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Abstract: The paper is devoted to the study of some properties of théinugéx Bessel functi0|q](<;;’j”))r;”_’ky
al. Certain relations that exist between multiindex Beésettion and the Riemann Liouville fractional integralglagerivatives are
investigated. Fractional integration and differentiataperators transform are shown functions with power mligtip in to the same
of the functions form.

(2) introduced by Choi et
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1 Introduction Recently, the generalized multindex Bessel function is
defined by 8], as follow
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1
The fractional integral is the most rapidly growing subject whereaj, Bj, ye C; (j=1,...,m), O(y) >0, D(B)(>)
of mathematical analysis. The fractional integral operato 1 zgnzl O(a); > max{0; O(k) —1}; k> 0.
involving various special functions has found significant
importance and applications in various sub fields oflf we putk=0,m=1 a; =1, B = v and replace by
applicable mathematical analysis. Since last threeZ’/4 in (1), we obtain
decades, a number of researchers like [3], [10], [11],
[12], [14], [21] and [24] and so forth have studied, in 1w [Z2] (2"
depth, the properties, applications, and different Yo 21 \z b (2, (2)
extensions of various operators of fractional calculus. A
detailed account of fractional calculus operators alongwhered, [ is a well- known Bessel function of the first
with their properties and applications can be found in thekind defined for complexz € C, (z# 0) and v € C,
research monographs by, [16], and so forth. (O(v) > —1) by ([9], 7.2(2)) (see alsal[7])

Motivated by these avenues of applications, a © (=% (z/2)vt&
remarkably large number of fractional integral formulas (4= z 0 .
. , ; . . S M(v+k+1) K
involving a variety of special functions have been =

I(z(ra::llcetli(z)[r)s:\(lj int'z()al rgqt%nny fo??r:[}lcz)arg fcgfetfl,e gf:sgtlaﬂ?l?yétion A detail account of Bessel function, the reader may be
9 referred to the earlier extensive works 19y §nd [25].

and generalized Bessel functions are given recently by
[2], [12], [15] and [23. A useful generalization of the The object of this paper is to derive the relations that
Bessel function has been introduced and studied irexist between the generalized multindex Bessel function
[4],[5],[6] and [7]. defined by 1) and the left and right sided operators of
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Riemann-Liouville fractional calculus. The results

derived in this paper are believed to be new.
The operators are defined by (s€g][ Sect. 2) fora > 0:

(164-F) 09 = r(la) /OX (X_fit))ladt; (4)
(Ig-1) (9 = l'(la) /Xm (t_f)((t))ladt; (5)
(DG f) (x) = ((%() o (léj‘” f) (X);
_ ﬁ (%{) [G]H/Oxﬁdt; ®)
o8- (L) (5w
_ ﬁ <_%>[a]+l/xm$dt. @

where [p] means the maximal integer not exceedingnd
{a} is the fractional part oér.

2 Properties of Generalized Multiindex
Bessel Function

In this section, we derive several interesting propertfes 0 x

the generalized multindex Bessel functlo‘r((g ))::‘lf(z)

defined by () associated with Riemann-Liouville
fractional integrals and derivatives.

Theorem 2.1. Leta > 0,83; > 0,p; >0(j =1, ..

and a € R. Let If, be the left sided operator of
Riemann-Liouville fractlonal integral 4j. Then there
holds the formula

5[+t o
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(ax).
Proof. By virtue of (1) and @), we have
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Now, interchanging the order of integration and

summation is permissible under the conditions stated with | —
the theorem dues to convergence of the integrals involved

L= XCH-Bl—l

(V) kn (

D (a s pn pon Y

)

Z0|_|J Lol (pin+ B

oH—Bl 1J(Pj)m N4
(a+PBa),(Bj)m.k

This completes the proof of Theorem 2.1.

