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Abstract: In this article we study the fractional smooth activated singular integral operators on the real line, regarding their convergence
to the unit operator with fractional rates in the uniform norm. The related established inequalities involve the higher order moduli of
smoothness of the associated right and left Caputo fractional derivatives of the engaged function. Furthermore we produce fractional
Voronocskaya type results giving the fractional asymptotic expansion of the basic error of our approximations. Our operators are not in
general positive. We are mainly motivated and based on [6], Chapter 17.
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1 Fractional Background

We mention

Definition 1.Let v > 0, n = [V] ([-] is the ceiling of the number, |- | is the integral part), f € C" (R). We call left Caputo
fractional derivative the function

1 X
DY = 7/ —)" V) () ar, 1
bl )= iy [ 6= ) m
V x > xo € R fixed, where I is the gamma function I" (v) = [’ e 't ldt, v > 0.

We set Dgx()f(x) = f(x), Vx> xo.

We assume DY, f (x) = 0, for x < xo.

We need

Lemma 1.(/2]) Let v>0, v ¢ N, n=[v], f € C"(R), ||

< oo, xp € R fixed. Then DY, f (x9) = 0.

*X0
We need the following left Caputo fractional Taylor formula

Theorem 1.(/1], [7]) Let f € C™(R), m = [y], > 0. Then

- mi Y (x0)

a2 =)+ [ =T Dl f(© g, @

fx)

k=0
VxeR:x>xp.

‘We also mention
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Definition 2.(/9], [10]) Let f € C" (R), ¥ > 0, m = [y]. The right Caputo fractional derivative of order 'y > 0 is given by

AT T Gt VA L P g
DS ()= Fonty [ (€0 @)t Q)

Vx <xg € R fixed.
We assume Dzoff (x) =0, ¥ x> xp.

We need

Lemma 2.(/2]) Let y>0, y¢ N, m= [y], f € C"(R),

Flm) H < o0, x0 € R fixed. Then Dzo,f(xo) =0.

We need the following right Caputo fractional Taylor formula

Theorem 2.([1]) Let f € C" (R), m= [7y], y> 0. Then

_ ! f(k) (XO) (X

o =)+ e [ (G2 DY f (0, @)

fx)
k=0

Y x < Xxp.
We further need

Theorem 3.(/2]) Let g € Cp, (R) (continuous and bounded), 0 < ¢ < 1, x,xy € R. Define

L(x,xo):/x(xft)c_lg(t)dt, Sor x > xy,

X0

and L (x,x0) = 0, for x < xo.
Then L is jointly continuous in (x,xo) € R2.

Theorem 4.(/2]) Let g € C, (R), 0 < ¢ < 1, x,x0 € R. Define

Kxno) = [ (€ =0 g(©)dg, forx <,

and K (x,xp) = 0, for x > xy.
Then K (x,x0) is jointly continuous from R? into R.

Based on Theorems 3, 4 we get
Proposition 1.(/2]) Let f € C" (R), with || 1) | < oo, m =[¥], ¥ ¢ N ¥ >0, x,x0 € R. Then DL, f (x), D, _f (x) are
jointly continuous functions in (x,xo) from R? into R.

We need

Definition 3.Ler f € C" (R),

Fm) H <oo,m=1[y],Y¢N, >0, reN, x,xg € R. We define the difference

(A7 (AL 1)) () o= ¥ (—1) ( ;) (DL f) (x+ i), )
j=0
VweR,

and the rth modulus of smoothness,

o, (DL, f,h) = |S\u<€l (4 (AL, f)) () ||oo,x,R' ©)
1<
Notice that

(4 (AL ) (o) | < [[(a (Al ) @) o < 0 (Do f[W]) - )
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Similarly, we define the difference

(45 (Ag-f)) () = jﬁo(—l)’f ( ; ) (DX f) Gt jw), ®)
Vw € R, and the rth modulus of smoothness,
@, (D, _f.h) = sup (A7 (A5-) @] o ©)
Notice again that
(47 (A7) (o) < | (45 (A1) (O] < 0 (DL, o). (10)

As a related result we mention
Proposition 2.(/2]) Let f : R* — R be jointly continuous. Consider
G(x) = a)r(f(-7_x)76)[x’+w), 0> 0, xeR

(Here o, is defined over [x,+oo) instead of R.)
Then G is continuous on R.

