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Abstract: In this paper, we introduce and investigate two subclab%;e{s,b, ®) andKg(n,b, g) of analytic functions with negative

coefficients of ordef in the unit diskD. Silverman ] determined certain coefficient inequalities and distortheorems for univalent
functions with negative coefficients that are starfike ), and convexXX(a) of ordera respectively. We also obtain the same coefficient
inequalities and distortion theorem for such univalentfions with negative coefficients. We point out that the fioieint estimates

up toZ? are enough to get the graphs of starlike and convex functiéere in the sequel we give some examples, estimation and the
graphical representation of such univalent functions ligguthe complex toolg].
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1 Introduction A setS in the complex plane is said to be convex if the
. ] ~line segment joining any two points flies entirely inD.
Let A denotes the class of univalent and analytic functionsmathematical condition is given in equatio) (

inthe unitdiskD = {z€ C:{7] < 1} which have the form: Theorem 1.2.(Kobori [1]) A function f(z) € Ais in K if

® and only if:
f@=z+ § az, (neN={123.}) ()
k=n-+2 Zf//(z)
: . . L Re{1+—}>0, (ze D). 4)
We also consider the analytic functions which is the f'(2)

subclass oA and its coefficients are real negative.

. . I
Let A(n) denotes the subclass Afof the form: Itis well known thatf € K if and only if zf/(z) € S".
- Robertson 2] defined the subclass&s(a) andK(a)
f(z)=z— z a, (neN,a > 0). ) of A if the function f(z) respectively satisfies the

k=n-+1 conditions,
A setS in the complex plane is said to be starlike if the zf'(2)
linear segment joiningv, = O to every other poiniv € S { i) } (5)
lies insideD. Mathematical condition is given in equation
3). for somea (0 < a < 1), and for allze D. The subclass of
Theorem ll(Kobon [1]) A function f(z) cAisinSif A Consisting of all starlike functions of orderis denoted
and only if: by S*(ar). And if the functionf(z) satisfies the condition,
zf'(2) zf"(z)
R D). Req 1
e{ e }>0, (ze D) (3) e{ + 72 >a (6)
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for somea (0<a < 1), for all ze D. The subclass oA
consisting of all convex functions of orderis denoted by
K(a).

Let H(n) andK(n) represents the subclass/Axn) in
equation @) including the functions which are univalentin
the unit diskD. MoreoverHg (n) the subclass of\(n) is
called to be starlike of order (0 < a < 1) if and only if
it satisfies the following condition,

Re{ Z:;S) } >a, (zeD)

andkg (n) the subclass oA(n) is called to be convex of
ordera (0 < a < 1) if and only if,

Z:/N((Z? } >a, (zeD). (8)

Theorem 1.3.(Chatterjea3]) A function f(z) in A(n) also
exists inTy (n) if and only if,

()

Re{1+

f(z) =z— (k—o)ax<1l-a
k=n+1

9)

for some(0 < o < 1), and for allze D.

Theorem 1.4.(Chatterjea3]) A function f(z) in A(n) also
exists inky (n) if and only if,

f(z) =z— kk—o)ax<1l—a
k=n+1

(10)

for some(0 < o < 1), and for allze D.

Sekine and Owa&{] introduced the subclags(n, 6
A which is of the form ) and the subclas§*(n, 6)
ka(n,08) of A(n, 8) as stated below.

) of
and

f=2- % gk-1)0g A (11)

k=n+1
where(ne N=1{1,2,3,...},a > 0).

They studied and noted tha&t{1,0) = A(1) implies that
A(1,0) is a class of analytic functions with negative
functions. It was also noted that (n, 8) andK4(n, 8) the
sub classes oA(n, 6) of starlike and convex functions of
ordera in D, respectively.

Furthermore, Sekine, Owa and Yamakavéh fised

respectively. Therefore we state two theorems due to
Silverman.

Theorem 1.5.(Silverman B]) A function f(z) in A(n, )
isin Hg(n, 0) if and only if:

00

t2) (k—B)ac<1—B.

k=n+1

(12)

Theorem 1.6.(Silverman B]) A function f(z) in A(n,0)
isin Kg(n,8) if and only if:

[ee]

S k(k—B)ax<1-B.

k=n+1

f(2) (13)

Let A(n, @) denote the subclass @& consisting of the
functions in the form of,

f(z) =z—
k=n+1

(ei(klelog(kfl))akzk (14)

forall pe {o+2pm, p=1,2,3,...}.

Remark 1.1.We find thatA(n, ) = A(1,0) = A(1) that is
the subclass of analytic functions with negative
coefficients as in 4). Particularly if n=1 we get the
subclass of4] that isA(n, 8) in the form of (L1).

Remark 1.2. Let the extended form of equatiod4) is
given in (L5) whereb is the general base from common
logarithm, sayA(n, b, @) denote the subclass #fand the
subclass oHE(n,b, @) andKg(n, b, @) of A(n, b, ¢) in the
form of,

f(z) =z—
k=n+1

for al ¢ € {o + 2pm,p =
(be R>0,b#1).

