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Abstract: The electromagnetic field coupled to a nonlinear medium of having nonvanishing polarizations and magnetizations could be
modeled as a classical anharmonic oscillator with velocity- and position-dependent anharmonicities. The Hamiltonian corresponding
to the quantum anharmonic oscillator with velocity- and position-dependent anharmonicities is obtained from the knowledge of
its classical counterpart. Under rotating wave approximation, the solution of the oscillator with ¢ — dependent and p — dependent
anharmonicities exhibit the shifts of the resonance peak frequency. Interestingly, the shifts of the resonance peak of the oscillator due to
the ¢ — dependent anharmonicity is opposite to those of the corresponding shifts due to the p — dependent anharmonicity. Therefore,
the shifts of the resonance peak frequency asserts the presence of particular anharmonicity as well (i.e p— or g —type)
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1 Introduction

The model of a simple harmonic oscillator (SHO) arises
when a particle moves under the action of a restoring
force. The SHO model is an ideal one and is extremely
useful for the explanation of basic physics. However, for
real physical systems, the inclusion of damping and or
anharmonicities are inevitable. In the present
investigation, we neglect the damping altogether. By
anharmonic oscillator, we normally mean the presence of
q — dependent (q is the position coordinate of the
oscillator) anharmonicity. Because of the wide range of
applications and of the fundamental nature of the
problem, the problems of anharmonic oscillator have
attracted people from various branches of physics [1-8].
In addition to the ¢ — dependent anharmonicity, we often
encounter the p — dependent (p is the velocity of the
oscillator with rest mass unity) anharmonic contribution
due to the relativistic correction of the kinetic energy term
[9-11]. Now, the Hamiltonian of a classical oscillator with
unit mass and unit frequency with ¢ — dependent and
p — dependent anharmonicities is given by
»

2
q 2] 2m
H=—+"——k A 1
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where k; and A; are small positive constants. Of course,
the Hamiltonian (1) is extremely simple in structure since
we neglect the coupling between k; and A, if any. Note
that / > 2 and m > 2 are integers. For 1 = 0 (k; = 0), the
equation (1) corresponds the Hamiltonian of an / (m) —th
anharmonic  oscillator ~ with  p(q) — dependent
anharmonicity. Now, the quantum mechanical counterpart
of the Hamiltonian (1) is obtained by the replacement of
the classically conjugate position ¢(#) and momentum
p(t) by their corresponding operators. During the passage
from classical anharmonic oscillator governed by the
Hamiltonian (1) to the corresponding quantum
mechanical oscillator, the fundamental equal time
commutation relation between the position and
momentum operators should be respected. Depending
upon the problems of interests, we solve the quantum
anharmonic oscillator in two different formalism. In
Schrodinger formalism (SF), the time development of the
eigenfunction and hence the energy eigenvalues are
obtained. On the other hand, the Heisenberg formalism
(HF) gives rise to the time development of the operators.
Most of the problems involving quantum anharmonic
oscillators are solved under SF. However, the quantum
anharmonic oscillator under HF still unexplored to its full
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potential. To our knowledge, there are no investigations
till to date involving the quantum anharmonic oscillator
with two different types of anharmonicities. From the
fundamental and from the practical point of views, we
would like to investigate the analytical solutions to the
quantum oscillator with g— and p — dependent
anharmonicities. These are quite relevant since a huge
number of problem leads to the model of anharmonic
oscillators with p — dependent and/or q — dependent
anharmonicities. Therefore, before we go for the solution,
we would like to give few physical situations where these
types of anharmonicities will come into picture.

