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Abstract: In this paper, we derive some new Hadamard-Simpson integral inequalities for (p,q)-differentiable #gs-convex functions by
using Hadamard-Simpson type (p, ¢)-integral equality . For special values of A and 1, we obtain some new g-Hadamard and g-Simpson
type integral inequalities in the case of p = 1. We recapture some new results when ¢ — 1.
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1 Introduction

Let J C R is a nonempty interval. The function f:J — R
is said to be convex on J, if inequality

Sflu+ (L —=t)v)<tfu)+(L—1)f(v) (1

holds for all u,v € J and t € [0,1]. The function f:J — R
is said to be tgs-convex on J, if inequality

flut (=) <t(I=0)[f)+5M] @

holds for all u,v € Jand t € (0,1).

One of the most extensively used inequality in the
literature is Hermite-Hadamard type inequality. Let
f:JCR — R be a convex function and u,v € J with
u < v. The following double inequality holds:

f(”;v)gvlulﬂNdegfﬁﬂifﬁﬂ. 3)

2

In [1], Dragomir and Agarval obtained inequalities for
differantiable convex mappings which are engaged with
Hermite-Hadamard type inequality. The following lemma
was used to proved their theorems.

Lemma 1.Let f:J° CR — R be a differantiable mapping
onJ°, u,v € J withu <v. If f' € L|a,b], then the following
equality holds:

u)+ f(v 1 v
LWL g "
_ 1
. 2” (1=2t)f (ta+ (1 —1t)b)dt.
0
Some inequalities for differantiable convex and

quasi-convex mappings connected with midpoint type
inequlity are obtained in [2] and [3] respectively. They
used the following lemma to prove their theorems.

Lemma 2.Let f:J° CR — R be a differantiable mapping
onJ°, u,v € J withu <v. If f' € L|a,b], then the following
equality holds:

= [rwa-r(45) )

V—UJu
1

= (v—u) [./Oztf/(ta—i—(l —1)b)dt

+,[ (t—1)f (ta+ (1 —t)b)dt].

The inequality given below is well known in the
literature as Simpson’s inequality:

b a/ Flx [f( a)+fb )+2f<a+b)]

2 2
< <4>H
= 2880 Hf o

(b—a)*
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where the mapping f : [a,b] — R is assumed to be four
times continuously differentiable on the interval and f(*)
to be bounded on (a,b), that is,

o= s <@

* te(ab)

In [4], Alomari et al. obtained Simpson type integral
inequalities for s—convex functions derived from the
following equality.

Lemma 3.Let f: J CR — R be an absolutely continuous

mapping on J°where a,b € J with a < b. Then the
following equality holds:

e lr@rar (S0 +r@] -1 [ rwan)

1
:(bfa)/o p(0)f (th+(1—1)a)dt

where

t—1,1€(0,%)

)= 8 . 8
p() {t—%, [1 1) (®
In recent years quantum calculus has been actively
studied. There are numerous applications in many
mathematical areas like special functions, integral
transforms, quantum mechanics, information technology
and mathematical inequalities. At present q analogues of
many inequalities have been established. In the view of
these developments g-convexity and convexity of q
analogues of the inequalities has also been considered,
see [5,6,7,8,9,10,11]. In [12], Tunc et al. obtained
g-Simpson type integral inequalities for convex functions

by using the following equality.

Lemma 4.Let f : J — R be a continuous function and 0 <
q < 1.1If Dy f is an integrable function on J° (the interior
of J), then the following inequality holds:

)
s lr@rar (50 +ro)] - 5 [0 e
= (6—a) [ ple)uDf (1 —1)a 1) ody
where
oty o

Recently, Tun¢ and Gov studied on (p,q)-derivative,
(p,q)-integral and (p,q)-analogues of some of the well
known integral inequalities in [13,14,15]. Goév and
Tagbozan obtained (p,q)-Ostrowski type integral
inequalities for convex and tgs-convex functions in [16].
Some  (p,q)-Hermite-Hadamard  inequalities  and
generalized (p,q)-Hermite-Hadamard inequality are
proved in [17].

The aim of this paper is to establish (p,q)-analogues
of Hadamard-Simpson type inequalities based on
tgs-convexity. The consequences of Hadamard-Simpson
type inequalities for fgs-convex functions are given as
special cases when p=1and g — 1~.

2 Materials and Methods

In this section, we recall some previously known concepts
and basic results.