Proposition 3.(/2])Let f : R% 5 R be Jjointly continuous. Consider
H(x) = Wy (f(-7x)76)(7w7x] s 6 > O, X E R.

(Here o, is defined over (—oo,x] instead of R.)
Then H is continuous on R.

From Propositions 1, 2, 3 we derive

Proposition 4.(/2]) Let f € C"(R),

‘f(m)Hm <o, m=1[y], Y¢N v>0, reN xeR Then o, (D,h)

W, (DZ_ , h) (oo GT€ continuous functions of x € R, h > 0 fixed. o
We make
Remark.(2) Let g continuous and bounded from R to R. Then we know that
0 (8,1) < 27|l < oo.
Assuming that (D, f) (), (D!_f) (t), are both continuous and bounded in (x,7) € R?, i.e.
IDLS. < Ki, VxeR;
|DI_f||.. < Kz, Vx€R,
where K1,K, > 0, we get
o (DL f, &) < 2'Ky;
o, (DI_f,§) < 2Ky, V£ >0,
for each x € R.
Therefore, for any £ > 0,
sup [max (@, (DLf, &), 0, (D!_f,£))] < 2" max (K|,Kp) < oo. (11)

xeR

So in our setting for f € C" (R),

Fom Hw <oo,m=[y],y¢N, y >0, by Proposition 1, both (D’ f) (t), (DI_f) (t)

are jointly continuous in (¢,x) on RR2. Assuming further that they are both bounded on R? we get (11) valid. In particular,
each of @, (DL f, &), @, (DY_f,&) is finite for any & > 0.
We need
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Remark.([2]) Again let f € C" (R), m=[y], ¢ N, y>0,f") (x) = 1,V x € R; xp € R. Notice 0 < m —y < 1. Then

(x—x0)" Y
D! =—"—— Vx>xp.
X()f(x) F(m_ny‘I) X_XO
Let us consider x,y > xo, then
e—y™"
DY, -Dl, Fln i 1)
| 0 0 ‘ — m ;}/+ 1)

So it is not strange to assume that

|szof(xl)7DZX0f(x2)| §K|X1 7-x2|lla (12)
K>0,0<u<1,Vx,x €R,any xp € R, here more generally Hf(m) H < oo,
In general, one may assume
o (DI_f,§) < M,
and (13)
o, (DLf,§) < Mp&r— e,
where 0 < uy, 1 <1,V E >0,r e N; M;,M, > 0; any x € R.
Setting ¢t = min (U, 4p) and M = max (M, M,), in that case we obtain
sup {max (@, (D!_f,&), @, (DL f,&))} < ME™'TH 0, as & —0+. (14)
xeR
2 General Fractional Singular Integrals Background
We need
Definition 4.(/2]) Let r € N, y > 0. We mention the numbers
(—1)’j(;)j7, j=1,..r
o= , oy (15)
=X (=D )i 7" j=0,
=1 J
-
thatis ), a;=1.
j=0
Also denote .
5k:Z(ijk, k:l,...,m—l, (16)
j=1
where m = [].
We mention
Theorem 5.(/2]) Let f € C™(R), m = [¥], v > 0, || /™ H < 0, x0 € R fixed, & > 0. Then
i)ift > 0 we get
’ _
A:=A(t,xo) Z f(xo+jt)— Z =
1 /l (t—w)"1 (AL (DL f)) (x0) dw. (17)
(1) Jo me
and
r t7+k
Al < @, (D! 18
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ii) if t < 0 we obtain