Remark 1.3. We note several interesting results that
A(n,b,0) = A(n) that is the subclass of analytic functions
with negative coefficients as in example (3.2), and if the
baseb = n+# 1 we get the subclass of][that isA(n, 8)
in (11).

We denote by Hg(n,b, @) and Kg(n,b,p) the
subclasses oA(n,b, ) that are, respectively starlike of

(ei(k—l)tﬂlogb(k—l)) aZ  (15)

1,2,3,..} and

the assertion1(1) and found several examples of such orderf and convex of orde. Hence,

univalent functions with its illustrated images as staxrlik
and convex functions. They also determined
estimation of those univalent functions.

The main motivation of the paper is to give more
examples of starlike and convex functions with its image

illustrations.

Let HE(n,e) and Kg(n,0) be the sub classes of
A(n, 8) of starlike and convex functions of ordgrin D

the

Hs(n.b, @) = A(n, ) NS'(B),
Kg(n,b, @) = A(n, @) NK(B).
So0,Hj(1,b,0) ~ Hj(1,0) andKg(1,b,0) ~ Kg(1,0).

We note that f(z) € Kg(n,b,) if and only if
zf'(z) € H;(n,b, @) for someB(0< B <1).
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2 Main Results Let r — 1 through the real values of = re 1292;
(0<r <1)inabove, we get,
Theorem 2.1.A function f(z) in A(n, @) isinH} (n b, p) . .
if and only if: 1— kay > B8 (1_ ak>
. k:%ﬂ k:%ﬂ
(k—=Blax<1-p. (16)  after simplification we get,
k=n+1
Proof. By Theorem (1.3), if a functionf(z) € A(n, @) > (k=Bla<1-p
then the coefficient inequality in16) holds and let k=n+1
|Zz|ff(zl)' Therefore, we need to show that, 5nqphence the theorem is complete. O
-1 <1-B.
f(2) s1-p Theorem 2.2.A function f(z) € A(n, @) is inkg(n, b, @) if
and only if:
'@ Y e Al Y kk—Blax<1-B. (19)
f(2) 1 i gk Dplogs(k-1) 5 -1 k=it
k=n+1 Proof. As We noted earlier in our discussion thez) €
H H !/ *
Zenals Dad2 | (025 < 1), A it simple calcuions we see .
B 1S na |z Y (0< ) P '
- Eff:mrlogk— Dag 2£(2) = 2— i d(k-D)glog(k-Dq
1-3iini1d k=1
< 1-B. 17

By replacingkay = ax in Theorem (2.1) we get the proof of

zt'(2) Theorem (2.2). O

Since the values 0* ‘ lie in a circle atw=1

f(2) Now we enlist the following Distortion Results due to
. . zf'(2) . [4].
with radius 1~ so we haveRe{ f(2) } >Bthatisthe | oy 2.1.(Sekine and Owad]) A function f(z) € Ais
starlike of ordeiS. in HE(n, ®), then
B n+1
Conversely, assume théfz) € HE(n, b, ). Then 12 - n+1— B|Z| <[1(2)
1-
_ e (20)
ARCANIN ES S8 g € DA0O (g, A +1-B
Re{ f(2) } - e Z— Y1 €k Dologo(k-1)g 7 Remark 2.1. The right-hand equality is true for the
function
> B, VzeD.
_ 1-
Choose the values afon half line,z= re 1292 such that f(2) = [z — Mo ——— n+1-p 2™ (21
(0<r<1).

for (z=re1(@92+2pm < 1)
and the left-hand equality is true for the function

Re 7 Ek k 1)¢logp(k—1) kaka ]__B
z- zk:n+le<k Dologn(k—1)g 7 f@ =2 -eWaen g™, (22)
15 nakad for (z=re 1392 r < 1).
=T <5 (> B (18) ’
— 2k=nt+1% Lemma 2.2.(Sekine and Owad]) A functiong(2) € Ais

n Kg(n, @), then
Since numerator and denominator on the right hand S|de

of (18) are non-negative therefore the Inequality becomes, , 1-p ML
R e e e AR ]
- kakzk>B<1— akzk) < 18 oa ;
k:;Jrl k:;Jrl <2+ (n+ 1)(n+1—[3)|z| (23)
(@© 2018 NSP
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Remark 2.2. The right-hand equality is true for the Example 3.1.1f f(z) € A§(1, g,—l), then we have the

function following function and its graph in figurd],
_ 1-B
_ __ A(n)glog(n) n+1
for (z=re 1(@92+2pm < 1) f(2) =z S dk-nTnk-y__ L1 &
and the left-hand equality is true for the function, ng k2(k—1)
_ - 2 ol-Ltim2) _ g(~1+3im/4)
0@ =z e 1P sy =TT 7
(n+1)(n+1-p) 4(—1+im) 5(~1+5im/4) 6(-1+3m2)
for (z=re1a9? 1 < 1), T 725 Y73 T a9 ¢
o 7(=1+7im/4) 8(7l+2i7'[)
We now show the examples followed by its images of _ A 2. (28)
|zl <1 by the approximate expressions using complex 64 81

tool [8]. In view of these figures, we can image that the
functions in Examples 3.1 and 3.2 of starlike functions
and the functions in Examples 3.3 and 3.4 of convex
functions.