Let J = [a,b] C R be an interval and 0 < ¢ < p < 1
be a constant. We define (p, ¢)-derivative of a function f :
J — R at a point x € J as follows.

Definition 1.Assume f :J — R is a continuous function
and let x € J. Then the expression, for x # a

fpx+(—p)a)—flgx+(1—g)a)
(11
PQf() (p q)(x_a) % )
aDpqf(a) = 15131 aDpqf (x) (12)
is called the (p,q)-derivative on J of function f at x. Also

ifa=0in (11), then oD, ,f (a) = Dp4f, where D, 4 is
the (p,q)-derivative of the function f (x) defined by

£ (px)— f(g) 0

(P—q)x

Dpqf(x) =

For more details, see [13].

Definition 2.Let f: J C R — R be a continuous function.
Then (p,q)-integral on J is defined as

/f adp gt

qf’l
a0 & o (G (1-75)s)
n

forx € J. Ifa=0in(14), then we have the classical (p,q)—
integral [13].

Moreover, if v € (a,x) then the definite (p,q)-integral
on J is defined by

/f adp gt

_/f ady gt — /f(f)adp,qt
_ (pq)(xa)ri:opnﬂf< P <1p(,],i1)a)

~omat-o L5 (e (1-5m)e)

The values of such defined (p,q)-integrals of the
polynomials have very similar form to those in the
standard integral calculus. So, for example, we have

b bn+1 _ an+1
X'd, x = —- 14
/“ e n+1],, (1
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where

(15)
forn € N.

Theorem 1./13] Let f and g be two functions defined on
1 1
J,0<g<p<lands),sp >1with —+ — = 1. Then
S

52
b
/|f@gﬁﬂﬂhﬂ (16)

([ pqt) ([1e0

In recent years, many authors have studied integral
inequalities extensively either in classical analysis or
quantum one; see [18,19,20,21,22,23,24] and references
cited therein.

In this paper we will establish some new
(p,q)-analogue of the Hadamard-Simpson type integral
inequalities for functions whose first (p,q)-derivatives are
of convex and quasi-convex.

1
pqt) (17)

Gov and Tasbozan proved (p,q)—Hadamard-Simpson
equality and derive some consequences via
Hermite-Hadamard and Simpson integral inequalities in
[25] as follows:

Lemma 5./25]Let f :J — R be a (p,q)-differantiable
function on J° (the interior of J) and .D,.f be
continuous and integrable function on J for 0 < g < 1 and
0<t<p<Ll For0<A,u <1, the following inequality

holds:
b a/f dpgx —p {(lu)f<%;’l))

=)@+ (PHEZ) as)

Proof.Utilizing Definition 1 and Definition 2, we have

1

n= [ 1-a—a)

X quf(tj (1—%)&) odp gt
p(1-2)
(b—a)(p—q)

X/% F(1=tarib)—((1-4)ar 22)
0

7 0dpqt

49
(b—a)(p—q)

xfol(f((pt)aﬂb)

(=) 7))o
1-2) | & n n
:p;*a lZf((l—pf{H)aerfﬂb)
oo n n+1 n+1
_”Zz)pzﬂf((l_Zn+2)a+Zn+2b)]
q

p(l /1)
A0
p(p q) q"

a 2pn+1

q'b
2pn+1) +2pn+1)' (19)

i
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Similarly, we get Remark.[25]If p =1 and ¢ — 17, then the equality (18)
1 reduces to
Ay T
2
th t
xpD —+ | 1—==]b)odpyt
b"’qf<p ( p))o"’q /f dx
| b—alJa
= l—u—gqgt a+b
Jy a-u=an e (50) s a-nr@rare) e
th t
X prqf( (] ——) b) odp 4t 1
P P :(b—a)/ (1= A1) f (tb+(1—1)a)ds
_/; (]_ l) ’ 1
H—g (bfa)ﬁ (1—p—1)f (tb+(1—1)a)d.
2
e
See also Lemma 2.1 in [26] with 1) (a,b) =b—a and s =
m=1.
= adp g%
Corollary 2./25]Under the assumption of Lemma 5,
b b—a L.If we take A = % = 1 in (18), then we have
2 1 b
{” “”(( )" ) | (1
b—a 2p 2p ‘ pf(a)+4pf 2 172— a
_p(— M)f(aHp(pfq) q" ) ) r
b—a b—a = 2pt! +pf<—+<1—>a>} (23)
e 7' p p
_ b
(=g ) o5 © P e
b*a.a
_ )/% ]
= a A q 6

