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Abstract: In this paper, we present a stochastic queuing model for dhd traffic, which captures the stationary density-flow
relationships in both uncongested and congestion conditibhe proposed model is based onMhég/c/c state dependent queuing
model of Jain and Smith, and is inspired from the determmiSbdunov scheme for the road traffic simulation. We firstpose a
reformulation of theM/g/c/c state dependent model that works with density-flow fundaalatiagrams rather than density-speed
relationships. We then extend this model in order to comsighstream traffic demand as well as downstream traffic sujpjally

we calculate the speed and travel time distributions foiMifg/c/c state dependent queuing model and for the proposed model and
we derive stationary performance measures (expected nushlsars, blocking probability, expected travel time antbtighput). A
comparison with results predicted by thi'g/c/c state dependent queuing model shows that the proposed cwdettly represents

the dynamic of traffic and gives a good performances measthesresults illustrate the good accuracy of the proposediemo

Keywords: Traffic flow modeling, finite queuing systems, state depehdeaue, simulation.

1 Introduction conditions. In this, we use the functions of traffic demand

, , . and supply for the section, and derive a model for a road
Traffic flow on freeways is a complex process with many with a downstream supply, we present stationary

interacting components and random perturbations such serformance measures (expected travel time, throughput,
traffic jams, stop-and-go waves, hysteresis phenomengyc ) and we derive a distributions of speed and travel
etc. These perturbations propagate from upstream t@me The model we propose here can also be used to the

downstream sections. During traffic jams, drivers areanalysis of travel times through road traffi§,9].
slowing down when they observe traffic congestion in the

downstream section, causing upstream propagation of a
traffic density perturbation. The remainder of this paper is organized as follows.
Models for flow on a link have developed from the In Section 2, we first present a review of the existing
fundamental diagram, where flow is a function of density works on literature. In this regards, we present a short
via the macroscopic LWR first-order continuum model ( review of theM /g/c/c state dependent queuing model of
i.e., Lighthill-Whitham-Richards theory of kinematic Jain and Smith. In Section 3, we rewrite thM/g/c/c
waves) [L7,20. In this paper, we propose a stochastic state dependent queuing model on a road section by
traffic model based on the queuing model i][and on  considering density-flow fundamental diagrams rather
the Godunov schemd ®,16] of the LWR traffic model. than density-speed ones (triangular fundamental
We calculate a stationary probability distribution of the diagram). In Section 4, we consider the traffic demand
M/g/c/c state dependent queuing modé&b[21] on a  and supply functions for the section, and derive a model
road section, by considering density-flow fundamentalfor a road with a downstream supply. We derive some
diagrams rather than density-speed origd}. [The model  performance measures (expected number of cars,
suppose a triangular fundamental diagram whichblocking probability, expected travel time and throughput
correctly captures the stationary density-flow and we compared it bM/g/c/c state dependent queuing
relationships in both uncongested and congestiormodel. In Section 5, we calculate the speed and expected
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travel time distributions, and we present our simulationmethodology for approximate analysis of open state

results. In Section 6, we briefly summarize our findings. dependenM/g/c/c queueing networks. The evacuation
problem was analyzed usinigl/g/c/c state dependent
gueuing networks H,27] when an algorithm was

2 Literature review proposed to optimize the stairwell case and increase
evacuation times towards the upper stories. 1fij,[ the

The dynamics of traffic flows in road networks is authors proposed a reformulation of the linear case of

complex, and is subject to stochastic disturbancesM/g/c/c state queueing modell§], which uses the

Congested networks involve complex traffic interactions.density-flow fundamental diagrams and consider

Providing an analytical description of these intricate upstream traffic demand and downstream traffic supply.

interactions is challenging. The study of network

congestion is of interest in various fields, ranging from

the analysis of spillbacks (i.e. the backwards propagatiors Review on M/g/c/c state dependent queuing

of congestion) in urban traffic or pedestrian traffis] del

21, mode

In this section, we present a review on ti¢g/c/c state
dependent queuing model of Jain and Smith. This model
was used to model pedestrian and vehicular traffic
flow [15,21].