(@),

Lemma: Fora € R there holds the formula

(PJ) N4

01 1PIMY /. p
gk (@) =3 00 gk

«(@x)

_ (Pj)m,yfl o
I p0 Bk @) (9)

Proof. The formula @) is easily verified by virtue of the
relation

(NK+1)(0)nk = (O)nks1 — (0 — L)1

Theorem 2.1 and above Lemma imply.

Theorem 2.2. Leta > 0,8 >0,p; >0 (j=1,...,m)
and a € R. Let I§, be the left sided operator of
Riemann-Liouville fractional integral4j. Then there
holds the formula

—1+(pj)m, 1 P
(|3’+ [tﬁl 1J<§J-J>m7ky(alpl)D(X):aXC'*ﬁl P11
(Pj)my o1y q(PImy-1 5
B oo @) = JGUE ) ((@)]

(10)

Theorem 2.3. Leta > 0,6 > 0,0 >0 (j=1,...,m)
and a € R. Let I§ be the right sided operator of
Riemann- LIOUVI||e fractional integral5§. Then there
holds the formula

(19 [P @) 00 =

X BlJ PJ)mV

(a4 1), (B ik (BX)-

(11)
Proof. By virtue of (1) and 6) we have

L= (li’ [t*“*ﬁlJ((gj"))n“jjkV (at”l)D (x)
/ t—a-B (t—x

Zol‘l, 1l PJ”+BJ+1)""

Interchanging the order of integration and summation and
evaluating the inner integral by beta-function, it gives

(—a)"tP"dt,

(V)kn
+1)(pin+ B+ a)n!

n; rlljn:2r (pJn+BJ

in the process and evaluating the inner integral by

beta-function, it gives

X (_a) nx_pln_ﬁl
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—x‘ﬁl\]((g‘lgl’)’ Bk @) Theorem 2.6. Leta > 0,8, > 0,0, >0 (j =1,...,m)
v and a € R. Let D, be the left sided operator of
Riemann-Liouville fractional integral 6f. Then there
Theorem 24. Leta > 0,6; > 0,p; >0 (j=1,....,m) holds the formula
and a € R. Let I§ be the left sided operator of 1 PDmY 15 o a1
Riemann-Liouville fractional integral5j. Then there (D8+ [tﬁ' ‘](le)m,k(alpj))) (X):axﬁl prmd
holds the formula
(Pj)m.y 0 (Pj)my—1 o
. J L o(axPt) =3 L (axPhy] .
a —G—Bl (pj)mvy L1 _1‘ —Bl+pl |: (Bl_Pl_a%(ﬁj)m»k (Bl_pl_a)v(BJ>m7k
(1 e P ) 00 = 2 (14)

(Pj)my — (Pj)my—1 _ . o
x |Jpmy o (ax Py = g PmYt - (ax Py Theorem 27. Let a > 0,8; >0, Bj—a +{a} > 1

P operator of Riemann-Liouville fractional integralr)(
_Trﬂgor:(racr)é);%e.m be developed on similar way to that OfThen there holds the formula

a |ya—pB (Pj)m:y o
Now, we proceed to derive certain other properties of(D* {t 1‘J(ﬁwm,k(at 1)}) (x)

(Pj)m.y ; ; ; ot
‘](Bj)m,k (z) associated with the fractional derivative _ PuyPmy (axPL). (15)

operatorDg, andD? defined by 6) and (7) respectively. (Bi—a).(Bj)mk
Proof. By virtue of (1) and () we have