B:=B(t,x9) Z o [f (xo + jt) — Z = (19)
L/O(w—z)%1 (A% (DY) (xo) dw
r(y) Ji ma ’
and
B| < o, (D] _f,&) Z s il (20)
o T k:()(r*k)!ékr(y‘kk‘kl) -
In the next, let & >0, x,x90 €R, f € C" (R), m = [y], y >0, with Hf<’”) H < oo. Here U is a probability Borel measure
onR,VE& >0.
Consider the integral (see also [6])
O,¢ (f,%) ;:/ (Z ajf(x+jt)> dpe (1). @1)
=
where ©,¢ (f,x) ER,Vx€eR.
See that
O,¢ (¢,x) = c, c constant, (22)
and
O, (f,x0) — f (x0) / Z a; (f (xo+jt) — f (x0)) due (¢)
= [ Yot o) £ (o) (0 +
T =1
|7 X (7 o+ i) - £ o)) due () =: 4. 23)
=1
We need

Theorem 6.(/6], Ch. 17) Let f € C™ (R), m = [y], ¥ > 0, with Hf('”) H < oo, & >0, xg € R. Assume existence of

g = /w fdue (1), k=1,..,m—1. (24)
Suppose also existence of [~ |t|"™* dpe (1), k=0,1,...,r. Then
1)
01— oy - L2108 |
- r! y+k
LZO< T (A )ék/ 4 "”’5()1
max{a), (on—.ﬂé)awr (szofaé)} (25)
2)
r§ fa Z_, 5ka§ >
" r! y+k
LZ;] (r—k)\ (y+k+1 )ék/ 7 due 1 )]
sup ms [0 (D7, 1.£).0, (D%, )]} 2o
(Above if m = 1 the sum disappears).
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Next we mention also a Voronovskaya type result regarding fractional general singular integral operators.

Theorem 7.(/6], Ch. 17) Here f € C" (R), m€ N, m =[], 7> 0, Hf<mJH <o, and |DI_f ()|, <My, |DLsf )|, <

My, where My,My > 0, for any x,y € R. Suppose é‘yjf’w|t|ydu§ (1) <p, p>0VE>O0. Assume the existence of
cre = [T tdug (1), k=1,....m—1. Then

(k)
LW s =0 (&7, @7)

m—1
@r,<§ (f,X) _f('x) - Z
k=1

O<n<v,asé&—0+.
Le.

m—1 f(k) (x)
!

®r,5 (fzx) _f(x) = k

(Z (xjj"> cre+o(E77T), (28)
j=1

k=1

where 0 <1 < 7.
(Above if m = 1 the sum disappears).

3 Background on Activation functions

Here all come from [5].

3.1 About Richards’s curve

Here we follow [4], Chapter 1.
A Richards’s curve is

= " R 2
9= FER M>0, (29)
which is strictly increasing on R, and it is a sigmoid function, in particular this is a generalized logistic function. And it is
an activation function in neural networks, see [4], chapter 1.

Itis
XEIEm(p (x)=1 and xg@m(p (x)=0. (30)
We consider the function
G =5 (p(x+1)—px—1), x€R, G
which is G(x) > 0, all x € R.
Itis
0O)=5. PW=1-0(-), ()
and
G(x)=G(—x),YxeR. (33)
We also have o
G(O):2(6u+]). (34)
We also get
xl_iglmG (x) = X1_i>r11m6 (x)=0, (35)

and G is a bell symmetric function with maximum

et —1

G(O):z(eﬂﬂ)'

(36)
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Theorem 8.1t holds
Y Gx—i)=1, VxeR. (37)
j=—o0
Theorem 9.1t holds -
/ G(x)dx=1. (38)
So G is a density function.
We make
Remark.So we have |
G(x)zi((p(x—l—l)—(p(x—l)), VxeR. (39)

i) Let x > 1. Thatis 0 < x—1 < x4 1. Applying the mean value theorem we get:

G(x) = 229/ (m) = o/ (m = —H< pso (40)
X) =73 = N ) )
2 (1+enn)?
where 0 <x—1<n<x+1.
Notice that
G(x) < pe ™ M < pe =D v x>1. 41)

ii) Let now x < —1. Thatisx — 1 < x+ 1 < 0. Applying again the mean value theorem we get:

Gl =120 m =g/ (m) =+ “2)
2 (14e—Hn)*’
wherex—1<n <x+1<0.
Hence, we derive that
G(x) < pe ™™ < pe 01y x < —1. (43)
Consequently, we proved that
G(x) < pe 07D,V x € (oo, —1JU[1,4e0) =R —(—1,1). (44)
Let 0 < &€ <1, it holds
G(E) <ue (), Vx>E orVax<—E. 45)
Clearly, by Theorem 9 we have that
:[o(3)
= G|< |dx=1, £E>0. (46)
&/ \¢

So that éG (%) is a density function, and let d g (x) := %G ( g) dx, § > 0, that is fL¢ is a Borel probability measure.

