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Abstract: In this paper, we investigated relationships between the Fibonacci, LR@dsyan numbers and 1-factors of some bipartite
graphs with upper Hessenberg adjacency matrix. We calculated pemirafrthese upper Hessenberg matrices by contraction method
and show that their permanents are equal to elements of the Fibonacag &nd Padovan numbers. At the end of the paper, we give
some Maple 13 procedure in order to calculate numbers of 1-factatsove-mentioned bipartite graphs.
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1 Introduction

The well-knownFibonacci sequencéR,} is defined by
the recurrence relation, for> 2

Fn = I:n—l + I:n—2,

whereF = F, = 1.
The well-knownLucas sequencélL,} is defined by
the recurrence relation, for> 2

I-n = I-n—l + I-n—2;

whereL; =1,L, = 3.
The Padovan sequencePR,} is defined by the
recurrence relation, far > 2

I:)n = F>n—2 + Pn—3a
wherePy =P, =P, =1[1].

where the summation extends over all permutations
of the symmetric groufs,.

Let A= [a;j] be anm x n real matrix with row vectors
ri,ro,....,rm. We sayA is contractible on column (resp.
row) k if column (resp. row)k contains exactly two
nonzero entries. Suppogeis contractible on columik
with ay # 0 # aj andi # j. Then the(m—1) x (n—1)
matrix Ajj.x obtained fromA by replacing rowi with
ajkri + airj and deleting rowj and columrk is called the
contraction ofA on columnk relative to rows andj. If A
is contractible on rovk with ay; # 0 # ax; andi # j, then

T
the matrixAyj; = {Aﬁzk} is called thecontractionof A

on rowk relative to columns$ and j. We say thafA can be
contracted to a matriB if either B = A or there exist
matricesAg,Aq, ..., A (t > 1) such thatAg = A, A = B,

The first few values of these sequences are giverffdAr is & contraction oAy forr =1,...,t. One can

below:
n|0[1]2[3[4]5[6] 7] 8] 9] 10
Fn|O[1][1]| 2|35 ]| 8132134 55
Ln | 2|13 4|7 11| 18|29 47| 76 123
P | 1(1(1]2]23 4[5 7] 9] 12

The permanentof an n-square matrixA = [&;] is

defined by
n
perA= Qg(i
o;,il:l o0

find the following fact in P]: Let A be a nonnegative
integral matrix of ordern for n > 1 and letB be a
contraction ofA. Then

perA= perB. 1)

It is known that there are a lot of relations between
permanents of matrices and well-known number
sequences. For example, Bl,[Minc defines generalized
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Fibonacci numbers

f(n,r)

Minc also defines the x n super-diagonal0, 1)—matrix

of orderas

0
1

r

if n<O,
if n=0,

y f(n—kr)ifn>0.
k=1

F (n,r) = [fij], where

|

lif —1<j—i<r-2,
0 otherwise,

and proves thaper(F (n,r)) = f (n,r—1).
In [4], the authors denote the matiix(n,r) in [3] as

in [7]: u(G) = y/perAG). Also, one can find more
applications of permanents ][

Let G be a bipartite graph whose vertex set
V is partitioned into two subsetg; and V. such that
Vi| = V2| = n. We construct thebipartite adjacent
matrix  B(G) bij] of G as following:
bij = 1 if and only if G contains an edge from € V; to
vj € Vb, and otherwise. Then, in7], the number of
1—factors of bipartite grapks equals the permanent of its
bipartite adjaceny matrix.

In [8], Lee defines bipartite adjacency matrix of
bipartite graph G(¥™W) the following way:

Let é.'o = [sj] be thenxn (0,1) —matrix defined by

s;j =1 if and only if -1 < j—i < k-1 For

(nk) —
7"k and obtain permanent of this matrix, the same resul K<n 2

in [3, Theorem 2], by applying contraction to the matrix

Kk
) _ ZIJ'(=2E1|' + Eiki1, where

ij denotes then x n matrix with 1 in the(i, j) position

nk and zeros elsewhere. Clearly,
y(v>
In [5], Kilic defines then x n super-diagonal0, 1, 2)- "1 0 0.-0 100 0---01
matrix S(k,n) as: 111.--11000..-0
21 10 0] oo | D20
n7
12 1...1° ¢Y=/0---0111212---1 110
_ 0 v - 011 1---111
S(k,n) = O vt vee e e e 001011
(k:n) 1 | 0 v 001 1
) o and he also shows that the numbers offdctors of
(:) - 0 1; G(#™?) and G(#™)) is L, 1 and I, where
e - L, and Ir(]k) are nth Lucas and k—Lucas numbers,
respectively.

and proves that the permanent 8fk,n) equals to the

(n+ 1)th generalizek-Pell number.

