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Abstract: While the usual polynomial-based spectral collocation methods are capable of providing highly accurate simulation results

for nonlinear integral equations with smooth solutions, its accuracy can be deleteriously degraded when the solutions exhibit locally

singular behaviours. Recovering non-smooth solutions of nonlinear systems of weakly singular integral equations is a highly non-

trivial task. Nonetheless, such problems arise in many applications of practical interest. The present letter develops high-order spectral

collocation method for a coupled system of Abel integral equations of the second kind with non-smooth solutions on two dimensional

domains. The proposed solver builds an approximation to the solution via a smoothing transformation for the integral equation. The

principal advantage of the proposed method is that it is direct (as opposed to iterative) and efficiently regains high accuracy without

excessively increasing the number of degrees of freedom used.
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1 Introduction

In this paper, we consider the following coupled system
of two dimensional Abel integral equations of the second
kind:

u(t1, t2) = g1 (t1, t2)+

∫ t1

0

∫ t2

0

1√
(t1 − r1) (t2 − r2)

× f1 (t1,r1, t2,r2,u(r1,r2) ,v(r1,r2))dr2dr1,

v(t1, t2) = g2 (t1, t2)+

∫ t1

0

∫ t2

0

1√
(t1 − r1) (t2 − r2)

× f2 (t1,r1, t2,r2,u(r1,r2) ,v(r1,r2))dr2dr1,

(1)

where fi : D×R2 →R, i = {1,2} are given functions and
D := {(t1,r1, t2,r2) : 0 ≤ ri ≤ ti ≤ 1}. Equations of the
typre (1) arise in the study of various problems in many
disciplines, such as insurance mathematics,
electromagnetic scattering, demography, viscoelastic
materials [1]. The numerical treatment of (1) is not a
simple task, this is due to the fact that its solution usually

have a weak singularity at the beginning time, even when
the nonhomogeneous term gi(t1, t2) is smooth. It was
pointed out in [2, 3] that near t = 0 the n-th derivative of

the solutions behaves like t
1
2−n, which indicates that

y /∈ Cn[0,1]. Therefore, it is difficult to employ high order
numerical schemes for solving (1).

In recent years, numerous works have been focusing
on the development of more advanced and efficient
numerical schemes for integral equations and
integro-differential equations. Such equations have been
subject of many theoretical and numerical investigations.
Spectral method has high accuracy, and so has been
successfully used for computations in science and
engineering [4–9]. Mokhtary [10] developed and
analyzed a Jacobi spectral tau method for fractional
weakly singular integro-differential equations. Gu and
Chen [11] proposed a Legendre spectral collocation
method for solving linear Volterra integral equations of
the second kind with non-vanishing delay. Tang et al. [12]
developed a Legendre spectral collocation method for for
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solving linear Volterra integral equations of the second
kind assuming that the kernel and the solutions are
sufficiently smooth. Khan and Gondal [13] constructed a
two-step Laplace decomposition scheme for the solution
of Abel’s type singular integral equations. Chen et
al. [14–16] developed Jacobi spectral collocation schemes
for linear Volterra integral equations of the second kind
with weakly singular kernels provided that the solutions
are sufficiently smooth. Talaei et al. [17] proposed
Muntz-Legendre recursive tau method for the numerical
solution of Abel-Volterra type integral equations with
non-smooth solutions. Doha et al. [18, 19] proposed
Jacobi-Gauss-collocation schemes for solving Volterra,
Fredholm and systems of Volterra-Fredholm fractional
integro-differential equations with smooth solutions.
Zaky and Ameen [20] developed a Legendre-Jacobi
collocation approach for nonlinear systems of fractional
boundary value problems and related Volterra-Fredholm
integral equations with smooth solutions. Zaky et
al. [21–24] proposed spectral-collocation methods to
solve various types of integral and related fractional
differential equations.

The main purpose of this letter is to provide a novel
numerical scheme based on a spectral approach for the
coupled system of two dimensional Abel integral
equations of the second kind with non-smooth solutions.
The rest of the paper is organized as follows. In the next
section we provide the necessary background and
notation. In Section 3, the spectral collocation method is
constructed. In Section 4, a numerical example to
illustrate the effectiveness of the proposed method is
presented. The conclusion of this work is given in Section
5.

