,1,2
and 3 and the timé € [0,50]. The numerical calculations
of magnetic fieldH({,0) for the exponential ramp
function is given in Tablel. From Tablel, for the fixed
distance, when time 0 is increasing, magnetic field

H(Z,0) is increasing, while for the fixed timé@, when
distance ¢ is increasing magnetic fieldH({,0) is
decreasing. This holds true for the Sumudu transform of
magnetic field5(¢, 6) also, whose numerical calculations
are shown in Tabl& thus our result coincides with the
result in (first paragraph, page 2817]). Therefore when
distancel while increasing for the fixed tim@ magnetic
field H(Z,0) and its Sumudu transfor®({, 0) slowly
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Table 4: Numerical calculations of Sumudu transform of magnetidfi@{{, ) due toG(u) as Sumudu transform of gaussian pulse
function with the ratio17] 2 /0 = At andtg = A1 whereAT1 = 0.354 ns [L7] for the different distanc& and timef.

G(Z.6) =1 0=2 0=3 0=4 0=5
=0 | 018764 | 015239 | 0.11968 0.097469 0.081940
=1 | 0025395 | 0.043960 | 0.045454 | 0.043029 0.039885
{=2 | -0.0048998 | 0.0075871| 0.014073 | 0.016809 0.017814
{=3 | -0.0065423 | -0.0021483| 0.0021922 | 0.0050194 | 0.0067787
{=4 | -0.00099165| -0.0018952| -0.00076673| 0.00065675 | 0.001884
{=5 | 0.0037114 | 0.00063773| -0.00035708| -0.00025265| 0.00020310
{=6 | 0.0040575 | 0.0017812 | 0.00043775| -0.000032921] -0.000079335

Table 5: Numerical calculations of magnetic fielti(, 6) due toh(t) as finite sinusoidal function with the rati®4] 2e /o = 1/25 for
the different distancé and timef.

H((.6) | 6=10 | 6=20 | 6=30 | 6=40 | 6=50
=0 | 058779 | -0.95106 | 0.95106 | -0.58779 0
=1 | 060835 | -0.59414 | 0.42201 | -0.053014| -0.31339
(=2 | 0.45068 | -0.25561 | 0.090338 | 0.17729 | -0.33318
(=3 | 027304 | -0.029227| -0.058575| 0.21752 | -0.23138
=4 | 0.13997 | 0.082407 | -0.088605| 0.17172 | -0.11350
(=5 |0.060783| 0.11322 | -0.062743| 0.10716 | -0.026044
(=6 | 0.021879| 0.10107 | -0.023689| 0.055585 | 0.022194

Table 6: Numerical calculations of Sumudu transform of magnetidft&({, 6) due toG(u) as Sumudu transform of finite sinusoidal
function with the ratio 14] 2¢ /0 = 1/25 for the different distancé and timef.

6 =50
0.049988
0.040386
0.032466
0.025941
0.020580
0.016195
0.012625

6 =40
0.070274
0.055335
0.043295
0.033603
0.025838
0.019650
0.014759

6=20
0.17565
0.12483
0.087443
0.060120
0.040373
0.026351
0.016630

6 =30

0.10572

0.080143
0.060213
0.044729
0.032780
0.023639
0.016734

6=10

0.34118

0.20853

0.12329
0.069440
0.036570
0.017596
0.0075009

Q
o~

O WIN|RP|O|D
=

NN AN AN AN AN

tends to zero. Now for the fixed distan¢evhen the time  F/m and conductivityg = 4 S/m [L7], H({, 6) is shown
6 is increasing, magnetic fieltl({,0) and its Sumudu in Fig. 2 the first plot and its Sumudu transform
transformG(¢, 6) slowly tend to 1 which can be seen in G(u) = @erfc(i ato) eXp((z—élm)z— %O) in equation

both the plots of Figl and th tri f Tabldsand 2. - Zau 2au
° ¢ plofs oT gL and e entries o 1a an (17) with the same ratids({,6) is shown in Fig.2 the

function second plot. For both plots the normalized distance
considered ag = 0,1,2 and 3 and the timé < [0,5].
The numerical calculations of magnetic fitd{, 6) for

the gaussian pulse function is given in TaBle

Secondly, the gaussian pulse
h(t) = exp(—a?(t —tp)?) in equation 16) with the ratio
[17 2e/0 = AT, a = 2\/i/AT, AT = 0.354 ns with
relative permittivitys, = 80, permittivitye = 705x 10~12
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Finally the boundary condition finite sinusoidal relation to previous ones. Hence, while we feel specially
function defined byn(t) = sin(2rt/7) for0<t <tand lucky that we extended the Sumudu theory and
0 for t > 1 in equation {6) with the ratio [L4] applications thus far, we remain completely open for
2¢/0=1/25,H(Z,0) is shown in Fig3the first plotand readers feedbacks and comments, which regardless of

. 2 2 g -2y i i
its Sumudu transfornG(u) — um(exr;(ziinzzzexp( L) in sways, we would always and continuously appreciate.

equation {7) with same ratioG(¢, ) is shown in Fig.3

the second plot. For both plots the normalized distance

considered ag = 0,1,2 and 3 and the timé  [0,50. Acknowledgement
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