2 The physical model

The electromagnetic field E interacting with a nonlinear
medium produces polarization P

P=yE+yPEE+ yPEEE+ ... +...... )

where ) () is the i — th order susceptibility tensor and is
positive. The first term in the right hand side of the
equation (2) corresponds the linear polarization. The
remaining terms are responsible for the nonlinear part of
the polarization. For inversion symmetric medium, the
susceptibilities of even order would vanish. Hence, the
leading contribution to the nonlinear polarization for an
inversion symmetric medium comes from the third order
nonlinear susceptibility 1(3). The rough estimates show
that the ratio of the magnitudes of two successive orders
of nonlinear susceptibilities are x( /¥ (~1) ~ 10~® where
i > 2. Therefore, the values of the susceptibility tensors
decrease rapidly with the increase of the orders.
Consequently, the terms corresponding to the nonlinear
polarizations do not contribute significantly unless the
field strength is quite high. Now, the energy density

follows as [12]
1
H;=—ED 3)
8
where the displacement vector D = E +47zP. In a similar
way, the magnetization (M) in a material medium due to

the magnetic induction B is given by [13]

M=\ H+ yPHH + ¢ VHHH + . .. @

where x,(,,i) stands for the magnetic susceptibility of i —th

order. x,(,,l) correspond the linear magnetic susceptibility
term. The rest of the contributions come from the
nonlinear magnetic susceptibility. Again, for inversion
symmetric medium the even order of the nonlinear
magnetic susceptibilities would vanish. The first
nonlinear contribution to the magnetic susceptibilities is a
third order one for paramagnetic substances. As a matter
of fact it is envisaged that the third order magnetic
susceptibility is an ideal test of the quadrupolar Kondo
effect in UBe3 [14]. However, for higher order of the

magnetic susceptibilities are possible in a spin glass. In
other words, it is possible to select a particular type of
nonlinearity by the proper choice of the medium. Now,
the energy density due to the magnetic induction in the
magnetic material medium follows as [12]

1
H,=—BH (5)
81
where, H = B —47M. Therefore, the total electromagnetic
field energy is given by

1 1
Hip = —/(E.E.+B.B)d3x+—/(E.P.7B.M)d3x
8t )y 2./, ©

In the entire investigation of the present problem, we
assume the field as monochromatic in nature. Two
integrals in the right hand side correspond free field and
interaction parts of the Hamiltonian respectively. Now, to
calculate the Hamiltonian (6), we require the microscopic
Maxwell equations without source [12]

VE =0

VB =0

VxE— _19B (7
¢ ot

VxB=12

o

> dt

where B=V x A and E = —V¢ — %%—’t‘ The vector
potential A obeys the wave equation

1 0%A

VPA— =5 =0 8

c2 or? ®)
and the Coulomb gauze condition V.A = 0. Again, the
scalar potential ¢ = 0. Now, the solution of the wave
equation (8) follows as

A(r,t) = Agexpi(k.r — wr) )

where Ag and k are in general complex constant vectors
with |k|c = @. Therefore, the fields E and B are

E(r,t) = ilk|Agexpi(k.r — t)
r7

B(r,1) = i(Ag x k) expi(k.r — or) (10)

where n = ﬁ is the unit propagation vector. Now, we
rewrite the equations (10) in the following forms

E(r,1) = iAo|k|q(?) expik.r a1
B(r,t) = £(Ag xn)p(t)expik.r
where ¢ = p and p = —w?q. By using the normalization

condition [ |Agexp(ik.r)|?|k|?d’x = 4m, we obtain the
free field part of the Hamiltonian (6)

1
Hfree = E(wzqz‘f'l’z) (12)

It is clear that Hp.. coincides exactly with the
Hamiltonian (1) when k&; = 0 =A4; and w = 1. It is
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evidently clear that the variables ¢ and p are proportional
to electric and magnetic fields respectively and are
canonically conjugate. Now, it is possible to calculate the
interaction part of the Hamiltonian (6) by using equations
(11). After performing the algebraic calculations, we
obtain the exact coincidence between the Hamiltonian’s
(1) and (6) where k; and A; are proportional to meFI)
and ¥ @1 respectively. Of course, in these calculations
we assume that the particular order of nonlinear magnetic
and electric susceptibilities are invoked through the
nonlinear interaction. Therefore, it is clear that the
anharmonic oscillators with ¢— and p — dependent
anharmonicities are obtained through the nonlinear
interactions between the electromagnetic field and
material medium. If the medium is nonmagnetic in
nature, the corresponding nonlinear oscillator contains the
q — dependent anharmonicity alone. Again, the
p — dependent anharmonicity arises when the medium is
highly magnetic in nature where the magnetic interaction
dominates over the electric interaction. In addition to
these, the particle executing anharmonic vibration with
very high velocity gives rise to the model of an
anharmonic oscillator with ¢g— and p — dependent
anharmonicity.