2 Jacobi interpolation approximation

We begin establishing our notational conventions.

–Let R (resp. N) be the set of all real numbers (resp.
non-negative integers), and letN0 =NU∪0.

–We use boldface lowercase letters to denote
2-dimensional multi-indexes and vectors, e.g.,
i = (i1, i2) ∈ N2

0, and γγγ = (γ1,γ2) ∈ R2. Also,

1 = (1,1) ∈ N2. For a scalar a ∈ R, we define the
following component-wise operations:

γγγ +k = (γ1 + k1,γ2 + k2),

γγγ + a := γγγ + a1 = (γ1 + a,γ2 + a),
(2)

and use the following conventions:

γγγ ≥ kkk ⇔∀1≤i≤2 γi ≥ ki

γγγ ≥ r ⇔ γγγ ≥ r1 ⇔∀1≤i≤2 γi ≥ r.
(3)

–We denote

|k|1 = k1 + k2, |k|∞ = max
1≤i≤2

ki,

∏zyz =
2

∏
i=1

ziy
zi
i ,

∫ b

a
· dρρρ =

∫ b1

a1

∫ b2

a2

· dρ2dρ1.
(4)

–Let Λ := (−1,1). Given a multivariate function u(z),
we denote the |k|1-th (mixed) partial derivative by

∂∂∂ kkk
zzzu =

∂ |kkk|1u

∂ k1
z1

∂ k2
z2

= ∂ k1
z1

∂ k2
z2

u.

–Let PN be the space of all algebraic polynomials of
degree up to N in Λ .

Now, we recall some relevant properties of the
one-dimensional Jacobi polynomials (cf. [25]). Let
ωα ,γ(z) = (1− z)α(1+ z)γ be the Jacobi weight function
defined in Λ . The set of Jacobi polynomials, denoted by
J

α ,γ
n (z), (α, γ > −1) forms a complete orthogonal

system in L2
ωα,γ (Λ),

∫

Λ
Jα ,γ

n (z)Jα ,γ
m (z)ωα ,γ (z)dz = β α ,γ

n δn,m, (5)

where δm,n is the Kronecker delta and

β α ,γ
n =

2(α+γ+1)Γ (α + n+ 1)Γ (n+ γ + 1)

(α + γ + 2n+ 1)Γ(n+ 1+α + γ)n!
. (6)

The Jacobi polynomials are generated by the three-term
recurrence relation:

J
α ,γ
n+1(z) = (Aα ,γ

n z−Bα ,γ
n )Jα ,γ

n (z)−Cα ,γ
n J

α ,γ
n−1(z), n ≥ 1,

J
α ,γ
0 (z) = 1,J

α ,γ
1 (z) =

1

2
(α + γ + 2)z+

1

2
(α − γ),

(7)

where

Aα ,γ
n =

(2n+α + γ + 1)(2n+α + γ + 2)

2(n+ 1)(n+α+ γ + 1)
,

Bα ,γ
n =

(2n+α + γ + 1)(γ2 −α2)

2(n+ 1)(n+α+ γ + 1)(2n+α + γ)
,

Cα ,γ
n =

(2n+α + γ + 2)(n+α)(n+ γ)

(n+ 1)(n+α+ γ + 1)(2n+α+ γ)
.

This relation allows us to evaluate the Jacobi polynomials
at any given abscissa z ∈ Λ = [−1,1], and it is the starting
point to derive other properties. In the following, we

denote by Pn(z) := J
− 1

2 ,0
n (z) and ω(z) := ω− 1

2 ,0(z). The
two-dimensional Jacobi polynomial and Jacobi weight
function are given as

PPPnnn(((zzz))) = Pn1
(z1)Pn2

(z2),

ωωω(((zzz))) = ω1(z1)ω2(z2), ∀z1,z2 ∈ Λ .
(8)

We deduce that
∫

Λ2
PPPnnn(((zzz)))PPPmmm(((zzz)))ωωω(((zzz)))dzzz = βββ nnnδδδ n,m

= βn1
βn2

δn1,m1
δn2,m2

, nnn,mmm ≥ 0.
(9)

Let
{

ξ jk ,ϖ jk

}N

jk=0
be the one-dimensional

Jacobi-Gauss points and weights related to the Jacobi
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parameters α = − 1
2
, γ = 0, and let Izk,N be its associated

interpolation operator in zk direction.