In the following, we focus on the LWR first order
model (Lighthill-Whitham-Richards theory of kinematic
waves) [L7,20], for which numerical schemes have been
performed since decadek]. The model is more recently , . .
developed §,16]. There has been a recent interest in the, A link of a road network is modeled withservers set

development of stochastic link models. Most studies have" Parallel, wherec is the link capacity (the maximum
considered stochastic cell-transmission number of occupants in the link). The model assumed that

models (CTM) B, where traffic demand and supply the average speed depends_on the number of occupants
functions are used. n on the road, according to a non-increasing

In [19], the authors proposed a stochastic formulation?ens'ty'sdpeed reIaE:_onshlp. , rical studiasl [ h
of the link-transmission model, which is an operational n accordance to Tregenza's empirical studias],[the

instance of Newells theory of kinematic wavasj The ~ 2verage speed that an occupant will move through a link
kinematic wave model (KWM) is more recently depends on several factors but mainly is a function of the

developed 22. In [3], the compositional stochastic number of occupants in the link. Based on these studies,
model extends the cell transmission modgly defining linear and exponential congestion models are developed

sending (demand) and receiving (supply) functionsf,or the average pedestrian/vehicles speed in traffic
explicitly as random variables. Several simulation modelsIInkS _[15'27]' . . .

based on queueing theory have been developed, but fe\];he .I|near congestion model is based on the idea that the
studies have explored the potential of the queueing theory€'Vice raté is a linear function of the number of
framework to develop analytical traffic models. 1h9], occupants in the link and is given as follows.

the authors proposed an analytical stationary model, (c—n+1)
which is directly derived from the KWM. A review of Vp = Vi——, (1)
stationary queueing models for highway traffic and exact ¢

analytical stationary queueing models of signalized and  Tpe exponential congestion model is based on the idea

unsignalized intersections are given by severalinaiihe service rate is related to the number of occupants
authors 14,24,25]. In [10,13], the authors contributed to  py, 9 exponential function and is given as follows.
the study of signalized intersections and presented a

unifying approach to both signalized and unsignalized n—1

intersections. These approaches resort to infinite cgpacit Vn = Vi EXP[—(T)V] . (2)
gueues, and thus fail to account for the occurrence of

breakdown and their effects on upstream links. Calculus in which 3 and y are shape and scale parameters
of traffic flow breakdown probability remains an respectively. Parameteid and y are found by fitting
important issue when analyzing the stability and points to the curve in Fig. 1. In fact, Fig.1 presents an
reliability of transportation system2]26]. Finite capacity ~ approximation of empirical vehicular speed-density
gueueing network model (FCQN) are of interest for acurves, based on various empirical studi&$].[ Fitting
variety of applications such as the study of manufacturingthe points (1,vs), (a,va) and (b,vy) gives one the
networks, circulation systems and prison network§,[  algebraic relationships shown belof]:

etc. FCQN model allows to account for finite lengths,

which enables the modeling and analysis of breakdowns. p=—=21 = b1 7y
- . [In(vs /va)] [In(vs /vp)]