We give the following important result.
Theorem 10.Ler & > 0, and
¢ ::é/ix’fc;(g) dx, k=1,..neN. (47)
Then c,’;g are finite and cz"é —0,as & — 0.
Infact it holds
%/m |x|kG(g> dx < {1+2u—’<e#k!} EF < oo, (48)

fork=1,...,n.
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3.2 About the q-Deformed and A-Parametrized Hyperbolic tangent function g, ;

We consider the activation function g, ; and study its related properties, all the basics come from [4], ch. 17.
Let the activation function

elx _ qeflx
g (X) = T A.,g>0,xeR. (49)
Itis .
—q
0 -4
gq,l( ) 1+qa
and
844 (%) =—g1,(x), VxR, (50)
with

8q.A (+°°) =1, 8g.\ (700) =-1

We consider the function

Mgz (x) ::%(gq,x (r+1)=gga (x=1)) >0, (51)
Vx€eR,q,A >0.Wehave M, ; (o) =0, so that the x-axis is a horizontal asymptote.
It holds
My, (—x):Mé,)L (x), VxeR,¢q,A >0, (52)
and

Mll(fx) :Mq,k ()C), VxeR.
7

The M, ; maximum is

Ing tanh (1)
M, =)= .
q,x(u> 5 A>0 (53)
Theorem 11.We have that
_2 My, (x—i)=1, VxeR,VA,q>0. (54)
|=—o00
Theorem 12.1t holds .
/_OOM%;L(x)dx:l, A.q>0. (55)

So that M ;, is a density function on R; 4 ,q > 0.

Remark.i) Let x > 1. Thatis 0 < x— 1 < x+ 1. By mean value theorem we obtain

1 1 4gAeé 2gAe*Hé
Myj (x) =~ [gga(x+1)—gga(x—1)] = -2 = , (56)
q, 4[ q, q ] 4 (6215+q>2 (ezlg_*_q)z

forsome 0 <x—1<&<x+1;4,4>0.
But 2¢ < 248 +q, and

2gA (e +¢ 200 200 2gA
M, (x) < ( z) = 2/121 < T2 f11) < Zl?ﬂ)’ (57)
(€24 +¢) (8 4+q) ~ () 4gq) T Al
x> 1.
That is
M, (x) <2ghe 070y x> 1. (58)
Set u :=2A, then
My (x) < que #00, x> 1, (59)
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ii) Let now x < —1. Thatis x — 1 <x+1 < 0. Again we have

2gA

M <, 60
q.A (x) (6215 +C]) (60)
x—1<&é<x+1<0;4,4>0.
We have
QM) o 2AE - M)
and
A L g < g < 2P0 4y 61)
Hence
1 1 62)
P4 g < G- tq
Therefore it holds
2gA 2gA
Mz (x) < 20T 1 g < e *<L (63)
That is
M, (x) <2ghe 207D vy < -1 (64)
m gle , Vx<—1.
Set i :=2A, then
M, (x) < gue "D vy < 1. (65)
We have proved that
M, (x) < gue *e1), (66)
Vxe (—oo,—1JU[l,4e0) =R —(—1,1).
Let 0 < & <1, it holds
X —ul £-1
My, <§)<que ”(5 ), Vx>& orVx<—E&. (67)
By Theorem 12 we have
1 oo
7/ M, <x) dx=1, £>0. (68)
& Jw g
So that éMM (%) is a density function and let
1 X
dug (x) := EMM z dx, £€>0, (69)
that is [g is a Borel probability measure.
We give
Theorem 13.Let & > 0, and
1 o0
T ::E[ M, (g) dx, k=1,...neN. (70)
Then ¢y ¢ are finite and ¢ ¢ — 0, as & — 0.
In fact it holds
1 /= 1
e | g (") dx < [H <q+> u"‘e“k!] g <o, (1)
& J e “\& q
k=1,...n
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3.3 About the Gudermannian generated activation function