By subsysting (19) and (20), we have

Lh+D

b

= Lz/ f(x) adpgx
(b—a) Ja 8 5
pl-wr (f+(1- o) +0-warur (5+(1-)o)] +o-a f; (a-3)
b—a .
b
% oDpaf (% + (1 - %) b) odp gt

Multiplying both sides with b — a, we obtain required
% in (18), then we have

result in (18), this completes the proof
Corollary 1./25]Under the assumption of Lemma 5, if we
=R

take p =1, then the equality (18) reduces to equality
1 /b
f(x) adgx (21
b—ala f(a)Jrf(;nL(lf%)a)
a+b —p (24)
— A=) f{—— |+ =2A)f(a) +uf(b) 2
1 1
= (0-a) [ (A ) Dy 1+ (1~ 1)) o ~6-a [ (5-a)
0
! th t
+(b—a)/% (I—p—gqt) an,,yqf<;+<1;>a> odp 4t
th t 1/
Xquf(;—f'(l—;)b) ()dp,ql. +(b_a)/% (E_qt)
This inequality can be named as q-Hadamard-Simpson t t
type equality. X pDpaf (; + (1 — ;) b) 0dp.gt
@© 2021 NSP
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3.If we take A = 1, u = 0 in (18), then we have

h— a/f adp.gX
b 1
(5 (%)) =

1

~-a) [ (a1

th t
X aDpgf (; + (1 - ;) a) 0dpqt

Jr(bfa)/ll(lfqt)

2

th t
X pr,qf (; + (1 — ;) b) Odp’qt .

Corollary 3./25] In Corollary 2;

1.If we take p = 1 in (24), we have

/ 00 sy LTI 0) 6

2
<-Qf)
X qu( +(1=1)a) odyt

. “);<%t)

X ¢Dyf (th+ (1 —t)a) odgt .
2.If we take p =1 in (25), we have

1o b
b_alvﬂma%xf<a; > @7

= (b-a) [* (-0
X ¢Dyf (th+ (1 —t)a) odgt
1
+<b—a>/% (1—q1)
X ¢Dyf (th+ (1 —t)a) odgt .
Remark.[25] In Corollary 2;

b—a

a. If we take p =1 in ( 23), ( 23) reduces to equality

).
b. If we take p =1 and ¢ — 1~ in (23), (23) reduces to

7).
c. If we take p =1 and ¢ — 1~ in (24), (24) reduces to
4).
d.Ifwetakep=1landg— 1~
).

Lemma 6./25]For 0 < g < 1 and 0 <t < p < 1, the
following equality holds:

/: 1" (nt —m) odp 4t (28)

in (25), (25) reduces to

nau+2 nau+l

= (p_CI) |:pu+2qu+2 - pu+1 7qu+1

The following calculations will be used in the sequel.

Nl—

= [ 11=2—arl odpgt
NEYS
:/0 T (1= 2 —qt) odp gt

+ J(qt*(lfl))odp,qt
q
21—AP 1-p §-2AE
q 2 p+q
_ 18p+8g+16A—16pA — 16gA —8A> +8pA?
B q(p+q)
1 8gA%+2¢°A —2pg — q*> +2pgh — 8
4 q(p+q)

N

(29)

1
2
M= [ 1= 2= arlodyg

1—

~

(1 =2 —qt)odp gt

I
5\\'

t
p

Nl'—

t
+ J (gt —(1—
q

A)) odp gt

g 2(1-1)°
8 q2

+ 30
P>+ pg+q? G

AP 1A
7

P+CI

I
[A]u:ﬁ |1 —p—qtlodpgt
7

1-p

:ﬁ ’ (1—M—Clt)odp,qt

2

1
[ far = (1= ) odpt

q

5 2(1—u)?

2007 30-p , F-T

q 2 p+q
8p+8g+ 16— 16pu — 16gu — 8u’+ 8pu?
= (31

4q(p+q)
18qu* +64°1L —6pg — ¢* + 6pqp — 8
4 q(p+q)
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S|
N = f, 11 atlodpar
/]q"z ] ) od (35)
o (l—p—qt) odpgt
;3 P e ‘b a/f adp gx
+ t—(1—u))odpgt b 1
,,“ — (gt —( ) odp g | p[(lu)f<$+<15)a)
SUw) 99 20 ) |
_ q iy =z -
+p2+pq+q2 G2 +a )f(a)ﬂtf( +<1 p>a)H
< (b—a) (|aDpaf (@) + [aDpqf B)]]) (N
x ([N]”_ [K]u) .