Remark 2.3.We note that in cask — o the coefficient

of X — 0 so, the higher powers of the function does not
effect the graphs of (2).

3 Examples

Let HB*(n, @,h) denote the subclass &{n, ¢) consisting
of the form

\ A SR

R
] B
() —z- y dlk-Dombla X n=h), (26) \‘&5”
k=n+1

where

a2
e — (1-p)

(k+h=B)(k+1+h—-pB)(k—pB)
and let KB(n, @,h) denote the subclass oA(n, ) _ Ty
consisting of the form Fig. 1: Image of|z < 1 by f(2) = 2 5, S g2

,(0<B <Y,

—7_ i(k—1)glogy(k—1) >
9(2) =2 k:nHe' benzt (), (27) Example 3.2.1f f(z) € A}%(1, E,—l), then we obtain a
function and its graph in figure?],
where ( 2
1-B
bkh = (0< B <.
= K h— Bkt 1+h-Bk— Bk =P =
, T
Now to step in to our examples and graphs we need; ) _ ,_ Jkbgloatk-y 1
to state two theorems due to (Sekine, Owa and Yamakawa & k2(k—1)
[L5])- i o N » L f B e(in/2)|og(2)23_ e(3in/4)log(3)z4
emma 3.1.If f(z) € E(n, @,h), thenf(z) € ﬁ(n,(p). 2 18 18
Lemma 3.2.If g(2) € Kg(n, @,h), theng(z) € Kg(n, ). elimlog(4) (5im/4)log(5) e3m/2)l0g(6)
- - - z
Note: Forg = 0, these theorems were proved by (Sekine _100 1.80 343
(7itt/4)log(7) (2im)log(8)
and Yamanakar]). _ € A€ S (29)
448 648 o
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Example 3.4.If f(z) € K39(1, g,—l), then we have the
following function and graph in figure],

i T 1
f(Z) — 7 e|(I<—1)Zlog(k—1)
kZz k3(k—1)
2 glin/2)log(2) g(—3im/4)log(3)
I TV TP
glimlog(4) (5im/4)log(5) gl3im/2)loy(6) e
500 1080 2058
el7inm/4)loy(7) el2imlog(8)
- - — (31)
3584 5832
Fig. 2: Image of|Z < 1 by f(2) =z— 5§, %z“
Example 3.3.1f f(z) € Kj(1, 7—T,—1), then we obtain a
function and its graph in figure],
i rr 1
f(2) = z— e|(kfl)zln(k71) Zk
@ kZZ k3(k—1)
(~1+im/2) (—143im/4)
S T 2
8 27 64
A(-1+im) 5(—1+5im/4) 6(-1+3im/2)
- - z ) Tloglk.
125 216 343 Fig. 4: Image ofizl < 1by f(2) = 2 57, @ ia "
7(—1+7|n/4) 8(—1+2|n)
- 2 =9 2., (30)
Further we estimate the function iHﬁ(n, Q). Let
f(z) e H3 (1, g) then by Lemma (2.1), we have
1 1
2 -512°<If@| <2+ 5l2° (32)
The right-hand equality is true for the function,
f(2) =z— Ezz, on the half linez = re~1(@92)+2p1)
2v2 -
—i
Also the Left-hand equality holds fdr(z) = z— =—27° on
| quality (2) NG
the half linez= re-129 see figure ).
By letting|z]— 1, we haveé <|f(z)| < 5 see figure®].
Now to estimate the function ihg(n, @,h). Letg(z) €
K¢ (1, g), we use Lemma (2.2) and get
1 1
|2 - Z12% < l9(2)] < |2+ 7|2 (33)
4 4
The right-hand equality is true for the functiagiz) = z—
Fig. 3: Image of|z < 1 by f(2) =z— 55, %zk b22, on the half linez = re 1(@92+2p7) see figure 7).

NG
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Fig. 6: Image of|z = 1 by f(z) = z— 21—:}222' 3zand3z Fig. 8: Image of|zl < 1 byg(z) = z— %zz, 3zand3z

: 1-i
Also the Left-hand equality holds fog(z) = z— 4—\/522 if we put b=e or b=n # 1 in the function
f(z) € Ag(n,(p, h), then we find the function in complex

powers,a® = efina — genfa+iarga) \We noted thatc is

complex in general, sef'" @l is not necessarily real.

on the half linez= re"'@92 and by letting|z— 1 we
3 5 .
have,Z <lg(z)] < 2 see figure §].

4 Conclusion Conflict of Interest: The authors declare that there is no
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