In [6], authors define the—squarg(0, 1) —matrix as

In [9], the authors define bipartite adjacency matrices

of G(V,,) andG(W,) bipartite graphs as follows:

i} _ 11 01 1 1---17 10 1 1 1---17
111 0. 0 111000 111100

10 11 011100 011 10---0
101 1 , _ o

H(n) = ol Vo= Mp=(00 1 11

1011 0 0

0 1 01 D1 o1

i 10 [0 v e e 0 1 1] [0 cen e 0 11

and by using contraction method, they obtperH(n) =  and they show that the numbers of-fhctors of
P,_», whereP, is thenth Padovan number G(Vh) andG(Wh) ares " o F andy 2L, respectively. In

A bipartite graphG is a graph whose vertex set V can other wordsper\h = 51! o, perW, = Zin;(')z L.
be partitioned into two two subset§ andV, such that In [10], the authors define families of square matrices
every edge ofs joins a vertex irvy and a vertex inv,. A such that (i) each matrix is the adjacency matrix of a
1—factor (or perfect matchingof a graph with 2 vertices  bipartite graph; and (ii) the permanent of the matrices are
is a spanning subgraph @& in which every vertex has the generalized ordek Lucas numbers and a sum of
degree 1. The enumeration or actual constuction ofconsecutive generalized ordée Fibonacci or Lucas
1—factors of a bipartite graph has many applications, fornumbers.
example, in maximal flow problems and in assignment In this paper, we give families of (0,1) upper
and scheduling problems. L&{G) be adjacency matrix Hessenberg matrices such that each of these matrices is
of the bipartite grapl®, and letu(G) denote the number the bipartite adjacent matrix corresponding to a bipartite
of 1—factors of G. Then, one can find the following fact graph and then we show that the permanents of these
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matrices are equal to the well-known Fibonacci, LucasSince the matriidn1 can be contracted on columnP,= 1
and Padovan sequences. At the end of this paper, we givendF; = 2, we write
some Maple 13 procedures in order to calculate the -

numbers of 1-factors of bipartite graphs mentioned above. (212 1.2 1 2.
11 0 1 0---1 0 1 - -----
011010---201:-:-
n 0---01 1010 1 01
2 Main Results 0 e 01101010
0 01 1]
In this section, we consider a class of bipartite graphs. (RRRERR---RRFR-- 1
Then we show that the numbers of 1-factors of the graphs 1101010 1:-vne
equal to Fibonacci, Lucas and Padovan numbers. 01101010 1::
X e R S 3 SR A
0 - - 011010 10
1 0 1 0--- 1 0 1 v evvee i [0 USRI o T |
11 01 0---1 0 1-:-c---- - -
011010---101:-- Furthermore, if the matrild 2 can be contracted on column
Uo — R L ISR I 1, we write
"~lo..011010.-101|® ] ]
0 .. ... 01 1010---10 Fa s R Rs-- R g Fg-oev
1101010 1:-:---
0 01 1 01101010 1: -
- - U3: s e s s s s s e s ses sas sas ses s sas saa . ..
n o0---011010-101
where 0 - .- 01 1010---10
:|_ifj_i:_:|_7 _0 P 0 I ]__
uj=<¢ lifi<jandj—i=0 (mod), .
0 otherwise. Continuing this process, we get
'|:p+1 Fp Fotr1 Fp -+ Fpra Fp Fp+l“'“'"""-
Theorem 2.1. Let G(Up) be the bipartite graph with 110 10-- I
bipartite adjacency matrid, as in @) for n > 3. Then the c 11010 1 01" -
f1t f S F b | e e e
number of -factors ofG (Uy) is Fy uP = o o 11010 e
Proof. If n= 3, then we get O - -~ 01 1 0 1 0---10
101 |0 e e e 0 1 1|
perls = | 110} =2=Fs. (3) for 3< p < n—4. Hence,
011
n—3 Fn2Fh3 ka2
Let UY be the pth contraction  of Up "= 1 1 04,

Un, 1 < p < n-—2. Since the matriXJ, can be contracted 0 1 1

on column 1we get ) ) )
which, by contraction o8/~ on column 1 gives

1 1 1 1 -+ 1 1 1 -+« v uennn
1 10 1 0-- 1 0 1 e ven . un-2= F”‘z—il_F”‘3 F”IZ} = [Fnl_l Fnl—z}.
01101010 1:-

