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Abstract: We propose a new model of Jerk equation involving fractional derivatives. We begin by presenting an existence and
uniqueness result for the problem. Then, by means of Schaefer fixed point theorem, another main result, that deals with the existence
of at least one solution, is established. Beside this, Ulam type stabilities are discussed. At the end, two illustrative examples are also
discussed.
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1 Introduction

Fractional differential equations have been a powerful tool for modeling several phenomena and have emerged in many
disciplines, such as probability and statistics, visco-elasticity, chemistry, fluid flow, electrical networks, optics, control
theory of dynamical systems, electrical circuits and, so on. For more details and some concrete applications of this theory,
we refer the reader to [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15].

Let us now, recall some papers that have motivated the present work. We begin by the references [16], where J.C. Sportt
identified further chaotic systems by extensive computational research on this phenomenon, with either five terms and two
quadratic non-linearities or six terms and a simple quadratic non-linearity.

Then, H.P.W. Gottlieb [17] discovered and studied the following “chaotic” problem

X" =—x's+x"(x+x")/x', which he called a Jerk function.

Then, J.C. Sportt [18] discovered a particular case of a simplest Jerk function that gives chaos. It is the following:

¥ +ax” £x + x = 0, which has three terms in its Jerk description or five terms in its dynamical system version with a
unique quadratic nonlinearity and a only one parameter. a.

Subsequently, Z. Fu and J. Heidel [19] proved that there can be no simpler system with a quadratic nonlinearity.

Then, B. Munmuangsaen et al. [20] studied several simple chaotic systems of the form:

X fx= f(x/).

Other papers dealing with Jek equations for chaotic behaviours can be found in [21,22,23,24,25].

In this work we try to find a suitable fractional presentation for a simple Jerk circuit that allows studying chaotic dynamics
which was modeled by the above problem of [20].

So, let us consider the following fractional differential problem:

D*(D*+A?D*)y(t) = f(t,5(1),D%(1)), t€[0,T], T >0, (1)
subject to a nonlocal and integral boundary condition and initial conditions as follows:
¥(0)=0,  D"*D%(0)=0, ¥(T)=pJ(n), 0<n<T, (2)

where D* Caputo fractional derivatives order o € [0,1], J7 is a Riemann-Liouville fractional integral order y € [0,00[ ,
A€R, and B €R.

* Corresponding author e-mail: goyal.praveen2011@ gmail.com.
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The embedded integral boundary condition of the above problem is a right way to understand the vascular hemodynamics,
so we conduct to the same processus on the charge in electric circuits which is not usually defensible see [26], while the
non local condition is suitable physical measurement to describe processes that have different positions [1].

This paper is organized as follows: In the second section, we recall some useful definitions, notations, and some auxiliary
results about fractional derivatives. In the third section, we establish the existence and uniqueness as well as the existence
of at least one solution for the problem (1)-(2). Moreover, we discuss Ulam type stabilities for problem(1)-(2). In the last
section, we provide two illustrative examples.

2 Preliminaries and relevant lemmas

We introduce in this section the essential definitions of the fractional calculus. For more details, one can consult [16].

Definition 1.7he Riemann-Liouville fractional integral of order o. > 0 for a continuous function f : [a,b] — R is defined
as

ﬁf’(t—r)“*'f(r)dr, a>0,a<t<b,

a
Jaf () =
(1), a=0,a<t<bh,
where, () := [5" e “u® du.

For o > 0, B > 0, we note that:
TRl ) =1 P £ ().

Definition 2.The Caputo fractional derivative of order o > 0 for f € C"([a,b],R), n = [a] + 1, is defined by:

1

DEf(0) = IS0 = s [ e=syet s

Note also that for o < f3, we have :
DYIEf(e) = TP~ £ (1),

Lemma 1.For all t € [a,b] and oe > 0, n = [at] + 1, the general solution of D*y(t) = 0, is
n—1 .
y(t) =Y ci(t—a),
i=0

where c; € R;i=0,n—1.