Here we follow [3], Ch. 2.
Let the related normalized generator sigmoid function:

F) S/X L 4 xer (72)
x)i=— [ ——dt, x
wlo e +et ’
and the neural network activation function:
1
v (x) ::Z(f(x+l)—f(x—l))>0, xeR. (73)
We mention
Theorem 14.1t holds -
/ y(x)dx=1. (74)
So that y (x) is a density function.
By [3], p. 49, we found that
2
< ———, Vx> 1. 75
v mweosh(x—1)’ r= (75)
But | 5 5
— 2¢ (1) 76
cosh(x—1) e lqe (=) = el ¢ ’ (76)
VxeR.
Therefore it is 4 4
—e T = Zee™ Vx> 1. 77
l,l/(x)<7te Leeh Vxz (717)
So here it is
g ()= gv (F ) v £>0
X)= ¢ 3 X, )
NN
the related Borel probability measure.
We give the following result, its proof as similar to Theorem 10 is omitted.
Theorem 15.Let & > 0, and
1 oo
’}/kéizf/ ka<x>dx, k=1,..neN. (78)
28w g
Then 7 ¢ and %ffw x[* (%) dx, are finite and Y ¢ — 0, as & — 0.
3.4 About the g-deformed and A-parametrized logistic type activation function
Here all come from [4], Ch. 15.
The activation function now is |
@2 (x) == 1 +qex’ xeR, (79)
where g, A > 0.
The density function here will be
1
Gy (%) ::E(q)qj (x+1)—@2(x—1)) >0, xeR. (80)

We mention
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Theorem 16.1t holds .
L Gy (x)dx=1.
By [4], p. 373, we have
Gy (x) < ghe M0y x> 1.
So here it is

X

dpe (x) = %GM <§ ) dx, &>0,

the related Borel probability measure.
We give the following result, its proof as similar to Theorem 13 is omitted.

Theorem 17.Let & > 0 and

8¢ ::é/ﬁ G, (g) dx, k=1,..,neN.

Then gk,é and %ffm x| Gya (%) dx, are finite and gk,é —0,as & —0.

(1)

(82)

3.5 About the q-Deformed and [3-Parametrized Half Hyperbolic Tangent function @, B

Here all come from [4], Ch. 19.

The activation function now is
(x) 1-ge™ VieR
X) = ) )
Pap 1 +qe P
where g, 3 > 0.

The corresponding density function will be

1
D, (x):= 2 ((pqﬁ (x+1) — QB (x— 1)) >0, VxeR.

It holds
Theorem 18. N
/_OO D, p(x)dx=1.

By [4], p. 481, we have that
D, 5(x) < Bge PV vx>1.

Thus here it is

dyt (x) = %qbﬂ3 (2) dx, £>0,

the related Borel probability measure.
We state the following result, its proof as similar to Theorem 13 is omitted.

Theorem 19.Ler & > 0 and
1 oo
Ere = —/ o, <x) dx, k=1,...neN.
G 4
Then & ¢ and % 1= |xlf D, (%) dx, are finite and & ¢ — 0, as & — 0.

In the next we define the following five activated singular integral operators.
These are applications to general singular operator ©,.¢.

(83)

(84)

(85)

(86)

87)

(88)
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Definition 5.Let f : R — R be a Borel measurable function and oj asin (15), x € R, 0 < E<1.
We call

1)
Oe(r) = | (Z ajf(x+jt)> 6(g)ar (59)
A=
2)
0,,¢ (f,x) = é/:l (Xr:l Otjf(x—i—jt)) My ), (é) dt, q,A >0, (90)
=
3)
oo r t
) == i — |d 91
e = [ (FZI ajf<x+m> v(g)a o1)
4)
®4r,§ (f7x) - 6 /(xJ (i ajf(x+Jl>> G’I?L <é) dt, Q72' >0, (92)
—o \
and
5)
@5,r,<§ (fax) = %[Z <Zlajf(x+]t)> (Dq.ﬁ (é) dt, Qaﬁ > 0. 93)
j=

4 Main Results

We need the following supporting results.