2
K= [ o212 arlodpgr

1 12
q
7[/0 tz(lf)l,fqt)()dpyqt

p Proof. Taking the absolute value on both sides of (18) and
by using the 7gs-convexity of 4D 4f| , we have
+/ (gt — (1= 1)) odp gt
4 _ 2000 1A 200 b
_pP—q | 16 q 48 q
TR A —F g (33) ’ba./a %) adpgx
b 1
—pnla— = 1— —
g [( I (217 " ( 217) a)
142 b 1
[K]ﬂ:[ 1= =gt odp gt =2 f@+uf S+ (1-7)a
2
1
L < (b—a) /z(l—l—qt)
= ? ! (]_N_qt) odp.qt - 0
th t
X oD , f<—+<l—)a> od at
JF/ (gt — (1= 1)) odpqt P\ p P P
! th t
179 2q0-w*  1-p  (-p* +/l (I—p—qt) sDpgf ;+ 1*; b | odpgt
. pP—q 16 q4 . 4 2q3 (34) 2
-2 g PR : 3
<t-a) [ N-2-a
0
tb t
aDpgf (— + (1 — —) a) odp gt
3 RESULTS AND DISCUSSION 1p p
, . , / [T —p—qtl
In this section, we prove (p,q)—Hadamard-Simpson 2
inequalities for rgs-convex functions and derive some t
consequences via Hermite-Hadamard and Simpson qu —— )b ) odp gt
integral inequalities. -
<(b-a (| quf a)‘—i—‘ quf b)|)
Theorem 2.Let [ : J — R be a (p,q)-differantiable LA 1— J
function on J° (the interior of J) and .D,.f be | - 1| 0 Pl
continuous and integrable function on J for 0 < g < 1 and
O0<g<p<land 0<t<p< 1L If}aD,,yqf} is (b a(|D,,q (a‘JF‘quf )|)
tgs-convex on J, then for 0 < A, u < 1 the following |] B i (1 do 1
inequality holds : 4 0 P4

@© 2021 NSP
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Making the use of (30)-(34), we get

o
—p {(l”)f<%+ <1$> a)
+(1_x)f(a)+uf(%+(1_%)a)”

< (b—a) (|aDp,qf(a)| + |aDp,qf(b)|) ([N])L - [K])L)
(M)~ K, ) -

Thus, the proof is accomplished.

Corollary 4.Under the assumption of Theorem 2

1.If we take p = 1, then the inequality (35) reduces to

/f adp gx

[(Au)f(“§b> (=201 @)+ s 0)

(b—a) ’quf "“‘quf b)’)

X (([N])”l*[K])L,I) <[ ] [K]” ))

One can easily evaluate formulas by taking p =1 in
(30)-(34) as follows:

2g — 3831+ gA + 57642 — 38423
48(q+1)(qg+q*+1)(¢*+1)
9644 + *A + P A +2¢% +2¢° +95

48(q+1)(q+q*+1)(g*+1)

[K])L,l = (36)

(37)

A
8(g+1)(qg+q*+1)

[Ny, =

B
8(¢+1)(qg+q*+1)

[N],u,l =
where

16A° +24°A — >+ 14
(41)

A= —q—46A+2gA +481% —

B=—q—38u+10qu+48u>
(42)

— 1603 +10¢° 1 — g>+6.

2.If we take p =1 and q — 1~ then the inequality (35)
reduces to inequality

1 b
\b_a/a £ () ady

e () a-as@ure)

< (b—a)(|f (@] +|f (®)])
—96A*+ 19313 — 1241 + 43
8 ( 576 >

N 64u* —320u3 +576u>
192

(43)

344u+45>

Corollary 5.Under the assumption of Theorem 2

1Ifwetake A = 2, u = % in (35), then we have (p,q)-
Simpson type integral inequality:

‘b a/f adlpq¥

(3 (-5)2
e (5))]

(b—a (| Dpqf(a |+‘ Dpgaf ( )|)
(s ) (g6,

One can easily evaluate formulas by taking A = % and
u= % in (30)-(34) as follows:

(44)

[K])ﬁ5

-6
_ —4pq* —4p*q—153pg® — 153p’¢" + 9p°q’
- =2592p%¢ (p+q) (P* + %) (pa+ P> +4°)
dpq+4p? —4p® +4q* — 4q> — 153¢°
2592243 (p+q) (P2 +4%) (pg + P2+ )’

K]

u=4

_ —625(pg*+ p*q) —2214(pq’ + p*q* + 540p°¢

o =2592p%¢3 (p+q) (g + p*+4%) (P> +¢7)
2500(pg + p*+ %) — 625(p> + ¢°) — 22144°

2592023 (p+4q) (pa+ P>+ ) (P + %)

3

[N, 3

_2p+q—rg—p*—q*) —92pg’ + P’4* —24*)
—216pq* (p+9) (pq + p* +q)

)

G+H

Nl =
N —216pq*(p+q) (pg+ P> +4?)

(45)

@© 2021 NSP
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where
G=250(p+q—pg—p*—q’) (46)
and
H = —18(pq’ +q*) +225p%¢". (47)
2If wetake A = 5, u = % in (35), then we have (p,q)-
Hadamard type integral inequality:
(48)
s 11
f(a)+f(;+ (1-1)a)
—p 5
< (=) ([aDpaf (@] +[aDpaf (b))

. ([Nh:% = Klamg) (Woy = K1,p).

One can easily evaluate formulas by taking A = % and
u= % in (30)-(34) as follows:
—12pq* —12p*q—5pg° — 5p*¢* + p°¢°
1= 2.3 o (2 OO
2 —96p°¢* (p+q) (pa+p*+4) (P +4%)
12pg+12p* — 12p% + 124> — 12¢° — 5¢°

K]y —

- (51)
96p%4> (p+4q) (pa+ p*>+4*) (P> +4?)

_ —pg—pq=30pg —30p’q" +4p*¢
[[qu=l_ 2.3 (2 O
2 320243 (p+q) (pa+ 1> +4%) (PP +4°)

B 4pg+4p? — p> +4q% — ¢ —304° 53)
32p%¢* (p+4) (pg+p* +4%) (P> +4°)
2p+2q+ p*q* —2pg —2p* —24*
W], = 2 quq pq 217 2q7 (54)
2 —8pq* (p+49) (pg+p*+4?)
c
V],_s = .59
=2 —8pq? (p+4q) (pa+p* +4°)
where
C=2(p+q)—4pg’+5p*q* —2pqg—2p* —2q4* —4q".

(56)
3.If we take A = 1, 4 = 0 in (35), then we have (p,q)-
Hadamard type integral inequality:

‘b a/f adp g% (57)
b 1

”H@*(l%)“)”

(b—a) ‘quf ""’quf )D (58)

X (V31 [Kla—) (Vo — Kluco)

One can easily evaluate formulas by taking A = 1 and
U =01n (30)-(34) as follows:

_ L q

_ —8pq®> —8p’q—13pg° —13p*q* +4p°¢’

Kl—o = (60)
K0T 16p2¢3 (p+q) (pa+ P2 + %) (P*+¢2)
 32pq+32p° —8p> +32¢° —84° —13¢° 6
16p2¢3 (p+9) (pa+ > +4?) (P> +4°)
1 q
Ny i =5—F———5—+» (62)
AT 8 p(pg+ P+ 4P)
E
Ny—o = (63)
B0 8pg? (p+q) (pg+p*+42)
where

E =16p+16¢+ pg*+10p>¢> — 16pg —16p> — 164>+ ¢*.
(64)

Corollary 6./n Corollary 5;

L.If we take p = 1 in (44), then we have g-Simpson type
integral inequality:

i L
[ @+ar(3) 10|
a) ([oDyf (@)| + Dy f ()]) (66)

x ([N]A:g,, (Kl ) (M) — (K1)

2.If we take p = 1 in (48), then we have g-Hadamard
type integral inequality:

. /f ()erf()‘

< (b—a) (|«Dqgf a)\ﬂaqu b)) (67)

* ([N]l:%’l - [K]l:%vl) ([N]#:%J - [K]#:%J) '
3.If we take p = 1 in (58), then we have g-Hadamard
type integral inequality:
a+b
(7))

