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Abstract: In this paper, we introduce and investigate two subclassesH∗
β (n,b,φ) andKβ (n,b,φ) of analytic functions with negative

coefficients of orderβ in the unit diskD. Silverman [6] determined certain coefficient inequalities and distortion theorems for univalent
functions with negative coefficients that are starlikeS(α), and convexK(α) of orderα respectively. We also obtain the same coefficient
inequalities and distortion theorem for such univalent functions with negative coefficients. We point out that the coefficient estimates
up toz9 are enough to get the graphs of starlike and convex functions. Here in the sequel we give some examples, estimation and the
graphical representation of such univalent functions by using the complex tool [8].
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1 Introduction

Let A denotes the class of univalent and analytic functions
in the unit disk,D= {z∈C : |z|< 1} which have the form:

f (z) = z+
∞

∑
k=n+2

akzk, (n ∈ N = {1,2,3, ...}) (1)

We also consider the analytic functions which is the
subclass ofA and its coefficients are real negative.

Let A(n) denotes the subclass ofA of the form:

f (z) = z−
∞

∑
k=n+1

akzk, (n ∈ N,ak ≥ 0). (2)

A set S in the complex plane is said to be starlike if the
linear segment joiningwo = 0 to every other pointw ∈ S

lies insideD. Mathematical condition is given in equation
(3).
Theorem 1.1.(Kobori [1]) A function f (z) ∈ A is in S∗ if
and only if:

Re

{

z f ′(z)
f (z)

}

> 0, (z ∈ D). (3)

A setS in the complex plane is said to be convex if the
line segment joining any two points inS lies entirely inD.
Mathematical condition is given in equation (4).

Theorem 1.2.(Kobori [1]) A function f (z) ∈ A is in K if
and only if:

Re

{

1+
z f ′′(z)
f ′(z)

}

> 0, (z ∈ D). (4)

It is well known thatf ∈ K if and only if z f ′(z) ∈ S∗.

Robertson [2] defined the subclassesS∗(α) andK(α)
of A if the function f (z) respectively satisfies the
conditions,

Re

{

z f ′(z)
f (z)

}

> α (5)

for someα (0≤ α < 1), and for allz ∈ D. The subclass of
A consisting of all starlike functions of orderα is denoted
by S∗(α). And if the functionf (z) satisfies the condition,

Re

{

1+
z f ′′(z)
f ′(z)

}

> α (6)
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for someα (0≤ α < 1), for all z ∈ D. The subclass ofA
consisting of all convex functions of orderα is denoted by
K(α).

Let H(n) andK(n) represents the subclass ofA(n) in
equation (2) including the functions which are univalent in
the unit diskD. MoreoverHα(n) the subclass ofA(n) is
called to be starlike of orderα (0≤ α < 1) if and only if
it satisfies the following condition,

Re

{

z f ′(z)
f (z)

}

> α, (z ∈ D) (7)

andkα(n) the subclass ofA(n) is called to be convex of
orderα (0≤ α < 1) if and only if,

Re

{

1+
z f ′′(z)
f ′(z)

}

> α , (z ∈ D). (8)

Theorem 1.3.(Chatterjea [3]) A function f (z) in A(n) also
exists inTα(n) if and only if,

f (z) = z−
∞

∑
k=n+1

(k−α)ak ≤ 1−α (9)

for some(0≤ α < 1), and for allz ∈ D.

Theorem 1.4.(Chatterjea [3]) A function f (z) in A(n) also
exists inkα(n) if and only if,

f (z) = z−
∞

∑
k=n+1

k(k−α)ak ≤ 1−α (10)

for some(0≤ α < 1), and for allz ∈ D.

Sekine and Owa [4] introduced the subclassA(n,θ ) of
A which is of the form (2) and the subclassT ∗(n,θ ) and
kα(n,θ ) of A(n,θ ) as stated below.

f (z) = z−
∞

∑
k=n+1

ei(k−1)θ akzk (11)

where(n ∈ N = {1,2,3, ...},ak ≥ 0).

They studied and noted thatA(1,0) = A(1) implies that
A(1,0) is a class of analytic functions with negative
functions. It was also noted thatT ∗(n,θ ) andKα(n,θ ) the
sub classes ofA(n,θ ) of starlike and convex functions of
orderα in D, respectively.

Furthermore, Sekine, Owa and Yamakawa [5] used
the assertion (11) and found several examples of such
univalent functions with its illustrated images as starlike
and convex functions. They also determined the
estimation of those univalent functions.

The main motivation of the paper is to give more
examples of starlike and convex functions with its image
illustrations.

Let H∗
β (n,θ ) and Kβ (n,θ ) be the sub classes of

A(n,θ ) of starlike and convex functions of orderβ in D

respectively. Therefore we state two theorems due to
Silverman.