The two-dimensional nodes and weights{
ξξξ jjj,ϖϖϖ jjj

}
| jjj|∞≤N

in Λ 2 are given by

ξξξ jjj = (ξ j1 ,ξ j2) ,ϖϖϖ jjj = (ϖ j1 ,ϖ j2) .

The two-dimensional Jacobi-Gauss quadrature enjoys
the exactness

∫

Λ2
ϕ(zzz)ωωω(zzz)dzzz = ∑

|j|∞≤N

ϕ
(

ξξξ jjj

)
ϖϖϖ jjj, ∀ϕ(zzz) ∈ P

2
2N+1.

(10)
Hence

∑
|k|∞≤N

PPPnnn (ξξξ kkk)PPPmmm (ξξξ kkk)ϖϖϖkkk = βββ nnnδδδ n,m,

∀ 0 ≤ nnn+mmm ≤ 2N + 1.

(11)

For any u ∈ C(Λ 2), the Jacobi-Gauss interpolation
operator I zzz,N : C(Λ 2) −→ P

2
N is determined uniquely

by

(I zzz,Nu)(ξξξ jjj) = u(ξξξ jjj) ∀ jjj ∈ N
2, |k|∞ ≤ N. (12)

For simplicity, we assume that the number of nodes in each
direction is the same (i.e., N + 1 points). One verifies that

I zzz,N = Iz1,N ◦Iz2,N . (13)

The interpolation condition (12) implies that I zzz,Nu =

u for all u ∈ P
2
N . On the other hand, since I zzz,Nu ∈ P

2
N ,

we can write

I zzz,Nu(zzz) = ∑
|n|∞≤N

ûnnnPPPn (zzz) , (14)

where

ûnnn =
1

βββ nnn
∑

|j|∞≤N

u
(

ξξξ jjj

)
PPPn(((ξξξ jjj)))ϖϖϖ jjj. (15)

3 The collocation scheme

Taking the change of variable ti → φi(zi) =
(

zi+1
2

)2

in

equation (1), and letting ri → φi(ρi) =
(

ρi+1
2

)2

,

ρi ∈ Λ , i = 1,2, we obtain the following equivalent

system to (1)

u(φ1(z1),φ2(z2)) = g1 (φ1(z1),φd(z2))

+
∫ z1

−1

∫ z2

−1

φ ′
i (ρi)√

(φ1(z1)−φ1(ρ1)) (φ2(z2)−φ2(ρ2))

× f1(φ1(z1),φ1(ρ1),φ2(z2),φ2(ρ2),

u(φ1(ρ1),φ2(ρ2)) ,v(φ1(ρ1),φ2(ρ2)))dρ2dρ1,

v(φ1(z1),φ2(z2)) = g2 (φ1(z1),φd(z2))

+
∫ z1

−1

∫ z2

−1

φ ′
i (ρi)√

(φ1(z1)−φ1(ρ1)) (φ2(z2)−φ2(ρ2))

× f2(φ1(z1),φ1(ρ1),φ2(z2),φ2(ρ2),

u(φ1(ρ1),φ2(ρ2)) ,v(φ1(ρ1),φ2(ρ2)))dρ2dρ1.