Theorem 20.Here (£ > 0), Yy > 0 and k € N. Then

T

2R 1 12 P Hel [y 41 €17 < oo

Lro(g)as [oenre()e
Lne(g)a

1 = t
2 olyHk] -1 [7+k] e @9
22 /_w(1+|t| )G(5>dt
| = (48)
sr [t ()]

27k~ [1 + [1 op T [y 4k !} gm’ﬂ < oo,

Proof.-We have that

Theorem 21.Let & > 0 and y > 0. Then
i)
+ [ e (t)dt < 1420 Tk (14 1)] £ < o, 96)
8 Je S
and
ii)
£ (1/“’ lt|" G (t) dt) < (14+2u7 7T (y+1)) <o 97)
¢ Jow 3
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Proof.-We have that

é/:o|t|7G(t>dt:
é[/_ |t|”G< )dH—/ |t7G< )dt—l—/ |t|7G<§>dt} (98)
foreless ol
e (Lo
/ |x|YG< )dx—/g x”G(§>dx—
o [ (5) o (5)e
ng<w¢1gg:w<m> (100)

[T D Lertt [T yrno-n)
=& [TyG0)ay'S ugrt [T ey

(we have the gamma function I (z) = [;°#* le~"dt, z > 0)

‘We notice that

Next, we have that

AR R, pETtlet e Y iy
<ué e/Oye dy=W/O (y)'e d (uy) =

u*wg—”'/ ez = p VM (Y4 1) EVH, (101
0

So, we have established that

Finally, we observe that
x

/; "G (g) dx < p e (y+1)§7" (102)
OO
(—oo<x§—§<:>—oo<g§—1>

g [ Ere@a=grt |- [

1
|z|YG<z>d<z>}

(o< z< 100> —z=y>1)

e[ [prema| =t | [hreoa) - (104

1| [~ @D “ v —ui—1
et | [Cemay| < et [yt oy ) < (105)
1 1

Ert et [ yTe Wy < p e (y 4+ 1) E.
0
That is
/ |x|yG<§>dx<,u Tl (y+1)ETHL (106)
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Therefore, by (98) we get that
1 /°°
= "G < ) dr <
§ S
1
£ [T 42 Vel (y+ 1) EVH] = [1 4207 7e T (y+1)] £7 < oo (107)
The claim is proved.

We continue with the following.

Theorem 22.Let £ >0,y > 0and k € N; A,q > 0. Then

L (g)a

27+ [1 + {1 + <q+ ;) et Ty 4] !} 6”*"@ <o (108)
Proof.-We have that
Tk )y kg r
5/ I ( )d;<§/ (1+1e]) ,1<§)dt§
T as e a, (L)ar < 109)
2 [ (g )< (

1 [ (68)
g2 (e (g

00 71
2lrHkl=1 {1+é/ (|7 M, 5 <é) dt] s

S+ [1 N {1 N (q+ 1) TP gl [y k] !} gmkq -
q

Theorem 23.Let £ > 0,7 >0, g>0,A > 0. Then

i)
5/ t|"M, ( >dt< [1+ <q+;> ,u"'e“F(y+1)] &V < oo, (110)
and
ii)
| 1
-v( L Y 2, v oo
¢ (g/_wﬂ Mq’;k(g)dt> <1+(q+q>u eF(y+1)>< . (111)
Proof.-We have that

é/::'t'}qu’k (é) dr =
% [/_j 11" My 5 (é) dt+/_i 1" M 5 <é) dt+/€w|t|VMq,z (é) df] : (112)

Clearly, we have that
¢ t
[y (g )< < (113

/;ItIVMq,A (;) dt:/;mw%)l (é) g
& /: <2>YM“ (é) dé (114)

Next we see
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t
(§§t<oo<:)1§§::y<oo)
—é”'/ Y'My; (v)dy g qui”‘/ Ye t0 gy
—queter! [Tyte oy < Wlé”‘ | ey - (115)

,u_yqe“é’”“l/o e idz=p Vgt EYTIC (y+1).