Theorem 1.5.(Silverman [6]) A function f (z) in A(n,θ )
is in H∗

β (n,θ ) if and only if:

f (z) =
∞

∑
k=n+1

(k−β )ak ≤ 1−β . (12)

Theorem 1.6.(Silverman [6]) A function f (z) in A(n,θ )
is in Kβ (n,θ ) if and only if:

f (z) =
∞

∑
k=n+1

k(k−β )ak ≤ 1−β . (13)

Let A(n,φ) denote the subclass ofA consisting of the
functions in the form of,

f (z) = z−
∞

∑
k=n+1

(

ei(k−1)φ log(k−1)
)

akzk (14)

for all φ ∈ {φ +2pπ , p = 1,2,3, ...}.

Remark 1.1.We find thatA(n,φ) = A(1,0) = A(1) that is
the subclass of analytic functions with negative
coefficients as in (2). Particularly if n = 1 we get the
subclass of [4] that isA(n,θ ) in the form of (11).

Remark 1.2. Let the extended form of equation (14) is
given in (15) whereb is the general base from common
logarithm, sayA(n,b,φ) denote the subclass ofA and the
subclass ofH∗

β (n,b,φ) andKβ (n,b,φ) of A(n,b,φ) in the
form of,

f (z) = z−
∞

∑
k=n+1

(

ei(k−1)φ logb(k−1)
)

akzk (15)

for all φ ∈ {φ + 2pπ , p = 1,2,3, ...} and
(b ∈ R > 0,b 6= 1).

Remark 1.3. We note several interesting results that
A(n,b,0) = A(n) that is the subclass of analytic functions
with negative coefficients as in example (3.2), and if the
base,b = n 6= 1 we get the subclass of [4] that is A(n,θ )
in (11).

We denote by H∗
β (n,b,φ) and Kβ (n,b,φ) the

subclasses ofA(n,b,φ) that are, respectively starlike of
orderβ and convex of orderβ . Hence,

H∗
β (n,b,φ) = A(n,φ)∩S∗(β ),

Kβ (n,b,φ) = A(n,φ)∩K(β ).

So,H∗
β (1,b,0)∼ H∗

β (1,0) andKβ (1,b,0)∼ Kβ (1,0).

We note that f (z) ∈ Kβ (n,b,φ) if and only if
z f ′(z) ∈ H∗

β (n,b,φ) for someβ (0≤ β < 1).
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2 Main Results

Theorem 2.1.A function f (z) in A(n,φ) is in H∗
β (n,b,φ)

if and only if:

∞

∑
k=n+1

(k−β )ak ≤ 1−β . (16)

Proof. By Theorem (1.3), if a functionf (z) ∈ A(n,φ)
then the coefficient inequality in (16) holds and let
|z|= 1. Therefore, we need to show that,
∣

∣

∣

∣

z f ′(z)
f (z)

−1

∣

∣

∣

∣

≤ 1−β .

∣

∣

∣

∣

z f ′(z)
f (z)

−1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑∞
k=n+1 ei(k−1)φ logb(k−1)akzk−1

1−
∞

∑
k=n+1

ei(k−1)φ logb(k−1)akzk−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ ∑∞
k=n+1(k−1)ak

∣

∣zk−1
∣

∣

1−∑∞
k=n+1 ak |zk−1|

<
∑∞

k=n+1(k−1)ak

1−∑∞
k=n+1 ak

≤ 1−β . (17)

Since the values of

∣

∣

∣

∣

z f ′(z)
f (z)

∣

∣

∣

∣

lie in a circle atw = 1

with radius 1−β so we have,Re

{

z f ′(z)
f (z)

}

>β that is the

starlike of orderβ .

Conversely, assume thatf (z) ∈ H∗
β (n,b,φ). Then

Re

{

z f ′(z)
f (z)

}

= Re

{

z−∑∞
k=n+1ei(k−1)φ logb(k−1)kakzk

z−∑∞
k=n+1ei(k−1)φ logb(k−1)akzk

}

> β , ∀ z ∈ D.

Choose the values ofz on half line,z = re−iarg(z) such that
(0≤ r < 1).