Lemma 2.Let o0 > 0, n = [¢t] + 1. Then
n—1 )
JgDay(t):y(t)+Zci(tia)la tE[a,b],
i=0
forcie R,i=0,n—1.
Lemma 3.Then the unique solution of the problem:
D*(D*+AD%)y(t) = f(t), t€[0,T], 0<a<l1, T>0

¥(0)=0, D'"*D%(0)=0, y(T)=pJ"(n), y>0,
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is represented by the following formula:

! (th)2+a71 5 (ti,,’.)z o—1
t) = —_— dt—2A /7 d
() O/ Fora /04 T
T T
T — ,L.)2+0671 . (T o T)Zfocfl
s (- /<7 y —12/7 y
> (P-@ie) | “Tara S0 | Fo—g e 3)
".
+ %2 (glt2 OC / F )dTa
0
222 1 IrG—a)T—*
h €= Cr=————s— and A*# —— .
where 6= rR—gy T pogrre 4 A Y 2
Proof.By lemmas 3 and 4, the general solution can be written as:
! )2re-l ! (r—1)>o! c 222
d—ﬂ/i dt— 2 (2 — (=22 )7 %) —¢; — ot
F2+oc flz)d oo (94 2( (F(Sfa)) ) €1— ¢ @)
0 0
where ¢; € R, i=0...2 are arbitrary constants to be determined.
Thanks to the imposed conditions, we get: ¢; =c¢; =0, and
T T 71
o (T_,L.)zﬂxfl 2/(T T)Z o—1 / n-— ,L.)y 1
— = | —— dr—A 7)d dr.
26, 0/ Tora) /(M4 ] Te-a) i /T ¥(z) d

Substituting the values in (4), we get (3).

3 Main results

Within this section, we discuss two results. First outcome deals with the existence of a unique solution for the considered
problem. In the second one, we will be concerned to study the of existence of at least one solution for (1)-(2). To do that,
we need to use the fixed point theory.
So, let us consider the Banach space:

H:={ye%(0,T],R), D*x€ €([0,T],R) }.

We equipped it with the norm
1y llez=l ¥ llee + | D% [|eo,

where

[y lle= sup |y(t)[, [ D% [l= sup |D%(r)].
t€[0,T] €[0T

In view of Lemma 5, we change problem (1), as y(r) = ¥(y)(¢), where the operator ¥ defined by:

t 2+O{] t

W) = e .05 as 22 |
0 0

r (T o T)2+oc71 r (T _ ,L.)Zfafl
- | (P-we) / L0 e 3(), D% (t)) d+ A2 / D (r)ae
0 0

(l _ T)Zfafl
r2-a)

I'+o)

y(t) dr.

n
n % %20‘/ r
0

In the following, we need the assumptions:
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(H1):There exist two positive constants Lj,L, > 0. Foreach ¢ € [0,T] and u;,v; € R,i = 1,2, satisfy
[f(tur,uz) = f(t,vi,v1)| < Lijuy —vi| + Lofuz — va), L= max(Ly, L)

(H2):Let f: [0,T] x R x R — R be a jointly continuous function.
(H3):There exist positive real numbers %y , 4,, forallt € [0,T], u; € R,i = 1,2

[f(t,ur,u)| < By, |y()| < By.

And for calculation convenience, we bring the notes:

TO£+2 5 5
= —— (1 T T -
S1 rG+a) ( +|G|T= + |66 | )7
AT 2 2-a
Sy = m (1+|(€2|T + |66 |T ),
S3 = ﬁniy (|<52|T2+|<52<51|T27a),
I'(y+1)
and
T? 2|6 |T* Ir3-o)|6e| 74¢
R, = + )
Irs) r@—a)l'3+a) rG-2a)l'3+a)
Az Tzfza 2 |<52| lz T472(x A2|<52<51| T473a
Ry, = + + ,
I'3-2a) r3—o)? r3-2a)
v 2|6 |T>~*  |6%| '3 —a)T> 2%
Ry — g1 (|2| AR NC L)) )
F'y+1) \ I'G—oa) r'd-2a)

A:=L(S1+R))+S2+Ry+S3+Rs.
F;’(t) ::f(tay(t)aDay(t))'

3.1 A unique solution

Theorem 1.Assume that (H1) holds. Then problem(1)-(2) has a unique solution provided that A < 1.

Proof.The procedure is performed in two steps:
First step:  Fory;, y, € H, and 7 € [0,T], we have

