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Abstract: While the usual polynomial-based spectral collocation methods are capable of providing highly accurate simulation results
for nonlinear integral equations with smooth solutions, its accuracy can be deleteriously degraded when the solutions exhibit locally
singular behaviours. Recovering non-smooth solutions of nonlinear systems of weakly singular integral equations is a highly non-
trivial task. Nonetheless, such problems arise in many applications of practical interest. The present letter develops high-order spectral
collocation method for a coupled system of Abel integral equations of the second kind with non-smooth solutions on two dimensional
domains. The proposed solver builds an approximation to the solution via a smoothing transformation for the integral equation. The
principal advantage of the proposed method is that it is direct (as opposed to iterative) and efficiently regains high accuracy without

excessively increasing the number of degrees of freedom used.
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1 Introduction

In this paper, we consider the following coupled system
of two dimensional Abel integral equations of the second
kind:

u(ti,n) =g () + /ol] /o[2 (11— Vll) (th—r2)

X fi(ti,ri,t,r2,u(r1,r2) v (ri,r)) drdry,

vinn) =g nn)+ /ol1 /ot2 (- Fll) (th—r2)

sz (l‘],rl,tz,l"z,u(rl,}"z) ,v(rl,rg))drzdrl,

where f; : D x R? — R, i = {1,2} are given functions and
D = {(t1,r1,00,r2) : 0 < r; <t; < 1}. Equations of the
typre (1) arise in the study of various problems in many
disciplines, = such  as  insurance = mathematics,
electromagnetic scattering, demography, viscoelastic
materials [1]. The numerical treatment of (1) is not a
simple task, this is due to the fact that its solution usually

have a weak singularity at the beginning time, even when
the nonhomogeneous term g;(f;,7,) is smooth. It was
pointed out in [2, 3] that near t = 0 the n-th derivative of

the solutions behaves like t%’”, which indicates that
y ¢ C"[0, 1]. Therefore, it is difficult to employ high order
numerical schemes for solving (1).

In recent years, numerous works have been focusing
on the development of more advanced and efficient
numerical schemes for integral equations and
integro-differential equations. Such equations have been
subject of many theoretical and numerical investigations.
Spectral method has high accuracy, and so has been
successfully used for computations in science and
engineering [4-9]. Mokhtary [10] developed and
analyzed a Jacobi spectral tau method for fractional
weakly singular integro-differential equations. Gu and
Chen [11] proposed a Legendre spectral collocation
method for solving linear Volterra integral equations of
the second kind with non-vanishing delay. Tang et al. [12]
developed a Legendre spectral collocation method for for
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solving linear Volterra integral equations of the second
kind assuming that the kernel and the solutions are
sufficiently smooth. Khan and Gondal [13] constructed a
two-step Laplace decomposition scheme for the solution
of Abel’s type singular integral equations. Chen et
al. [14-16] developed Jacobi spectral collocation schemes
for linear Volterra integral equations of the second kind
with weakly singular kernels provided that the solutions
are sufficiently smooth. Talaei et al. [17] proposed
Muntz-Legendre recursive tau method for the numerical
solution of Abel-Volterra type integral equations with
non-smooth solutions. Doha et al. [18, 19] proposed
Jacobi-Gauss-collocation schemes for solving Volterra,
Fredholm and systems of Volterra-Fredholm fractional
integro-differential equations with smooth solutions.
Zaky and Ameen [20] developed a Legendre-Jacobi
collocation approach for nonlinear systems of fractional
boundary value problems and related Volterra-Fredholm
integral equations with smooth solutions. Zaky et
al. [21-24] proposed spectral-collocation methods to
solve various types of integral and related fractional
differential equations.

The main purpose of this letter is to provide a novel
numerical scheme based on a spectral approach for the
coupled system of two dimensional Abel integral
equations of the second kind with non-smooth solutions.
The rest of the paper is organized as follows. In the next
section we provide the necessary background and
notation. In Section 3, the spectral collocation method is
constructed. In Section 4, a numerical example to
illustrate the effectiveness of the proposed method is
presented. The conclusion of this work is given in Section
5.

2 Jacobi interpolation approximation

We begin establishing our notational conventions.

—-Let R (resp. N) be the set of all real numbers (resp.
non-negative integers), and let No = NU UOQ.

—-We wuse boldface lowercase letters to denote
2-dimensional multi-indexes and vectors, e.g.,
i= (il,iz) S N(Q), and Y = (’)/1,)/2) c R2. Also,
1= (1,1) € N% For a scalar a € R, we define the
following component-wise operations:

Y+k=n+k,p+k),

2

Yta:=y+al=(n+ar+a), @

and use the following conventions:
Y2keVico ik 3)
Y>resv> }"1<:>V|§,'52 Vi >
—We denote
|k|1 =k +k2, |k|oo = max k,’,
1<i<2

“)

2 b by by
[ =TTei [ -ap=[" [ dpadpr.
i=1 a a e

—Let A := (—1,1). Given a multivariate function u(z),
we denote the |k|,-th (mixed) partial derivative by

—Let &y be the space of all algebraic polynomials of
degreeup to N in A.