So, we have established that

/ t|" M, < >dt<q[.t YT (y41)ETH! < o, (116)

/_;5 7 M, (g) dt:é}’+1/_;€ 5

—oo<t§—€<:>—°°<£§—1
( £<)

Finally, we observe that

=g [ @ae=gr |- [y (a2

(—o<z<~1& 00> —z7=y>1)

1 o0
=gt | by ovas| =&t ([ by s 0)ay) = 1)
o 591 ° ,
grtt (/1 VML, (y)dy> < gué”l </1 yye_’“‘(y_”dy) =
1 ©0 1 =
e /1 ey < _pgrlet [Tye oy = (118)
1

— & et | (uy)T e d (uy) =
u” 0

1 © 1
g,u_’f”le”/o e %dz = 5/.L_7§7+1e“1“(y+1).

Therefore, we found that
- t 1
[ jt[" M5 (§> dt < gu‘ye“F(H 1)ET! < oo, (119)

Consequently now, by (112) we obtain

6/ 1" M, ( )dt< (120)
é [é”‘ + (q+:1> uye“F(Hl)éV“} =

1
[1 + <q+ q) u vt (y+ 1)] EY < oo,
The claim is proved.

More similar results follow, as their proofs are similar are omitted.
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Theorem 24.Here & >0,y > 0, k € N. Then

i)
5/ le|" oy < )dt<oo (121)
ii)
(Y [y t
3 E/, |y z dt | <pi, (122)
where p; > 0.
Theorem 25.Here & >0,7v>0, k€N, g,A > 0. Then
i)
1 "0
E/_ "G, 2 (§> dt < oo, (123)
ii)
(L [y t
3 E/f |t Gy E dt )| < po, (124)
where py > 0.
Theorem 26.Here & >0, 7> 0, k€N, g, > 0. Then
i)
: T, g (5 ) dt <o, 125
2w £ )i < (125)
ii)
A LI ‘
3 51 t|" Py p z dr | < ps, (126)
where p3 > 0.
Next follow our main results based on the above preparations.
Theorem 27.Let f € C™ (R), m = [¥], v> 0, with H f<m>H < oo, &>0,x0€R. Then
1)
— X() 6kC
@lré(faxo .X() Z kg‘_
S )
t G dt
LZO RO (y+k+1) Ex+1 d 4
max {, (D},_f.&). o (DL f,&)} (127)
2)
_ 5kck
’ 1,né€ f7 Z é >
" r! t
Laate (> dt
LZ;) k)\I" y+k+1)§k+1/ d 3
(128)

sup {max [@, (D!_f,&), o, (D%.£,€)]}.

x€R

(Above if m = 1 the sum disappears).

Proof.By Theorems 6, 10, 20.
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Theorem 28.Here f € C" (R), me N,m = [y], >0,
M,M;, > 0, for any x,y € R. Then

(m)Hm <o, and [|DI_f (y)||., <M,

DL.f(y) Hw < M,, where

O, ¢ (f:%) g Skckg =0 (&7, (129)
0O<n<yas&—0+.
Le.
m—1 ¢(k) (x) r N i B
Oy e (fx) — f(x) = Y ot g +o(E7T), (130)
k=1 j=1
where 0 < n < 7.
(Above if m = 1 the sum disappears).
Proof.By Theorems 7, 10, 21.
We continue with
Theorem 29.All as in Theorem 27. Then
1)
b O (xo) e
O (f30) — [ (x0) = ¥ | <
= k!
My, dt
LZO I Gk D& J- H ¢
max {@, (D}, _f,&). o (Dl f.£)}. (131)
2)
— (SkC
0,, hné fa Z ke =
" r! +k ( t >
t dt
LZO e ) e
sup { max [0 (D{_1.,&) 0 (DL:f.E)] } - (132)
xeR
(Above if m = 1 the sum disappears).
Proof.By Theorems 6, 13, 22.
Theorem 30.A/! as in Theorem 28. Then
m—1 f ( )
Orre (fX) = f(¥) = ), == 0@g =0 (7). (133)
k=1
0<n<yasé&—0+.
Le.
m—1 f(k) x) r ) B
Oz (f.2)—f(x) =} Y oy |Tg +o(E77T), (134)
k=1 j=1