t 1

2+oc1 _ A\2—a—1
mo-wols [ @, <r>|dr+ﬂ/(tr(§)7m|yl<r> ya(o)] dr
0
T
e (2] ”F(;’za)'wl( e |dr+/ (@) - (@) de
TO(T TI ’L’)yl
N n(e) @] dr [ ¢ ”Fm y1(2) = ya()| d
' r 7)2te-] ’
+ \%W“/ ey P ()~ Fa@) e
0
A 2+(x 1
" 0| [ g (6) - (o) s
0
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Under the above assumptions, we can write:
LTOC+2 /'LZTZ—oc
1) —yy(r)| < ——————(|Iy1 = Y2/l + D%y — D% |e0) + e |[y1 = ¥2 =
lwyi (1) = wy2(1)] < F(3+a)(”y1 y2llee +[[D%y1 2l )+F(37a)Hy1 |l
LT%*? 2272
G| | —=——(|ly1 =2l + [|D%1 = D%y3|o0) + ———|ly1 — ¥2 | | T?
+ 18] (g (=2l + 1% = D%l + 2l =l )
LTOC+2 /'LZTZ—oc
66| | =———([Iy1 — 2/l + |D%1 — D*y2|ce) + ———[y1 — 2|l | T>~¢
#1661 (g =l 1D = D%all)+ 2 =l
+ 65| (ﬁniyﬂﬂiniy%ﬂ“) lv1 = y2 /o
r'(y+1) I'(y+1)
Thus,
TOC+2 ) o
t)— H < L1+ |C|T" + |66 T —
0 =¥ < Lo (LHBIT HGAIT) = s
AZTZ * 2 2—a
+ m(urgﬂ +GE T ) |y =2l
777 2 2—a
—_— T — V2 |co-
+ B (@I +18E [T -l
In consequence, we get
w1 — wyallee < (L Sy +S2+83)[[y1 — y2llm- )
Second step: To facilitate the proof, we calculate D*y, we obtain
t t
t—1) (t—1)>201
Do) = [ D an [ ),
Dy (1) ray O de+ R [ S e
0 0
T
ng cg] F(3*(X)t272a / (Ti,L.)ZJrocfl ) (T ,L.)Z o—1
Fy(t)dt+A /7 d
‘ I'G_2a) T+ D@47+ To—a (04
T
2(52 t27(x (T_T)ZJrOt 1 2 o—1
1) d l/
+ G-a) O/F(2+O‘) T+ y(t)dt
n
6 61 I 3 Oct2 2o /
* ‘ (3 20) / F (7) e
n
26 2@
* rG-a) / r y(r)dr.
0
In the same manner,
T? 274 r—a)a+¢
D% t)—D% 1 <Ll —=—+|¢ ©6 —
D 0= D) < L( G+ Wl RO gt e ) el
TZ*ZOC 2T47206 T473OC
AV ———+ |G| + GG =——— —¥2||es
n’ 272 r(3—o)r>%
GG | ——— —2||es-
b B ([l B 2 ) -l
And consequently,
ID%yry1 — Dyrya|ee < (LR1 +Ro+ R3)[y1 =y 6)
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Therefore, by (5)-(6)
lwyr — ywyallm < Allyr — 2=

Thanks to the condition on L, the operator y is a contractive. Therefore, problem(1)-(2) has a unique solution.

3.2 At least one solution

Theorem 2.Suppose that (H2) and (H3) are valid. Then the problem (1)-(2) has at least one solution on [0,T].

Proof.-We elaborate the demonstration in four steps:

(A:) Firstly, we shall show that the operator y is completely continuous.

Via the continuity of f, (see (H2)) it follows that the operator y is continuous. This proof is thus omitted.

(B:) Lets take for r > 0, O, := {y € H: ||y|/m < r}. Then, we prove that the operator ¥ maps bounded sets into a bounded
sets in H. By (H3), for any y € ©,, we have:

L \24a—1 L a1
(o) = O/ IRl ara? 0/ bl

5 . A 2+(x 1
Got G 6 ¢ /7 , d
+  (I@F] +|6%6 |0 F2+a)|)(r)|r
T
+ (162 +|66r) AZ/ r (o) dr
0
TI
+ (|6ar*| +| 66 )) / F y(7)| dr.
0
Therefore,
[Wylleo < BySi + (S2+S3) %y )
With the same arguments as before, we can write:
”Dawy”mS%]"Rl+(R2+R3),%)y. (8)

Hence, by (7), (8), we obtain
lwyllm < Zr(S1+R1) + By(S2+ R+ 53+ Rs).

(C:) Let 11,1 € [0,T];t; < tp. Then, we get:

Wyt — (o) < /| s=1)!" = (5= ) y(s)lds+ [ 15 —12)!Iy(s)] ds

2 a)
3|
T(T*‘L')2+Oc—1 , T(Tif)zfafl N
+ |66 | /WIFy(TﬂdﬁLA /Wy(f) dt| | % -39
0 0
T 2+oc 1 T 7 2ol
o ( F2+a |}’(T)|dr+lz/%y(r)dr it =13
' 9
+ 0|<5ﬁ| (I 3|+ 61|~ — 20a|) }M (1) de ®
2 2 1 2 J F(’}/) y
o
" Fare /] 6w =) IR ds
0
15}
1
* m/ (s—1)" | |Fy(7)] ds.