The methods proposed inl,[L5,21] resort to finite

capacity queueing theory and derive stationary In(va/vt) 1

performance measures. Id][ the authors describe a y =|n[|n<vb/vf)}/|”(ﬁ%l)-
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0 f(n) = exg—((n—1)/B)".
The stationary probability distributiof, = P(N = n)
of the number of occupantdl in the M/g/c/c state
60, dependent model have been develope®if} ind shown
k in [2]] to be stochastic equivalent to a pure Markovian
Ki:" ol BT M/M/c/c queueing model. Then, these probabilities can
AN S be written as follows.
50 Nt ~ .
Wy ™ (ALvp)"
E w\ \\. - . Pn:ﬁinmpo, n::l.,..,C.
= 4 el (AL L )
— "‘\\ .\\ \\ B L Vf n -
E \\ e ®) o= (1+zﬁ:1 ni’Ll_if<i>) :
w \‘ N 3 wherelL is the length of the link section ang is the
z 30 N\ \\ AR speed corresponding to one occupant in the link (ie. the
= \ \ Lt free speed).
b N 1@ FromP, ily derive | f
20 - _ romP,, we can easily derive important performance
v o N measures.
‘\ . \l. \\ (E"I) . .
S LC)I NN © —The blocking probability :
10 MRS P = Po(AL/v1)®/ 164 (i),
KN : ‘\ —The throughput 6 = A (1-F;),
(0 —The expected number of cars in the section :
"‘-‘,__::\5; N = Z?I:lnpn’ —
0 = —The expected service tim&\V = N/6.

0 20 40 60 80 100120140160 180200

Density (vehicle/mile-lane) 4 Model of road section
Fig. 1. Exponential approximation of empirical M/g/c/c state-
dependent traffic flow model, (a) (Jain and Smith, 1997), and
empirical distributions for vehicular traffic flows, (b) (Ed

In this section, we slightly modify thévi/g/c/c state
dependent queueing model of Jain and Smith, by defining

1961), (c) (Underwood, 1961), (d) (Greenshields, 1935), (e the normalized service raté(n) as the ratio of the
(Drake et al., 1967), and (f) (Transportation Research &oar average flow ¢n) by the maximum flow @max), rather
2000) [L5]. than the average speed,) by the free speedvf). This

modification will permit us to consider the demand and
supply functions of a road section, and then to use themin
the case where two or many sections are set in tandem. In
the following, we present th#!/g/c/c state dependent
queuing model on one road section, for which we
The valuesa and b are arbitrary points used to fit the consider a triangular fundamental traffic diagrai][
exponential curve. In vehicular related applicatioh§]|
commonly used values am= 20Lk andb = 140k Q(p) = min(vsp,W(pj — p)). (4)
corresponding to densities of 20 and 140 veh/mi-lane
respectively. Looking at the curves presented in Fig. 1, The demand and the supply functiohgo) and=(p)
reasonable values for such points age= 48 miles per  respectively are given as follows.
hour andv, = 20 miles per hour. .
L is the length of the link anid is its width (or number of A(p) =min(v P, max), (5)
lanes). 2(p) = Min(QGmax, W(pj — P))- (6)
The arrival process of cars into the link is assumed to be
Poisson with raté\, while the service rate is general and wheregmax= pj/(1/vs +1/w), andp =n/L.
depend on the number of occupamson the link. A p,Q(p),vi,W, pj, L, dmax and n denote respectively the
normalized service ratd(n) is defined as the ratio of car-density in the road section, the car-flow, the free
average speed to free speed, in order to capturepeed, the backward wave speed, the jam-density, the
congestion effects, and is takerf(n) = vn/vs, length of the road section, the maximum flow and the
0 < f(n) < 1. In the linear case, we have number of cars.
f(n) = (c—n+1)/c. In the exponential case, we have
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We defineT as the service time, ie the time needed

for a car to pass through one road section. Let us notice Foisson (M) Section 1 __ _Section2
here that the service depends on both traffic demand an | |
traffic supply, since we have here a state-dependent servic (m,) : (n;) |
model. The expected service tinigT) depends on the | J|

numbem of cars on the road and is given BYT) =L /v,

e
wherev, = Q(p)/p. 412 (n;,n;)
The expected service timg(T) is then given as
follows.
n
E(T) Fig. 2: A road section with a downstream supply constraint.