Re

{

z−∑∞
k=n+1 ei(k−1)φ logb(k−1)kakzk

z−∑∞
k=n+1 ei(k−1)φ logb(k−1)akzk

}

=

{

1−∑∞
k=n+1 kakzk

1−∑∞
k=n+1akzk

}

> β (18)

Since numerator and denominator on the right hand side
of (18) are non-negative therefore the Inequality becomes,

1−
∞

∑
k=n+1

kakzk >β

(

1−
∞

∑
k=n+1

akzk

)

Let r −→ 1 through the real values ofz = re−iarg(z);
(0≤ r < 1) in above, we get,

1−
∞

∑
k=n+1

kak > β

(

1−
∞

∑
k=n+1

ak

)

after simplification we get,

∞

∑
k=n+1

(k−β )ak ≤ 1−β

and hence the theorem is complete. �

Theorem 2.2.A function f (z) ∈ A(n,φ) is in kβ (n,b,φ) if
and only if:

∞

∑
k=n+1

k(k−β )ak ≤ 1−β . (19)

Proof. As We noted earlier in our discussion thatf (z) ∈
Kβ (n,b,φ) if and only if z f ′(z) ∈ H∗

β (n,b,φ) for someβ
(0≤ β < 1). As with simple calculations we see that,

z f ′(z) = z−
∞

∑
k=n+1

ei(k−1)φ logb(k−1)kakzk

By replacingkak = ak in Theorem (2.1) we get the proof of
Theorem (2.2). �

Now we enlist the following Distortion Results due to
[4].
Lemma 2.1.(Sekine and Owa [4]) A function f (z) ∈ A is
in H∗

β (n,φ), then

|z|− 1−β
n+1−β

|z|n+1 ≤ | f (z)|

≤ |z|+ 1−β
n+1−β

|z|n+1 (20)

Remark 2.1. The right-hand equality is true for the
function

f (z) = |z|− ei(n)φ log(n) 1−β
n+1−β

|z|n+1, (21)

for (z = re−i(arg(z)+2pπ), r < 1)
and the left-hand equality is true for the function

f (z) = |z|− ei(n)φ log(n) 1−β
n+1−β

|z|n+1, (22)

for (z = re−iarg(z), r < 1).
Lemma 2.2.(Sekine and Owa [4]) A function g(z) ∈ A is
in Kβ (n,φ), then

|z|− 1−β
(n+1)(n+1−β )

|z|n+1 ≤ |g(z)|

≤ |z|+ 1−β
(n+1)(n+1−β )

|z|n+1 (23)
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Remark 2.2. The right-hand equality is true for the
function

g(z) = |z|− ei(n)φ log(n) 1−β
(n+1)(n+1−β )

|z|n+1, (24)

for (z = re−i(arg(z)+2pπ), r < 1)
and the left-hand equality is true for the function,

g(z) = |z|− ei(n)φ log(n) 1−β
(n+1)(n+1−β )

|z|n+1, (25)

for (z = re−iarg(z), r < 1).

We now show the examples followed by its images of
|z|≦ 1 by the approximate expressions using complex
tool [8]. In view of these figures, we can image that the
functions in Examples 3.1 and 3.2 of starlike functions
and the functions in Examples 3.3 and 3.4 of convex
functions.

Remark 2.3.We note that in casek −→ ∞ the coefficient
of zk −→ 0 so, the higher powers of the function does not
effect the graphs off (z).

3 Examples

Let Hb∗
β (n,φ ,h) denote the subclass ofA(n,φ) consisting

of the form

f (z) = z−
∞

∑
k=n+1

ei(k−1)φ logb(k−1)ak,hzk (n ≧ h), (26)

where

ak,h =
(1−β )2

(k+ h−β )(k+1+ h−β )(k−β )
; (0 ≤ β ≤ 1),

and let Kb
β (n,φ ,h) denote the subclass ofA(n,φ)

consisting of the form

g(z) = z−
∞

∑
k=n+1

ei(k−1)φ logb(k−1)bk,hzk (n ≧ h), (27)

where

bk,h =
(1−β )2

(k+ h−β )(k+1+ h−β )(k−β )k
; (0≤ β ≤ 1).

Now to step in to our examples and graphs we need
to state two theorems due to (Sekine, Owa and Yamakawa
[5]).

Lemma 3.1.If f (z) ∈ Ab
β (n,φ ,h), then f (z) ∈ H∗

β (n,φ).

Lemma 3.2.If g(z) ∈ Kb
β (n,φ ,h), theng(z) ∈ Kβ (n,φ).

Note: Forφ = 0, these theorems were proved by (Sekine
and Yamanaka [7]).

Example 3.1. If f (z) ∈ Ae
0(1,

π
4
,−1), then we have the

following function and its graph in figure [1],

f (z) = z−
∞

∑
k=2

ei(k−1) π
4 ln(k−1) 1

k2(k−1)
zk

= z− z2

4
− 2(−1+iπ/2)

9
z3− 3(−1+3iπ/4)

16
z4

− 4(−1+iπ)

25
z5− 5(−1+5iπ/4)

36
z6− 6(−1+3ιπ/2)

49
z7

− 7(−1+7iπ/4)

64
z8− 8(−1+2iπ)

81
z9− ..., (28)