where 0 <1 < 7.
(Above if m = 1 the sum disappears).

Proof.By Theorems 7, 13, 23.

Furthermore we have
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Theorem 31.All as in Theorem 27. Then

1)
0; & (f.x0) — i xo EkYk{g
r 7! " k 4
Lgb( )'F(y+k+1)ék+1/ [y <5)dt]
max{wr (onffaé) » O (D*X()f’é)}'
2)

- 51<}’
®3r§ fa Z TR

oo

: r! riky (L
LZO( )vr(y+k+1)§k+1/ d (5)4
sup{max[a),(Dy f,&) .0, (DLf,E)]}

(Above if m = 1 the sum disappears).
Proof.By Theorems 6, 15, 24.
Theorem 32.All as in Theorem 28. Then

®3r§ f7 i

5k7k§ (57—17)7

O<n<vasé&—0+.
Le.

m—1 r(k)

@3,r,<§ (f,X) _f('x) =

k=1

where 0 < < 7.
(Above if m = 1 the sum disappears).

Proof.By Theorems 7, 15, 24.
Next come the following results.

Theorem 33.All as in Theorem 27. Then

1)
Oy ¢ (f,x0) — f (x0) i (0 5k6k5
r ' t
LZO +k+1)§k“/ 17 G (é)dtl
max{a)r (onffaé) , O (D’J*/X()f7§)}
2
m=1 £(k) ()88
O (f.) - 10)- ¥ 0% | o
k=1 ~ .

r r!
LZB T y+k+1)€k+1/ 17 G (é) dt]
sglg{max [0, (D{_f,&) 0 (DLf.E)] } -

(Above if m = 1 the sum disappears).

) (Z %'J'k> Teg +o (&),
=

(135)

(136)

(137)

(138)

(139)

(140)
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Proof.By Theorems 6, 17, 25.

Theorem 34.All as in Theorem 28. Then

m—1 (k) X —
O,z (f1x)—f(x)— ! k'( )6,(6,(,5 =0 (&), (141)
k=1 :
0O<n<yas&—0+.
Le.
m—1 f(k x) r )= o
Oy (f.x) = f (x) = Y i | e +o (&), (142)
k=1 j=1
where 0 <n <.
(Above if m = 1 the sum disappears).
Proof.By Theorems 7, 17, 25.
We finish with the following results.
Theorem 35.A/ as in Theorem 27. Then
1)
— X() 6k8k<§
@5 & (f,)C() Z >~
r r' ) t
1" @ dt
LZO KT y+k+1)é"“/ d ﬁ(é) ]
max {®, (D} _f,&), 0 (DL f,&)}. (143)
2)

m=1 (k) () §
O (1) —f()— I LIS
k=1 :

=

" r! r+ t
Lzo(r—k)zr(wwr )5k+1/ 7 <§>dt]

sup {max [, (D}_f,§) o, (DL.f,8)]}. (144)

xeR

(Above if m = 1 the sum drops).
Proof.By Theorems 6, 19, 26.

Theorem 36.All as in Theorem 28. Then

m—1 (k)
Os,¢ (f,x) = f(x)— ! k,(x) Segee =0 (8777, (145)
k=1 :
o<n<v,asé&—0+.
Le.
m—1 r(k) r
Os ¢ (f,x) = f(x) = ! k,(x) (Z ;j )ek,g +o(ET7M), (146)
k=1 ' j=1

where 0 <n < 7.
(Above if m = 1 the sum drops).

Proof.By Theorems 7, 19, 26.
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