~ min(vi Lw(SE))

The average service rgteof one server (one car place)
is then given as follows.
consider that the service of section 1 is constrained by the

1w min(v £, W(™)) supply flow of the downstream section (section 2), as in
HEEm =T~ n ' Fig. 2.
The overall service rate, of the road section (the The model assume that the supply flow of the

queueing system) with cars is equivalent to the number downstream section is stochastic, the stationary
of occupied servers multiplied by the rate of each serverprobability distribution of the number of cars in the
and is nothing but the car-flow on the section, given by downstream section is given and a triangular fundamental

the fundamental diagrard). traffic diagrams for the two sections are given ( See Fig.
3).
= =min (v 2 w( " )
Qn - IJ - f L7 L .
The normalized service rate is then fixed to Traffic Flow q (vel/s)
q m|n(VfD,W(u)) ection
f(n) = - = S — L o | = o2
Omax Omax ection
We have 0< f(n) < 1. L ;

Stationary probabilities of the number of cars on the

road section are derived by substituting the expressiono i

gn, into the Chapman-Kolmogorov equations for solving AR
the probabilities of a single queu2]]. Tl
_ _
Pn - |_|i:1 Hi PO’ n= 117 ¢ (8) P‘" 12 l;, 12
P _ (1+ 2C AN )_ Density p (veh/m)
o= (I 2 mm

. - L Fig. 3: Triangular fundamental diagrams.
Then, the stationary probability distribution of the g g g

number of cars on the road section is given as

follows [11] The car-flow outgoing from section 1 and entering to

(e rer (L e section 2 is assumed to be given by the minimum between
f

= —m—————— P, n=1,..c. the traffic demand on section 1 and the traffic supply of
M1 Mg 2 (1) section 2.
n¢ L yncr (L yn—n -1 (9) i
B _ (1+2C (AP )ner () er O12(N1, Nz) = min(A1(p1), Z2(p2))
0 A ATy )

. nq Co—Ny
. . =min <Vflr7qTaX7 qgla)sWZ(Li)) .
whereng = pgrL is the number of cars corresponding to 1 2

the critical car-density. Therefore, the normalized service rafén;,ny) of

section 1 is given as follows.

4.1 Model with a downstream supply - G min (Vf1E_17qTax7qg1ax’W2(Czlj2n2))
We model here a road section with/g/c/c state L) = grax o '

dependent queuing model, as presented above, but we (10)
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Fig. 4: Stationary probability distributiond. = 0.5 veh/s, 1 veh/s and3 veh/s respectively from left to right sides.
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Fig. 5: Comparison of the expected number of cars, in left. Comparnié the blocking probability, in right. Our model with redlor.
Jain and Smith model with blue color.

1.The stationary probability distribution of the number —Then, the stationary probability distribution of the
of cars on section 2, is assumed fixed and giverty ( number of cars on section 1 is obtained as follows.
in function of @, as follows. (

1 2
PY(A,8) =52 oPumMPR2(0),  m=1..c.

1 2
(9)"2( Lo )n (Lz )nz,n Pé )()\ ) 9) = 2%:0 Po|n2 ()\)PIK'Z)(G) (13)
@ B 7z \crp 2 \crp B
Pro (6) = ez if2|-|i”:2ncr j(cz—i) RPo(0),  m=1..c 3.The average outflow from section @, is given as
' follows (using little’s law).

-1
@ g _ o ()R _ ®
o= <1+z”§‘1 M2 1 rery 1 (C2—) ' 9=2 (1_P°1 (’\’9))' (14)
(11)
2.In section 1, we have arM/g/cy/c; system,

parameterized by the traffic supply of the downstream

Using the data of Table 1, Fig. 4 compares the
stationary probability distribution of the number of cars
. ; . on the road section for our model with downstream
Seffl'_ﬂre‘ (tgtzggrg?;r g:gsgiillrilc;egtig?ibzgt.ion of the supply (formulal3), with red color and for the linear case
numberof cars on secton 1, parameteized by ney 0 1 ST 1 (ot s e clor e
number of cars on section 2, is given as follows. (A = 0.5 veh/s, 1 veh/s and 8 veh/s).
Fig. 4 shows that the number of camson the road
section increases, in term of stationary probability, with