1 b
m/ﬂ 1 (x) adgx
< (b—a) (|aDyf ()| +[aDyf (b)) (68)
X ([N])L:I,l - [K]A:I,l) ([N]u:m - [K]/.L:O,l) :

One can easily evaluate the following formulas by
using (30)-(34);

1 153g+153¢*>+1534° -5

K = ) 69

[ ]l:%!l 2592 (¢2+1)(q+1)(g+g>+1) %

K] 1 —1875g—18754*+ 8541875 (70)
H=el T 2592 2 (P + 1) (g + 1) (g + 2+ 1)

2214¢* +2214¢° +22144° — 1875 1)

259243 (¢*+1)(g+1)(g+¢*+1)’

@© 2021 NSP
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1 18¢+18¢*—7
N = 72
Wt =26+ narary 7P

1 18g+18¢*+25
N =__ , 73
Ny 216 (¢ +1)(g+q*+1) 73

_ 1 5¢+5¢°+5¢ +11 74
2196 (P21 (g (g g +1)

K, =410 g g’ 1)

H=2l 2¢* (@ +1)(g+1)(g+4*+1)
75)
N - 1 76
[]’1:%"78(61+1)(612+q+1)’ 70)
1 2qg—1
_ 1 q
[K])Lzl,l - 16 (q2+1)(q+1)7 (78)
[K]o1 = d (79)
K0 1603 (2 + 1) (g + 1) (g + g2+ 1)
_Ll q
Njoyg = 8P 1qr1’ (80)
4 3 2
_ 4 +qg—6q
Wlu=o.1 = 8¢%(q+1)(4* +q+1) 61
where

F = —24q—24¢" +4¢> +13¢* +13¢° +13¢° —24. (82)

Corollary 7.If we take p =1 and q — 1 then the
inequality (35) reduces to inequality

. 1) Fpr A = %, u= %, then we have Simpson type
integral inequality:

‘bia/abf(X)dX% [f(a)+4f<aT+b> +f(b{jﬁ>)

151

< (b-a)(f' (@) + 1 (8)) (84)

2) For A = %, u= %, then we have Hadamard type
integral inequality:

b a
‘bia./a f(x)dxff( );f(b)‘ (85)
< 2 (b-a)(f (@) + £ (5). (86)

Theorem 3.Let f : J — R be a (p,q)-differantiable
function on J° (the interior of J) and .D,,f be
continuous and integrable function on J for 0 < g < 1 and
0<g<p<land 0<t<p<1lIf|Dpgf| is
tgs-convex on J for r > 1, then for 0 < A, u < 1 the
following inequality holds:

b
‘bpa/a f (%) adpgx 87

e (g (5)0)

snswsan (s (-£)0)
< (b—a)(|aDpgf (@) +aDpqf (b)])

1

A1) (VL = K17+ (1) 59)

x (IN], ~ K1, ) } (89)

Proof.Taking absolute value on both sides of (18),
applying the power mean inequality and by using the
tgs-convexity of |4Dj 4 f|" for r > 1, we have

b
‘bpa/a f (%) adpgx (90)
b |
w5+ (-5)e) o
+(1k)f(a)+uf<é+<1l>a>” 92)
p p
< (b—a) /(;z(l—),—qt) 93)
b
% Dpaf (% n <1 - é) a) odp gt (94)
1
+/l (1—p—aq) ©3)
b
% sDpaf (% n <1 - é) b) odp gt (96)
o7
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1
-

1 1=
g(ba></2|1aqt|odp‘qr>
A ,
%
x(/ 11— 2 — gt
0
th t r r
aDp. —+(1==)a dlt)
”f(p ( p)) 0%
| 1-1
2
+(ba)</0 |1#qt|odp,qt>
1
2
><</ [1—p—qt|
0
th t "
rat (5 (15 ) )] o)
1 -
S(b_a)</2|1—)~—qf|0dp,qt>
0

X (|aDpgf (@) +aDpyf (b)|

1

2 t\ t
X 1—A—gt (1——)—0d t
/0| | )P P

! o
to-a) | [T 11-n-al odpgr

X ([aDpgf (@) +aDpyf (b)|
></0z [1—p— gt (1 —%) £0dp’qt>

Making the use of (29)-(34), we get

<=

X

~ =

X

1
-

1
r

2 [0 sy
Ao (-5)
(1 _a>f(a>+uf(§+ (1 _%))”

< (b—a) |aDp,qf(a) JFaDIquU’)‘

Thus, the proof is accomplished.