Fig. 1: Image of|z|≦ 1 by f (z) = z−∑∞
k=2

ei(k−1) π
4 ln(k−1)

k2(k−1) zk

Example 3.2. If f (z) ∈ A10
0 (1,

π
4
,−1), then we obtain a

function and its graph in figure [2],

f (z) = z−
∞

∑
k=2

e
i(k−1)

π
4

log(k−1) 1
k2(k−1)

zk

= z− z2

4
− e(iπ/2)log(2)

18
z3− e(3iπ/4)log(3)

48
z4

− e(iπ)log(4)

100
z5− e(5iπ/4)log(5)

180
z6− e(3iπ/2)log(6)

343
z7

− e(7iπ/4)log(7)

448
z8− e(2iπ)log(8)

648
z9− ..., (29)
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Fig. 2: Image of|z|≦ 1 by f (z) = z−∑∞
k=2

ei(k−1) π
4 log(k−1)

k2(k−1) zk

Example 3.3. If f (z) ∈ Ke
0(1,

π
4
,−1), then we obtain a

function and its graph in figure [3],

f (z) = z−
∞

∑
k=2

ei(k−1) π
4 ln (k−1) 1

k3(k−1)
zk

= z− z2

8
− 2(−1+iπ/2)

27
z3− 3(−1+3iπ/4)

64
z4

− 4(−1+iπ)

125
z5− 5(−1+5iπ/4)

216
z6− 6(−1+3iπ/2)

343
z7

− 7(−1+7iπ/4)

512
z8− 8(−1+2iπ)

729
z9− ..., (30)

Fig. 3: Image of|z|≦ 1 by f (z) = z−∑∞
k=2

ei(k−1) π
4 ln(k−1)

k3(k−1) zk

Example 3.4.If f (z) ∈ K10
0 (1,

π
4
,−1), then we have the

following function and graph in figure [4],

f (z) = z−
∞

∑
k=2

ei(k−1) π
4 log(k−1) 1

k3(k−1)
zk

= z− z2

8
− e(iπ/2)log(2)

54
z3− e(−3iπ/4)log(3)

192
z4

− e(iπ)log(4)

500
z5− e(5iπ/4)log(5)

1080
z6− e(3iπ/2)log(6)

2058
z7

− e(7iπ/4)log(7)

3584
z8− e(2iπ)log(8)

5832
z9− ..., (31)

Fig. 4: Image of|z|≦ 1 by f (z) = z−∑∞
k=2

ei(k−1) π
4 log(k−1)

k3(k−1) zk

Further we estimate the function inH∗
β (n,φ). Let

f (z) ∈ H∗
0(1,

π
4
) then by Lemma (2.1), we have

|z|− 1
2
|z|2 6 | f (z)|6 |z|+ 1

2
|z|2 (32)

The right-hand equality is true for the function,

f (z) = z− 1− i

2
√

2
z2, on the half linez = re−i(arg(z)+2pπ).

Also the Left-hand equality holds forf (z) = z− 1− i

2
√

2
z2 on

the half linez = re−iarg(z) see figure [5].

By letting |z|−→ 1, we have
1
2
≤ | f (z)| ≤ 3

2
see figure [6].

Now to estimate the function inKb
β (n,φ ,h). Let g(z) ∈

K∗
0(1,

π
4
), we use Lemma (2.2) and get

|z|− 1
4
|z|2 6 |g(z)|6 |z|+ 1

4
|z|2 (33)

The right-hand equality is true for the function,g(z) = z−
1− i

4
√

2
z2, on the half linez = re−i(arg(z)+2pπ) see figure [7].

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


514 H. Rehman et al.: Graphing examples of starlike and convex...

Fig. 5: Image of|z|≦ 1 by f (z) = z− 1−i
2
√

2
z2

Fig. 6: Image of|z|≦ 1 by f (z) = z− 1−i
2
√

2
z2, 1

2z and 3
2z

Also the Left-hand equality holds for,g(z) = z− 1− i

4
√

2
z2

on the half linez = re−iarg(z) and by letting|z|−→ 1 we

have,
3
4
6 |g(z)|6 5

4
see figure [8].

4 Conclusion

In this paper we have introduced a new subclass of
univalent function which is starlike and convex in the
domain D. We offered several examples of it with its
image illustration as well. As for function of real
variables, we have defined general complex powers in
terms of the complex logarithm and the complex
exponential. It is evident from Examples 3.1 and 3.2 that

Fig. 7: Image of|z|≦ 1 by g(z) = z− 1−i
4
√

2
z2

Fig. 8: Image of|z|≦ 1 by g(z) = z− 1−i
4
√

2
z2, 3

4z and 5
4z

if we put b = e or b = n 6= 1 in the function
f (z) ∈ Ab

β (n,φ ,h), then we find the function in complex

powers,ac = ec lna = ec ln |a|+iarg(a). We noted thatc is

complex in general, soec ln |a| is not necessarily real.
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