the arrival rateA. The difference between the two

P (A) = (A{qlf?nl) Poin (A), stationary distributions in the middle of Fig. 4
Mizy ThN2 _ (12) (A = 1 veh/s) can be explained by using the flow ratio
Ponp(A) = 1+5% (A{qTa_x)"1> rather than the speed ratio as a measure of the service
1= Mizg f(in2) rate. Moreover, in the case of Jain and Smith model (blue
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Table 1: Sections parameters.
Sectioni || L(m) | v¢ (m/s) | w(m/s) | pj (veh/m) | gmax(veh/s) | per (veh/m) | c(veh)
1 100 28 14 0.18 16 0.06 18
2 100 14 7 0.18 0.8 0.06 18

color), the probability of saturation of the road section is of Jain and Smith model (see Table 1 for the parameters
larger than our model. Fig. 5 shows for an increasingof the road section).
arrival rateA, the expected number of cars in the road The curves of the expected travel time for the two models
section N = S5 ;nPy) and the blocking probability are not monotone increasing. There is an upper limit for
(P: = P(N = c)), for our model with downstream supply the arrival rateA, which is Q8 veh/s, from there the
(red color) and for the model of Jain and Smith (blue vehicles begins to slow down and the expected travel time
color). begins to increase. Therefore, the expected travel time
before this point{ = 0.8 veh/s) is very low (around the
free time (/v¢)) for the linear case of Jain and Smith
4.2 Performance measures model and our model. When the traffic volume is large (
> 0.8 veh/s) vehicles will slow down and the expected
travel time increase in value for the two models of traffic,

consider two road sections as in Fig. 2. We assume thatPUt still lower in our model_ with downstream supply. The
the fundamental diagrams for those roads are triangularg)épgﬁtdeggrz\ﬁl time continues to increase with demand
see Fig. 3. Table 1 gives the parameters for the y pacity.

illustrations. -Throughput (8)

In the following, we give an illustration example. We

Throughput6 can be calculated using two methods.
-Expected travel time (W) Measuring the effective arrival rate of the accepted cars in
the system(6 = A(1 — R:)). Measuring the effective
The travel time through a road section is a randomdeparture rate of the served cars in the system
variable and is a function of the number of cars on the(g = 5¢_, qnPy).
road section. Since the road section has a finite length, it
can be seen as a queuing system with a finite capacity, for
which the travel timaV (or, service time) can be derived
using the Little’s law. The latter law gives the travel time
as the average number of cars in the rds)i divided by
the effective arrival rateX(1— F;)). 18 T

| R S N N S NS SN S N —

5
[ I ] P S D U T T Qur model

Jain and Smith model

12 et

=
>
o

Throughput (veh/sec)
-

—&— Our model 08 i

120 Jain and Smith model | e L R S :
o ! ! : ; 0.4
S 100+ : : ; : “daeees
= 0.2 /
g e ‘ . ‘ ‘ :
F 80f------- 3eeees 0 I i i I I i i I I
H 0 0.2 04 0.6 0.8 1 1.2 14 1.6 18 2
E . — / 77777 Arrival Rate ( veh/sec)
2 l’E,—E;---E""E:'
T - !,Ja/_‘ _____ Fig. 7: Comparison of the throughput through section 1. In red
= . .
w / color, our model. In blue color, model of Jain and Smith.

] T e S e S

A,E)/E/

0 02 04 06 08 1 12 14 16 18 2
Arrival Rate (vehisec)

Fig. 7 compares, for an increasing arrival ratethe
Fig. 6: Comparison of the expected travel time through section 1.throughput through road section 1 of Fig. 2, for our model
In red color, our model. In blue color, model of Jain and Smith  With downstream supply and for the linear case of Jain
and Smith model (see Table 1 for the parameters of the
road section).
Fig. 6 compares, for an increasing arrival ratethe  The curves of throughput increases linearly with arrival
expected travel time through road section 1 of Fig. 2, forrate A, but there is a halt to the monotonic increase. The
our model with downstream supply and for the linear casethroughput decreases with the arrival rate from the value
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A = 0.8 veh/s, which corresponds to the flow capacity of  Using the parameters of section 1 in Table 1. Fig. 8

the second section (minimum between flow capacities oshows the histograms for the probability distribution o th

sections 1 and 2). average car-speed and the average travel time through the
road section, for the linear case of the model of Jain and