Theorem 25. Leta > 0,6 > 0,p; >0 (j=1,....,m) — (pa [ta=B(PImY i —py
and a € R. Let D, be the left sided operator of L_<D‘ [t Jpi)mk (& )D(X)’
Riemann-Liouville fractional integral6f. Then there

la]+1
holds the formula = <—E> (IE_{G} {ta*ﬁlJ(p.j)m]Z(at*pl)D (%),
—14(Pj)my dx (B
(0. [¢# g @] ) i (—a)"
pJn+BJ+1) (1—{a})n!
— yP—a- 1‘]((gi)m)>/(p,> (2P, (13) .
. x| —— / t-Pin-Pta g )~ {algt
Proof. By virtue of (1) and @), we have dx X ’
If we sett = x/u, then the above expression transforms in
L= (D8’+ [tﬁl—lJégJ;mvli’(atpl)]) (X) to the form
j)m,
d et - - Zorl 1l ( p,n+rskjn(+f§) r(1—{aj)n
~(5) (&g w. -
- ( ) ( a)n X/ upln*C“FﬁlJf{a}*z(l_u)*{a}du
_ Y)kn(— 0
n=0|‘|rj“=1/' (pin+ Bj+1)Ir (1—{a})n! y (dg)[a]ﬂxaplnﬁl{a}H’
d\ @+t x B B X
> <&) / PPy 1(X—t) {O’}dt, :i (Yn(—a)" oy
(g Eo MLl (pin+Bj+1)I (pan+Pr+a)n! ’
Y)kn(—@
— By 1(Pi)m;Y —p
Zol‘l, T (pin+Bj+1)T (pin+ P +1—{a})n! =X"(5 ") (B)mk (@)
g la which proves the theorem.
X (d—x> xPitP—{a} Theorem 2.8. Let a > 0, pj > 0, B —[a] > 1
(j=1,...,m)andac R (a# 0). Let DY be the right
(Y)kn(—a)" sided operator of Riemann-Liouville fractional integral
Zorh T (ojn+ B+ n) I (pin+Br—a)n! (7). Then there holds the formula
o a [ya—B1(PiImY /o —p _1- 018
w xP1N+Br1—a l (D, {t lJ(ﬁj)m,k(at 1)})()()_61 e
_ yBi—a-15P)my p1 . .
=X J K (@xPL). (Pj)m.y —p (pj)m,y—1 —-p
| (P (Bmk B a5 @ P =G @)
which proves the theorem. (16)
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3 Concluding remark [16] K.S. Miller, B. Ross, An introduction to the fractional
calculus and fractional differential equations, A Wiley-

In this paper, we have obtained the certain relations that  Interscience Publication. John Wiley & Sons, Inc., New

exist between multindex Bessel function and the York, (1993).

Riemann Liouville fractional integrals and derivatives ar [17] F.W.L. Olver, D.W. Lozier, R.F. Boisvert, C.W. Clark|ST

investigated. Fractional integration and differentiatio Handbook of Mathematical Functions, National Institute
operators transform are shown functions with power  of Standards and Technology, Washington, DC; Cambridge
multipliers in to the same of the functions form. It is University Press, Cambridge, (2010).

expected that the results are derived, may find[18] S.D. Purohit, S.L. Kalla, D.L. Suthar, Fractional igtel
applications in the solution of the fractional order intgr operators and the multindex Mittag-Leffler functions, .Sci

Ser. A Math. Sci. (N.S.21, 87-96,(2011).

[19] S.D. Purohit, D.L. Suthar, S.L. Kalla, Some results on
fractional calculus operators associated with the M-fiamgt
Hadronic J.33(3), 225-235, (2010).

[20] S.D. Purohit, D.L. Suthar, S.L. Kalla, Marichev-Saigo
Maeda fractional integration operators of the Bessel
function, Matematiche (Catanig&g7(1), 21-32,(2012).

[21] M. Saigo, A remark on integral operators involving the
Gauss hypergeometric functions, Math. Rep. Kyushu Univ.,
11(2), 135-143,(1978).

[22] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional
integrals and derivatives. Theory and Applications. Gardo
and Breach Science Publishers, Yverdon, (1993).

[23] R.K. Saxena, J. Ram, D. Kumar, Generalized fractional
integration of the product of Bessel functions of the
first kind, Proceedings of the 9th Annual Conference of
the Society for Special Functions and their Applications

and differential equations arising problems of physical
sciences and engineering field.
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