Now, we recall some relevant properties of the
one-dimensional Jacobi polynomials (cf. [25]). Let
0*7(z) = (1 —2)%(1+2)? be the Jacobi weight function
defined in A. The set of Jacobi polynomials, denoted by
J'(z), (a, y > —1) forms a complete orthogonal
system in L2,4,(A),

[ DI D0 @z = B S, (5)
where 6,,1,,, is the Kronecker delta and

wy 29I (a+n+ D (n+y+1) ©
" (at+y+2n+D)I(n+ 1+ o+ y)n!

The Jacobi polynomials are generated by the three-term
recurrence relation:

T (@) = (AT Y2 = BN JEY(2) =GR (2), n > 1,

1 1
J7@) =17 (@) = S (e + v+ 2)e+ 5 (a—Y),

2
)
where
a’y:(Zn—i—(x—i—y—i— DH(2n+a+y+2)
" 2+ )(n+a+y+1) '
gor__ Cnroaty+ (¥ -a?)

2+ )(n+a+y+1)2n+o+y)’
ay_ (2ntat+y+2)(nta)(nty)

" (n+1)n+a+y+1)2n+a+7y)

This relation allows us to evaluate the Jacobi polynomials

at any given abscissa z € A = [—1,1], and it is the starting

point to derive other properties. In the following, we
1

denote by P,(z) := J;f’o(z) and ©(z) == ©~2°(z). The

two-dimensional Jacobi polynomial and Jacobi weight

function are given as

Pn(z) = Prn (Zl)Pf’lz(Zz)7

8
0(z) = 01(z1)m(z2), V21,22 €A. ®)

‘We deduce that
[ Pr(@)Pu(2)@(2)dz = B8 o

= ﬁnlﬁnz 5n1,ml 6}12,1’"27 nvm Z O

N . .
Lejt {éjk,qjk }jk:() b.e the one-dlmensmna.l
Jacobi-Gauss points and weights related to the Jacobi
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parameters o = f%, Yy =0, and let ., y be its associated
interpolation operator in z; direction.

The two-dimensional nodes and

o),

weights
in A? are given by

éj = (éjhéh)?wj = (@),,@),).

The two-dimensional Jacobi-Gauss quadrature enjoys
the exactness

p()0@)dz= Y ¢(&;)®; Vo) e Py,

A? <N
(10)

Hence

Z P" (gk)Pm (ék)wk:ann,my
k|, <N (1
VO<n+m<2N+1.

For any u € C(A?), the Jacobi-Gauss interpolation
operator %,y : C(A?) — 2% is determined uniquely
by

(Fovu) (&) =u(§;)VieN* k[, <N.  (12)

For simplicity, we assume that the number of nodes in each
direction is the same (i.e., N + 1 points). One verifies that

I N=IZNOIHN- (13)

The interpolation condition (12) implies that .% ; yu =
u for all u € 2%. On the other hand, since .%, yu € 25,
we can write

I nu(z) = Z unPy (2), (14)

[n|.,<N

where
. 1

= ¥ u(8;)Pu(,)a. (15)

B. lile<N

3 The collocation scheme

2
Taking the change of variable #; — ¢;(z;) = (Z’;l) in

2
and letting r — ¢:i(p;) = ("’T“) ,
pi € A,i = 1,2, we obtain the following equivalent

equation (1),

system to (1)

u(91(z21),92(22)) = g1 (91(21), 9a(22))

a 9 (pi)
/ / 1/(01(z1) = ¢1(p1)) (92(22) —
X fi(d1(z1),01(p )a¢2(22)a¢2(P2)7

u(91(p1),92(p2)) v (91(p1), 2(p2)))dp2dp,

$(p2))

(16)
82 (01(z1),94(22))
Y —"
1/(91(z1) — 01 (p1)) (92(z2) —
x [2(91(z21),91(p1), 92(22). 2(p2),
u(91(p1),92(p2)),v (91(p1), 92(p2)))dp2dpi.

This system is still weakly singular but has a smooth
solution. It can be simplified to be

v(91(z1),92(22)) =

$(p2))

U (Z) =G (z)
+%,/71F1 (Z,P,U(P),v(p))H(z_p),%dp,
V(z) = G, (z) an

+%./:Fz(z,p,U(p)vV(p))H(z—p)*%dp,
where,
U(z) =U(z1,22) = u(§1(z1),$2(22)) ,
Gi(z) = G1 (z1,22) = g1 (91(21), ¢2(22))
Fi(z,p,U(p),V(P)) = f1(¢1(z1),91(p1),
)k