When the blocking probability is low, the throughput Smith. The arrival rate consideredis= 0.8 veh/s.

is linear up to B veh/s. From that arrival ratél (= 0.8 For our road section model with a triangular

veh/s), the blocking probability increases (see Fig.5 infundamental diagram, the average car-spgeé given

right), the throughput decreases, the expected number dfy the car-flow Q(p)) in the road divided by the

cars also increases up to the system capacfsee Fig.5 car-density f).

in left), and the expected travel time worsens around 10

times. Arrival rates above.8 cannot improve the system The car-speed probability distribution satisfies.
throughput that reaches its limit aroud= 0.32 veh/s .
for our model and@ = 0.17 veh/s for Jain and Smith P(vo = V) = P min(vi £, W(*"))
model. Then, the system would be able to give a higher n—y= n -
throughput under an arrival rate of80veh/s. That seems
to be the flow capacity of the second section. Then, two cases are distinguished:
1.0 < por = Vn = Vi. Then,P(vy = v¢) = 379 P(N
5 Speed and travel time distributions n),
2p > pPo = Vo < Vi Then,

One of the most basic formula in traffic flow theory is the P\n=Vv)=P(N= Lﬂ—‘f,vj) .

one expressing the interdependence of the average L )
car-flow (q), the average car-densip) and the average The car-speed probability distribution is then given as
car-speedv). The formula tells thatj = pv. When two of ~ follows.
the three variables are known, the third variable can easily

be obtained. 0 T v>v,

The average car-speeg, through a road section is a Pn=Vv)={ 5,P(N=n) if v=vi,  (17)
random variable because the number of cems the road P(N=[J&]) if v<vr.

section is random. Using the expression of the linear

speed in the model of Jain and Smith (equatid)), (the Similarly, we get the following formula for the
car-speed probability distribution is given by: probability distribution of the average travel time

through a road section. We use the formuta n/q.

(o o3 ).

n

in which | x| is the largest integer not superionto P(t=t)=P < . = t) :
Then, the car-speed distribution is given as follows. min(v¢n/L, w((c—n)/L))

Ry — Pl V) = &Ll/vv/vflgcu v/vt) R Ve1.vp. Then, two cases are distinguished:

i1 i(c-i+1)/e 1p < pe = T = LJv. Then,
n
v (AL fup) THoLvive) -1 P(T=L/vi) =3pZoP(N=n),
Py = (1+ Yve1 T ) 2p > pPo = T > L/ Then,

s i(c—it+1)/c s P(r=t)=P(N= |2 ]).

The average travel time through a road section can be The average travel time probability distribution is then
evaluated given the road section lengtand the average given as follows.
car-speed. Basically, we have = L /v. By this, the travel

time probability distribution is given by: 0 if t<L/vg,
L L P(r=t)={ SpGPN=n) if t=L/vi, (18)
P(t=1)=P(v=7) =P(n= {1+C<1—M>J>- P(N= | ) if t>L/vs.

Then, the average travel time distribution is given as Fig. 9 displays the histograms for the probability
follows. distribution of the average car-speed and the average
_ v ALy et/ v _ travel time through the road section, for our model with
R=Plr=t= o ity /e P t=bVilb Gownstream supply. The arrival rate is fixed to

A = 0.8 veh/s. Fig. 9 shows that when the arrival rate is
b (1 (AL v B/ evr)] -1 low, speed distribution corresponds to the free speed
0= +Zt [L/ve) QBT Sy ) (vi = 28 m/s ) with a high probability, and the average

(16) travel time distribution corresponds to the free time
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