1
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Also, we have:

T
26| |5 *—5 [ [(T—7)*!
o P
D (1) ~ D (o) < e 0/ Fare BN
T
21| ;% =157 2/ (T—g)> !
* r—a) A ] TC-a) y(7) dt
T
66| T3 —a) | % —15 2 /(T*T)z“)H
r(3-2a) ] TC+a) B (1)l e
T
6261 | T (3—a) 7% —1;°%| z/‘ (T—1)> !
G 2a) A J To @ y(t)dt
_ 2-2a 220 T\l
|<51<52ﬁ| F(3 OC)|t] l2 | /(1’] ‘L') y(’L’) dt
r3-20) | TTw)
n
216B| |7~ * =1 /(77*7)7’1
+ T)drt
rea  \/ Tm

+ [ls=m= G- IBE) ds+ [ =)l F©) ds
0

3|

The right hand sides of (9) and(10) tend to zero as t; — f,.
This implies that y is equicontinuous.

(10)

As a consequence of above three steps (A),(B),and (C), and thanks to Arzela-Ascoli theorem, we conclude that v is

completely continuous.

(D:) Finally, setting Q(y) :={ye H; y=0yy, 0<6 <1}
Let y € H, we will show that  is a bounded set.

For each ¢ € [0,T], we have:

(@) = 18wy()] < [yy(1)| < BrSi+ (S2+S3) Dy,
and
|D¥y(1)| = |8D%yy(1)| < [D¥wy(t)| < ByRi+ (R2+ R3)By.

Consequently, we obtain
Ivllm < Br(S14R1) + By (S2 +Ra + 53+ R3).

Therefore, 2 is bounded.

Thanks to Schaefer fixed point theorem and taking into account the above four steps, the problem (1) has at least one

which is a solution on [0, T7].

4 Ulam stability analysis

Now, we present definitions criteria of Ulam stabilities for the problem (1)-(2).
Let € > 0. We consider the following inequalities:

[DH(D? + 22Dy (1) — f(1,y(1),D))y(1))| < &, 1€0,T],

[DX(D? + A2D)y(1) — f(1,y(1),D))y(1))| < ex(t), 1€[0,T),

[DX(D? + A2D)y(1) — f(1,y(1),D*)y(1))| < (1), 1€[0,T].

(1D

12)

13)
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Definition 3.The problem (1) is Ulam-Hyers stable if there exists a real number M| > 0, such that for each € > 0 and for
all solution z € H to the inequality (11), there exists a solution y € H of the problem (1), with:

lz—yllm < Me.

Definition 4.The problem (1) is generalized Ulam-Hyers stable if there exists a function y € H, x(0) = 0, such that for
each solution z € H to the inequality (11), there exists a solution y € H of the problem (1), with:

Iz =yl < x(e).

Definition 5.7he problem (1) is Ulam-Hyers-Rassias stable with respect to function ) € H if there exists a real number
M, > 0 such that for each € > 0 and for each solution z € H to the inequality (12), there exists a solution 'y € H of the
problem (1), with:

lz—yllu < Maex(t).

Definition 6.7he problem (1) is generalized Ulam-Hyers-Rassias stable with respect to the function )y € H if there exists
a real number My > 0 such that for each € > 0 and for each solution z € H to the inequality (13), there exists a solution
y € H of the problem (1), with:

llz=ylle < Mo (1)
Now, we introduce a further hypothesis:

(H4):There exists an increasing functions y € H and there exists A,,,4,, > 0.
Forany ¢ € [0, 7]

J"‘“‘x(t)‘ <Ay x(1), Jz‘x(t)‘ < Apx (1),

We are ready to prove the following theorem.

Theorem 3.Assume that The hypotheses of Theoreml and (H4) holds. Then problem (1) is generalised Ulam-Hyers-
Rassias stable.

Proof:-We need to proceed the proof of this theorem in three steps.
Step 1: Let z be solution of (13), we suppose that

! (th)2+a71 5 ! (tir)zfocfl
() = 0/ Tara HDdT-A / To-a 9
2 2 2 T(T )2 ol n—1)7 !
_ —o
+‘52(t Gt ) A/ T dr+/ z(t) dt
. T 7)2te- 1 7)2te-
— OC
@ (1~ %u F2+a dr+/ 2+a (%) dx.
0
Thanks to (H4), we have
A 2+oc 1 5 T 2+oc 1
o OC
F 2—|—oc F(t )dr+‘€z t G\t F 2+oc —————F/(1)dr
0 0
T
2 _ 2—o (T_T)Ziail _ _ 2—o /(77—7)7’7] <A 14
%, (12— % )/7“27“) (1) dt—% (P~ %u )O gy dT] < A (14)
) (t )2 o—1 2+(x 1
A d1+/ 2+a 2(v) dt
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By theoreml, there y is unique solution of the problem(1).