Un1 =!lo0..-011010---10 1 By applying @), we getperU, = perUé”fz) = F, and the
0 - - 01 1010---10 proof is completed.
Example 2.1. Let the matrixUs, as in @), be bipartite
0 - 0 1 1 adjacency matrix of the grapts(Us). Then, bipartite

© 2013 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

184 NS 2 M. Akbulak, AhmetOteles: On the Number of 1-factors of Bipartite Graphs

graphG (Uz) can be seen as:

v Uq
1?2 uz
V3 Usg

and its 1-factors can be seen as:

u
Vy—o Uz V3 2
Vie—o sz U3 U3
Let Vh = [v;] be the n—square (0,1) upper
Hessenberg matrix defined as the following form:
R 1
101 -+ O 1 ------
01
Va= 100 Uy y (4)
00

Theorem 2.2. Let G(V) be the bipartite graph with
bipartite adjacency matri¥, as in @) for n > 3. Then the
number of -factors ofG (V;) is Lp_1.

Proof. If n= 3, then we get

111
pes= 101 =3=1L,. (5)

011

Let V! be therth contraction of\,, for 1 <r <n-—
2. Since the matri¥/,, can be contracted on columnue

Since the matri%/nl can be contracted on columnll, =1
andL, = 3, we write

3 13 1.--3 1 3.... T
1 10 1 0-- 1 0 1 v e
o11010---21201:"--

n 0 - 011010---10 1
0 - .- 01 1010---10
L0~ 01 1]
(Lo Ly Lo Ly -+ Lo Ly Lo - ]
1 10 1 01 0 1 -ev-venn
01 1010 10 1.-----.

- 011010---101
...... 01 1010--10

L O -0 1 1]

Furthermore, if the matri¥,? can be contracted on column
1, we write

[Ls Lo Lg Lo -+ Lg Lz L3 - ]
1 1 0 1 0 1 0 1 -+ -cn -
011010 10 1.
n“10--011010--101
0 - - 01101010
[ 0 oo 001 1

Continuing this process, we get

ML Lo Ly Lyog oo Ly Lyoqg Ly oeee oee vee ool
1 1 0 1 0-- 1 0 1 - cen-n
0 1 1 0 10— 10 1- .-
N P ST
w=10..0 1 10 1 010 1]
0.0 11 0 1 0.--10
[0 e e 01 1]

for 3<r <n-4. Hence,

Lh-3 Ln—4 Ln-3

get vii=1 1 1 o0 |,
_ _ 0o 1 1
1212121 .
171 01 O0---1 O 1 -+ -t .- . i .
01101010 1:-.. which, by contraction o¥"~2 on column 1 gives
e . Lnatloabos] [Lozlos
n 0110101001 no- 1 1|1 1
...... 01 1010---10 -2
By applying (), we getper\j, = per\h =Ln_1andthe
| 0 -0 1 1] proof is completed.
@© 2013 NSP
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Example 2.2. Let the matrixVs, as in 6), be bipartite ~ Let W be thetth contraction ofA,, 1 <t < n— 2. Since
adjacency matrix of the grafgh(Vs). Then, bipartite graph  the matrixXW, can be contracted on columnwe get