(16)

This system is still weakly singular but has a smooth
solution. It can be simplified to be

U (z) = G1 (z)

+
1

2

∫ z

−1
F1 (z,ρρρ,U(ρρρ),v(ρρρ))∏(z−ρρρ)−

1
2 dρρρ,

V (z) = G2 (z)

+
1

2

∫ z

−1
F2 (z,ρρρ,U(ρρρ),V (ρρρ))∏(z−ρρρ)−

1
2 dρρρ,

(17)

where,

U(z) =U (z1,z2) = u(φ1(z1),φ2(z2)) ,

G1(z) = G1 (z1,z2) = g1 (φ1(z1),φ2(z2)) ,

F1 (z,ρρρ ,U(ρρρ),V (ρρρ)) = f1(φ1(z1),φ1(ρ1),φ2(z2),φ2(ρ2)

,u(φ1(ρ1),φ2(ρ2)) ,v(φ1(ρ1),φ2(ρ2)))k1 (z1,ρ1,z2,ρ2) ,

k1 (z1,ρ1,z2,ρ2) = k2 (z1,ρ1,z2,ρ2)

=
2

∏
i=1

(ρi + 1)

(
1

∑
j=0

(
zi + 1

2

) j(ρi + 1

2

)1− j
)− 1

2

,

and

V (z) =V (z1,z2) = u2 (φ1(z1),φ2(z2)) ,

G2(z) = G2 (z1,z2) = g2 (φ1(z1),φ2(z2)) ,

F2 (z,ρρρ ,U(ρρρ),V (ρρρ)) = f2(φ1(z1),φ1(ρ1),φ2(z2),φ2(ρ2)

,u(φ1(ρ1),φ2(ρ2)) ,v(φ1(ρ1),φ2(ρ2)))k2 (z1,ρ1,z2,ρ2) .

In order to evaluate integral term with high accuracy
using Jacobi-Gauss quadrature formula, equation (17) can
be simplified to be

U (zzz) =

∫ 111

−111
F1

(
zzz,ρρρ zzz,τττ ,U

(
ρρρ zzz,τττ

)
,V
(
ρρρzzz,τττ

))

×∏
1

2

√
zzz+ 1

1− τττ
dτττ +G1 (zzz) ,

V (zzz) =

∫ 111

−111
F2

(
zzz,ρρρzzz,τττ ,U

(
ρρρzzz,τττ

)
,V
(
ρρρ zzz,τττ

))

×∏
1

2

√
zzz+ 1

1− τττ
dτττ +G2 (zzz)

(18)
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where

ρρρzzz,τττ = (ρ1(z1,τ1),ρ2(z2,τ2)) ,

ρi(zi,τi) =
1+ zi

2
τi −

1− zi

2
, zi, τi ∈ Λ , i = 1,2.

(19)

The Jacobi spectral-collocation method to (18) is to
seek the approximate solution in the form

UN (zzz) = ∑
|iii|∞6N

ûiiiPPPiii(zzz) ∈ P
2
N ,

VN (zzz) = ∑
| jjj|∞6N

ĥ jjjPPP jjj(zzz) ∈ P
2
N .

(20)

Hence, inserting (20) into (18) leads to the following

UN (zzz) = I zzz,NG1 (zzz)+I zzz,N

[∫ 111

−111
∏

1

2

√
zzz+ 1

1− τττ

I τττ,NF1

(
zzz,ρρρzzz,τττ ,UN

(
ρρρ zzz,τττ

)
,VN

(
ρρρ zzz,τττ

))
dτττ
]
,

VN (zzz) = I zzz,NG2 (zzz)+I zzz,N

[∫ 111

−111
∏

1

2

√
zzz+ 1

1− τττ

I τττ,NF2

(
zzz,ρρρzzz,τττ ,UN

(
ρρρ zzz,τττ

)
,VN

(
ρρρ zzz,τττ

))
dτττ
]
.

(21)

We now describe the implementation our formulation
(21) using the Jacobi-Gauss interpolation, which serves as
a base for the scheme. Setting

I zzz,NI τττ ,N

(
F1

(
zzz,ρρρ zzz,τττ ,UN

(
ρρρzzz,τττ

)
,VN

(
ρρρzzz,τττ

))

×∏
(

1+ zzz

4

) 1
2

)
= ∑

|iii|∞≤N

∑
| jjj|∞≤N

v̂iii,,, jjjPPPiii(zzz)PPP jjj(τττ),

and

I zzz,NI τττ ,N

(
F2

(
zzz,ρρρ zzz,τττ ,UN

(
ρρρzzz,τττ

)
,VN

(
ρρρzzz,τττ

))

×∏
(

1+ zzz

4

) 1
2

)
= ∑

|iii|∞≤N

∑
| jjj|∞≤N

d̂iii,,, jjjPPPiii(zzz)PPP jjj(τττ).