It follows then that

t t

2+(x 1 (t,T)Q*O!*I
F2+a Fy(1) dt— 120/7“2_06) W(7) dr.

0
r 2 a—1 3
()~ y(0)| < | +% (£ %> / . ¥(1) dT+%; (2 =677
/ .

O\:
—
=

|
Q
~—
T
~
—~
3
~—
U
a

A _ A\24a—1
—% (tz%]tzo‘)/%@(f) dt
0

Using equation(14), we obtain:

2+a 1
|Z( ) ( )| < (|C€2t2| + |652(€ll‘2 a| m FZ(T)*Fy(T)’ art
7 ,L.)Z a—1
+ (e vt | [ Cafw -y ar
0
n -1
() +ear ) | [0S0 -y ar
0
! (t77)2+a71
+ O/ e E@-E@|a
" p)2—a—1
+ )Lzo/(tl_‘(;)i_a)‘z(‘r)y(f)‘ dt+ Ay (o).

In consequence, we get
2=l < (L S1+S2+S3) [lz—yllm+ Ay x(t).
Similarly, we get
D%z = D¥l|eo < (L Ry +Ra+R3) ||z = yllm+ Ay 2 (1)

Therefore,
lz—yllm < Mayx(t),
where,
Ay + 4
M, =2 "X
2 1—A

Thus, problem(1) is generalized Ulam-Hyers-Rassias stable.

Remark..

—For x(¢) = 1, Ulam-Hyers-Rassias stable= Ulam-Hyers stable.

—Ulam-Hyers stable = Generalized Ulam-Hyers stable.

—Ulam-Hyers-Rassias stable = Generalized Ulam-Hyers-Rassias stable.

—Under the assumption of Theorem1, we consider the inequalitys (11), (12). We can repeat the same process to prove
that problem(1) is Ulam-Hyers, Ulam-Hyers-Rassias stable (respectively).

5 TIllustrative examples

5.1 Example

We consider the following problem:
D (DZ +,121)a)y(t) = —(D%(1))>+0.5 (D%(1))* —0.5y(r), 1 €[0,T], 0< ¢ < 1, T >0
15)
¥(0)=0, D'"¥D%(0)=0, y(T)=pJ"¥(n), v=0,

© 2023 NSP
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Here,
F(6,3(6),D%y(1)) = —(D%y(1))* +0.5 (D*y(1))* = 0.5 y(t),

T
T=1,00=099,y=0.75B=1021=02,n= >
Clearly, for all (x1,y1), (x2,y2) € R?, and t € [0.1] , by Taylor’s formula, we have:
[f(t,x1,22) = f(ty1,2)] < ‘—(xz—yz)((x2+yz)—0-5(x2+yz)2)‘+0-5|x1—Y1|7
< 0.5 (|X1 *y1|+xzfy2))-

consequently,
S1=0.3668, 5> =0.0866, S3 = 0.0076, R; = 0.8800,

R, =0.1307, R3 =0.0146, 6, = 0.0797, ¢, = 1.0866,
For L < A = 0.8629, it follows by Theorem 1 that problem (15) has a unique solution. on [0, 1].

5.2 Example

We consider the following problem:
D (132 +),2D“)y(t) = +0.2tan(FD%(1)) — 0.3 y(¢), 1 €[0,T], 0< & <1, T >0
(16)
¥(0)=0, D'=“D%(0)=0, y(T)=pJ¥(n), =0,
Here,

f(t,3(1),D%y(t)) = £0.2tan(+D%(t)) — 0.3 y(1),

T=1,00=085y=09,8=1031=02,n=

&~

Clearly, for all (x1,y1), (x2,y2) € R?, and t € [0.1] , by Taylor’s formula, we have:

|f(t,x1,x2) — f(t,y1,2)] <0.3 (|x1 —Y1|+x2—Y2))-

consequently,
S1 =0.4820, S, =0.2016, S3 =4.1896e — 4, S| = 0.9975,

R> =0.3500, R3 =7.4070e — 04, 6, = 0.1678, 6, = 1.2016.
For L < A = 0.9966, it follows by Theorem 1 that problem (16) has a unique solution. on [0, 1].
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