\% n n as: - -
G(V3) can be seen as 1 2 1 1 2 1o 1 2 1 covoee e
10100 1 0--0 1 0-vvevve
01010010 010:--
T;} e e e cee . “ e s s ee see see ses e cee .
- L Wi=|0.--01010010-010
o - - 0101001001
Vo Uz 0 i i i e .01 0 1
[0 oo 001 0
Since the matri\ji can be contracted on column Wwe
g Us write
(2 212 2 1..-2 2 1. ]
101 0 0 1 0--0 1 0 v evnen
_ _ 01010010071 0:--
and its 1-factors can be given as:
WnZ:O‘-OlOlOOlO~OlO.
0 - - 0101001001
V) 81y T Uy 2 Uy
>< 0 i e i 001 0 1
Vs Uz p, Uy vy Uz _0 N 0 I O_
v><u i T Us Furthermore, since the matri&? can be contracted on
? & T 3 column 1,P; = P, = 2 andP; = 3, we can write
(2 3 2 2 3 2....2 3 2 v v ]
Let Wy = [wij] be the n—square (0,1) upper 1010010010
Hessenberg matrix defined by 0 1 0 1 O 0 10 0 1 0
_ ooWe= 0---01010010-010
1111112121 1-: 0 - .- 01 01001001
1010010--010:--:--
01010010--010-"--- 0 0101
0 - 010
Wp=/0---010100O010---010], (P Ps P Py Ps Py Py Ps Py oe - ]
0 - - 01010010012 1 01 0 0 1 0--- 0 1 0 cevvevvnn
01 010010--010:-:-
0 010 = |0---01010010-010
- - 0 - - 0 010010 01
h (6) cee e DECICEY Cee s see e D Y
wnere 0 0101
1ifi=1, [0 oo 001 0
W= Lifj—i=-1 Continuing this process, we get
Y lif j>iandj—i=1 (mod3), _ i
0 otherwise. PR R PR e R g
0 101 001 0--010:---
Theorem 2.3. Let G(W,) be the bipartite graph with SR
bipartite adjacency matrij, as in @) for n> 3. Then the Wa = 8 . O (1) 2 (1) (1) 8 (1) (1)"6.0 é g d
number of t-factors ofG (Wh) is Pn. DO OO
Proof. If n=5, then we get 0 v e e G 0101
[ 0 e e e e e e 0 1 0]
11111 for 3<r < n—4. Hence,
10101
pe'W=|{01010| =3=Hh. (7) P2 P-1 Po-s
00101 w3=11 0 1|,
00010 0O 1 0
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which, by contraction o\’ on column 1 gives
_ PPy
11 0}

By applying (), we getperW, = perV\ﬁ(”_a = PR, and the
proof is completed.

Example 2.3. Let the matriX\\s, as in {7), be bipartite
adjacency matrix of the grapts(Ws). Then, bipartite

Wr?—z _ [ I:)nl—l P2 ‘g PnS]

graphG (Ws) can be seen as:

(2] g

Vo Uy

Vg Uy

Vs Us
and its 1-factors can be given as:
V| @————————e 1 1y u vy Uy
Uy Uz vy Uz v, Ha
U3><u3 V3 Uz Vg Ug
Uy Uy Uy Uy Vy Uy
175:><:1t5 Vs Us v5><u5

3 Conclusion

u:=(i,j)->piecewise(j>=i
=0,1,i-j=1,1,0);

U:=Matrix(n,n,u):

for p from 0 to n-2 do

print(p,V):

for j from 2 to n-p do

U[1,j]:=U[2,1]*U[1,]]+VU[1,1]*U[2,]]:

od:

U:=DeleteRow(DeleteColumn(Matrix(n-p,n-
p,U),1),2):

od:

print(p,eval(U)):

end proc:with(LinearAlgebra):

permanent();

Appendix B. The following procedure calculates the
number of I-factors of bipartite graplG(Vy,) given in
Theorem 2.

and  j-i

restart:

with(LinearAlgebra):

permanent:=proc(n)

local i,j,r,v,V,

v:=(i,j)->piecewise(i=1,1,i=2 and j mod 2 =1,+2
and p>=i and j-i mod 2 =0,1,i-j=1,1,0);

V:=Matrix(n,n,v):

for r from O to n-2 do

print(r,V):

for j from 2 to n-r do
V[1,jl:=VI[2,1]*V[1,j]+V[1,1]*V[2,j]:
od:

V:=DeleteRow(DeleteColumn(Matrix(n-r,n-
rVv),1),2):

od:

print(r,eval(V)):

end proc:with(LinearAlgebra):

permanent();

Appendix C. The following procedure calculates the
number of t-factors of bipartite graplG (W) given in
Theorem 3.

restart:

with(LinearAlgebra):

permanent:=proc(n)

local i,j,t,w,W;

w:=(i,j)- >piecewise(i=1,13=i and j-i mod 3 =1,1,i-

We showed that numbers of 1-factors of some bipartite)=1,1.0);
graphs are equal to the well-known Fibonacci, Lucas and W:=Matrix(n,n,w):
Padovan numbers.

Appendix A. The following procedure calculates the
number of 1-factors of bipartite grapl@ (U,) given in

for t from O to n-2 do

print(t,W):

for j from 2 to n-t do
WIL,jl:=W[2,1]*W[1,j]+W[1,1]*W[2,]]:
od:

W:=DeleteRow(DeleteColumn(Matrix(n-t,n-

Theorem 1. t,W),1),2):
od:
restart: '

. : _ print(t,eval(W)):
Wlth(LlnearéIgebra). end proc:with(LinearAlgebra):
permanent:=proc(n) permanent( );
local i,j,p,u,U; ,

@© 2013 NSP
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