Corollary 8.Under the assumption of Theorem 3

(98)

99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)
(108)

(109)

(110)

1.If we take p = 1, then the inequality (89) reduces to

‘bia/fﬂx) g i
-e-wr(5)+a-ms@nr]| ai
< (b~) [uDyf (@) +a Dyf ()] (113)
x {([Ah,l)]ﬁ (Wi~ K1)+ () "1
(V] —[K}u,l)%} : (115)

One can easily evaluate formulas by taking p =1 in
(29) and (31) as follows:

1 —g—14A+2gA +8A% +6

[Alaa =g | (116)
2
[Aly1 = %_q_m“t]iqf%“ 2 anm
2.If we take p =1 and g — 1™, we have
(118)
1 b
}b—a/a f(x) adgx (119)

~la-wr(f52) +a-nr@ s ure)

< (b-a)lf (@) + £ ()] (E=25) 77 10

1
% —96A*—193A3—-124A 443\ "
576

+(b—a) (W) (121)

1
64u* 32003 +576u% —344u+45\ 7
X 192 :

Corollary 9.Under the assumption of Theorem 3

1.If we take A = %, u= é in (89), then we have (p,q)-
Simpson type integral inequality:

(122)

0
~g |t @ aps (=)
()]

< (b*a)‘aDrMif(“)+11Dl”qf(b)| K[A]’lg)l

(123)

~I—=
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One can easily evaluate formulas by taking A = and
u= 6 in (29) and (31) as follows:

1 —2p—2q+3pq— 6g>+2

Al s = (124)
At =3 q(p+q)

5 —10p —10g+9pg+ 10
A = 125
Mt =TT e 12

2.If we take A = %, u = 1 in (89), then we have (p,q)-
Hadamard type integral inequality:

’a/f adpgX

fla)+ f (He=l)
2

(126)

4

1
)

_1
-2

< (6~ uDyas (@) +aDpaf 0)] | (]

One can easily evaluate formulas by taking A = % and
u= % in (29) and (31) as follows:

1 -2p—2g+pg+2

Aoy =7 2+ a) 127)
B 1 —2p—2q+3pg—2¢>+2
Wt =73 q(p+4q) (129

3.If we take A = 1, u = 0 in (89), then we have (p,q)-
Hadamard type integral inequality:

(129)
2 sty (22202
< (b=a)[aDpaf (@) +aDpaf (B)] [(Al_)" 7

% ([Nlaey — (Kl 2y)7

#(Wame) ' (Mo o)

One can easily evaluate formulas by taking A = 1 and
U =01n (29) and (31) as follows:

1 ¢q
A, =——— 130
[ ])Lfl 4p+q ( )
6pq—8q—8p+q>+8
Al o= — (131)
Alu=o 49(p+9q)

Corollary 10./n Corollary 9;

1.If we take p =1 in (122), then we have g-Simpson type
integral inequality:

(132)

b
b—a /a J ) adgrr =

’ 1 f(a)+f(b)’
2

< (b—a)|uDyf (a) +aDyf (b)| {([Ahzvl)lé

x (N,
" ([A]“:g")lié ([N]u:§,1 - [K]u,l)%}

2.If we take p = 1 in (126), then we have g-Hadamard
type integral inequality:
fla)+f(b) ] ‘

‘b a/f qx[ 2
11

< (b—a)|aDyf (a) +a Dy f (b)] |:([A]A%,1) r

(133)

3.If we take p = 1 in (129), then we have g-Hadamard
type integral inequality:

a1 (7))

< (b—a)|aDgf (@) +aDyf (b)) {([ ])L:l,l)lilr

(134)

X <[N]/1:1,1 - [K])L:I,l) '
+ ([A]uzo,l)l% ([N]#:m —~ [K]um):} _

Corollary 11.If we take p =1 and q — 1~ then the
inequality (35) reduces to inequality

' 1) Fpr A = g, u= %, then we have Simpson type
integral inequality:

’blalbf(X)dx—%{ (a )+4f(a+b)+f(b)H (135)
7 0) (752)11
N[EERRERY

< (b—a)|f (a) (136)

(137)
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2) For A = %, u= % then we have Hadamard type
integral inequality:

’bla/abf(x)dx—fi(a);f(b)’ (138)
< (b—a)|f (a)+ 1 (b)] (%)l (139)
() (&) ] 140)
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