(22)

With this, we obtain

∫ 111

−111
∏(1− τττ)−

1
2 I zzz,NI τττ,N

×
[

F1

(
zzz,ρρρ zzz,τττ ,UN

(
ρρρzzz,τττ

)
,VN

(
ρρρzzz,τττ

))
∏
(

1+ zzz

4

) 1
2

]
dτττ

= ∑
|iii|∞≤N

∑
| jjj|∞≤N

v̂iii, jjjPPPiii(zzz)

∫ 111

−111
JJJ jjj(τττ)∏(1− τττ)−

1
2 dτττ

= 8 ∑
|iii|∞≤N

v̂iii,000PPPiii(zzz),

(23)

also,

∫ 111

−111
∏(1− τττ)−

1
2 I zzz,NI τττ,N

×
[

F2

(
zzz,ρρρzzz,τττ ,UN

(
ρρρzzz,τττ

)
,VN

(
ρρρ zzz,τττ

))
∏
(

1+ zzz

4

) 1
2

]
dτττ

= ∑
|iii|∞≤N

∑
| jjj|∞≤N

d̂iii, jjjPPPiii(zzz)

∫ 111

−111
JJJ jjj(τττ)∏(1− τττ)−

1
2 dτττ

= 8 ∑
|iii|∞≤N

d̂iii,000PPPiii(zzz).

(24)

Where, from (11) and (22) yields

v̂iii,,,000 =

(
4i+ 1

8

)2

PPPiii (zzzrrr)ϖϖϖ rrrϖϖϖ sss

×F1

(
zzzrrr,ρρρzzzrrr ,τττrrr

,UN

(
ρρρzzzrrr ,τττrrr

)
,VN (zzzrrr,τττrrr)

)
.

(25)

And,

d̂iii,,,000 =

(
4i+ 1

8

)2

PPPiii (zzzrrr)ϖϖϖ rrrϖϖϖ sss

×F2

(
zzzrrr,ρρρzzzrrr ,τττrrr

,UN

(
ρρρzzzrrr ,τττrrr

)
,VN (zzzrrr,τττrrr)

)
.

(26)

By using (20)-(26) we deduce that

∑
|iii|∞6N

ûiiiPPPiii(zzz)

= 8 ∑
|iii|∞≤N

v̂iii,000PPPiii(zzz)+ ∑
|iii|∞≤N

ŵwwiiiPPPiii(zzz),

and

∑
|iii|∞6N

ĥiiiPPPiii(zzz)

= 8 ∑
|iii|∞≤N

d̂iii,000PPPiii(zzz)+ ∑
|iii|∞≤N

µ̂µµ iiiPPPiii(zzz).

(27)

where

ŵwwiii =
4i+ 1

4
∑

|j|∞≤N

G1

(
zzz jjj

)
ϖϖϖ jjjPPPiii(zzz jjj),

µ̂µµ iii =
4i+ 1

4
∑

|j|∞≤N

G2

(
zzz jjj

)
ϖϖϖ jjjPPPiii(zzz jjj).

Comparing the expansion coefficients of (27) yields
the following system of algebraic equations

ûiii = 8 v̂iii,000 + ŵwwiii,

ĥiii = 8 d̂iii,000 + µ̂µµ iii

(28)

which can be solved by the Newton’s iterative method.
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4 Numerical results

In this section, we demonstrate the effectiveness of the
spectral collocation method for the coupled system of two
dimensional Abel integral equation (1) with f1 = u2 + v2,
f2 = v2 + u2 and g1 and g2 are chosen such that the exact

solution u = v =
√

t1t2
2

. In Table 1, the numerical errors
are listed.

Table 1: The errors versus N.