Vp)
u(91(p1),¢2(p2)),v(91(p1), $2(p2)
ki (217P1,227P2) ka (z1,p1,22,P2)

fIl(Pi+l <i (z,+1) p';”)]j)%,

and

V(z) =V (z1,22) = u2 (¢1(21), 92(22)) ,

G2(z) = G2 (21,22) = 82 (91(21), $2(22)) ,

Fy(z,p,U(p),V(P)) = f2(1(z1), d1(p1), $2(22), 92(p2)
Ju (¢1(P1),¢2(P2))7v(¢1(P1),¢2(P2)))k2(ZlaPhZzapz)-

In order to evaluate integral term with high accuracy
using Jacobi-Gauss quadrature formula, equation (17) can
be simplified to be

1

v = A (zvpz,r,U (Ps) -V (P2))
H d‘E+G1( )5
1

V= [ B <z,pz,wu<pz,f),v<pz,f)>
H d‘E+G2( )

02 (22), 92(p2)
(ZlaphZZapZ)a

(18)
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where

pz,‘r = (pl (217T1)7PZ(Z27TZ));

also,

1
/AH(] _7)7%fz,Nf1:,N

14z 11—z (19)
pi(zi, @) = ;ZlTi*TZl,Zi, TeEA =12 : ]
+2z
Pt o T () |
The Jacobi spectral-collocation method to (18) is to
seek the approximate solution in the form _ Z Z d; Pi(z / Jj(T)H(l B r)*%d't
Uv(x)= Y @Pilz) € e N 1
N(Z) = Uil N>
lil..<N o =8 Y dioPi(z).
. 5 (20) il..<N
W)= Y hiPi(z) e Zy. 24)
il <N
Where, from (11) and (22) yields
Hence, inserting (20) into (18) leads to the following
. 4i+1\°
Vi, 0 = P; (Zr) 0,0
8 (25)
Un (2) = I NG (2) + I o H 1
X Fl (zr7p2r77r’UN (eraTr) ’VN (Zr,fr)) °
I NF U Vi
eNF1 (2020 Un (P22) Vi (Pec) ) } " on And
Z+
W (2) = NGz +szl/ H V1% R 4it1\2
dip = 3 Pi(z;) B, 0 (26)
]T,NFZ(Z7P aUN(p. )’VN(p )) }
e ” X F2 (2P0, UN (P, ,) Vi (2, T1))
We now describe the implementation our formulation .
(21) using the Jacobi-Gauss interpolation, which serves as By using (20)-(26) we deduce that
a base for the scheme. Setting N
Z LtiPi(Z)
Ien I en (F (200 Un (Pos) Vi (02)) -
NS TN z yUN N
Z T Z,T 2,T 2,7 —8 Z ﬁi,OPi(Z) + Z WiPi(Z)
1 +Z) 2 ) lil<N lilo. <N
X — = 0i,jPi(2)P;(7),
1 ( 4 ) \i\ENU\EN and @7
and (22) Y hiPi(z)
lio <N
I NI N (F2(2,P,2.Un (Pyz) VN (Pr2)) R R
] | “ “ “ =8 Y dioPi(zx)+ Y M;Pi(2)
+2z)\2 A lil.<N Il <N
M) )- L, X dumorio
[il <N |jleo<N
where
With this, we obtain R 4i+1
w; = 1 Z G (z,-)iji(z,-),
lilee <N
/'1 (1-1) 27,5
‘l -7 -2 ,N ,N ~ 4i+ 1
. 711_I T Bi=—; Y Gi(zj) ®@;Pi(z)).
1 lile <N
1+z)\?2
X lFl (2P20: U (P22) Vv (P2)) H( 4 ) dt Comparing the expansion coefficients of (27) yields
the following system of algebraic equations
1 1
= ¥ ¥ wPid [ Lm0 -0 tde e
il <N |jl<N -1 i = 8Vi0 + Wi, 28)
=8 Z ‘,}\i,OPi(Z) hi = Sdi,o + I:l'i
lil <N
(23) which can be solved by the Newton’s iterative method.
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4 Numerical results

In this section, we demonstrate the effectiveness of the
spectral collocation method for the coupled system of two
dimensional Abel integral equation (1) with f; = u® +1?,
f>=v?>+u? and g; and g, are chosen such that the exact
solution u = v = @ In Table 1, the numerical errors
are listed.

Table 1: The errors versus N.

N Error

1.22553 x 107°
8.13822 x 10~°
7.02514 x 10710
1.82314 x 10711
432456 x 10713
1.75223 x 10713

[ BN I e Y

5 Conclusion

When solving an integral equation like (1), it is common
to have a localized loss of regularity due to the weakly
singular kernel. To efficiently regain high accuracy
without excessively increasing the number of degrees of
freedom used, we developed a direct solver relying on an
efficient spectral discretizations. The spectral method is a
direct scheme for computing a higher-order collocation
solution by performing a series of smoothing
transformations. The scheme proposed differs from
traditional spectral schemes in a notable aspect. It is
capable of providing high order accuracy for non-smooth
solutions. Preliminary results suggest that the spectral
algorithm can be successfully applied to fractional
differential equations with non-smooth solutions. A
detailed description of the scheme is currently in
preparation.
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