N Error

3 1.22553×10−6

4 8.13822×10−9

5 7.02514×10−10

6 1.82314×10−11

7 4.32456×10−13

8 1.75223×10−15

5 Conclusion

When solving an integral equation like (1), it is common
to have a localized loss of regularity due to the weakly
singular kernel. To efficiently regain high accuracy
without excessively increasing the number of degrees of
freedom used, we developed a direct solver relying on an
efficient spectral discretizations. The spectral method is a
direct scheme for computing a higher-order collocation
solution by performing a series of smoothing
transformations. The scheme proposed differs from
traditional spectral schemes in a notable aspect. It is
capable of providing high order accuracy for non-smooth
solutions. Preliminary results suggest that the spectral
algorithm can be successfully applied to fractional
differential equations with non-smooth solutions. A
detailed description of the scheme is currently in
preparation.

References

[1] H.J. Te Riele, IMA Journal of Numerical Analysis 2, 437-449

(1982).

[2] X. Li and T. Tang, Frontiers of Mathematics in China 7, 69-84

(2012).

[3] H. Brunner, Cambridge, Cambridge University Press, 2004.

[4] A.H. Bhrawy and M.A. Zaky, Journal of Computational

Physics 281, 876-895 (2015).

[5] M.A. Zaky, Computers & Mathematics with Application 75,

2243-2258 (2018).

[6] M.A. Zaky, Computational and Applied Mathematics 37,

3525–3538 (2018).

[7] M.A. Zaky, Nonlinear Dynamics 91, 2667-2681 (2018).

[8] M.A. Zaky and J.A.T. Machado, Communications in

Nonlinear Science and Numerical Simulation 52, 177-189

(2017).

[9] A.H. Bhrawy and M.A. Zaky, Applied Numerical

Mathematics 111 197-218 (2017).

[10] P. Mokhtary, Applied Numerical Mathematics 121, 52-67

(2017).

[11] Z. Gu and Y. Chen, Calcolo 51, 151-174 (2014).

[12] T. Tang, X. Xu and J. Cheng, Journal of Computational

Mathematics 26, 825–837 (2008).

[13] M. Khan and M.A. Gondal, Applied Mathematics Letters

25, 1666-1670 (2012).

[14] Y. Chen, X. Li and T.Tang, Journal of Computational

Mathematics 31, 47-56 (2013).

[15] Y. Chen and T.Tang, Journal of Computational Mathematics

233, 938–950 (2009).

[16] Y. Chen and T.Tang, Mathematics of Computation 79,

147–167 (2010).

[17] Y. Talaei, S. Shahmorad and P. Mokhtary, Calcolo 56, 1-29

(2019).

[18] E.H. Doha, M.A. Abdelkawy, A.Z.M.Amin and A.M.Lopes,

Communications in Nonlinear Science and Numerical

Simulation 72, 342-359 (2019).

[19] E.H. Doha, Y.H. Youssri and M.A. Zaky, Bulletin of the

Iranian Mathematical Society 45, 527-555 (2019).

[20] M.A. Zaky and I.G. Ameen, Numerical Algorithms 45, 1-27

(2019).

[21] M.A. Zaky, Applied Numerical Mathematics 145 429-457

(2019).

[22] M.A. Zaky and I.G. Ameen, Computational and Applied

Mathematics 38 144 (2019).

[23] M.A. Zaky, Journal of Computational and Applied

Mathematics 357 103-122 (2019).

[24] M.A. Zaky, A.S. Hendy, J.E. Macias-Diaz, Journal of

Scientific Computing 82, 1-27 (2020).

[25] J. Shen, L. L Wang, SIAM Journal on Numerical Analysis

48, 1087-1109 (2010).

A. G. Ameen Ph.D.
student at Department
of Mathematics, Faculty of
Science, Al-Azhar University,
Cairo, (Egypt). He works as
Assistant Lecturer of applied
Mathematics. His research
interest is numerical analysis
and scientific computing.

M. A. Abdelkawy

is Associate Professor
of Mathematics (Numerical
analysis and scientific
computing) at Al-Imam
Mohammad Ibn Saud
Islamic University (IMSIU),
Riyadh, Saudi Arabia. His
main research interests are:
Spectral methods and their

applications in partial differential equations, fractional
differential equations and delay Differential equations.

c© 2019 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	Jacobi interpolation approximation
	The collocation scheme
	Numerical results
	Conclusion