3 Quantum Oscillator with velocity and position
dependent anharmonicity

In earlier section, we have given the examples of physical
problems where the model Hamiltonian (1) could be
realized. Of course, we have talked so far about the
classical anharmonic oscillator with two different types of
anharmonicities. To obtain the quantum mechanical
counterpart of the Hamiltonian (1), we replace the
classical canonical position (¢) and momentum (p) by
their equivalent operators and we impose the following
equal time commutation relation [15-16]

[4(1), p(1)] = 14(0), p(0)] = i (13)

where i = 1. In order to differentiate between the
¢ —numbers and the operators, we use the caret for the
operators. Assuming the relation (13) is valid, we define
the wusual relations connecting the position and
momentum operators with those of the dimensionless
annihilation (@) and creation (a") operators

(q(r) +ip(2))

ISH

1
.
& = (a0 - ip(r)) 4
Therefore, we have
@(I):\/‘( a()+a'( )
plt) = = (a() —a' (1) ()

It is clear that the annihilation operator 4 and creation
operator @' obey the following commutation relation

[a(r), a" (1)) =1 (16)

Now, the Hamiltonian corresponding to the quantum
mechanical counterpart of the Hamiltonian (1) follows
immediately

H=ata— (a+a")™ A

L2 A
(a - aT) +om om
where the equations (14) and (15) are used. In equation
(17), we neglect the zero point energy term since it is
irrelevant for the further development of the present
investigation. We observe that we are unable to solve the
Hamiltonian (17) as it stands and hence the closed form
analytical solutions for the field operators d(¢) and @' (¢)
are unreachable. Before we go further, we put
annlhllatlon @ and creation a¥ operators involving qu( t)
and p?(t) in the normal ordered forms. The meaning of
the normal order is to put all the creation operators a' left
to those of the annihilation operators a. Therefore, the
normal ordered form of §>"(¢) and p? (t) are

g @r ) ZmC
r=1

l (18)
y (2r l) 210y, P2 ()

P =)+ )

P = () s +

where the notation :: stands for the normal ordered form,
the binomial coefficient *C, (x%'),}, and

(2r — ! = (2r — 1)(2r — 3)....3.1. For example, §*(1)
assumes the following normal ordered form

(t): +3:4%(r) : 43 (19)

4 vl
t)=:
q'(t)=:4 )

where first one of the equation (18) is used. Therefore, the
normal ordered forms (18) involving annihilation and
creation operators are useful for the purpose of the
calculation of the expectation values of those operators.
For example, in terms of the number state basis, the
expectation value of ¢*(z) is given by

(nlg*(n)ln) = (n| 1 g*(1) : +3

52(7) - 4.3
(1) : +5ln)
%(211 +2n+1) ) (20)

where a'a|n) = njn) and (m|n) = §,, are used. On
expansion of : §*(¢) :, we have five terms involving @ and
4. However, it is the middle term which contributes in
(20) and the remaining four terms do not contribute.
Similarly, the middle term of the expansion of : §*(¢) :
contribute in equation (20). Interestingly, these middle
terms conserve the photon number and hence the energy.
Therefore, the middle term of the operator : §*"(t) :

2m Tm am . .
w is the energy conserving term. After
neglecting the energy nonconserving terms, the explicit

normal ordered form of §*"(¢) is given by

m
#0) = e (reuaman s £ oronenes,
r=1
% ZmC,nfrClATmirdmir}
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In spite of the complicated nature of the analytical
expressions (17) and (18), it is possible to adopt an
approximate method to obtain the analytical solution to
the Hamiltonian (17). However, it is our purpose to
explore the analytical solution of the oscillator by
neglecting the non-conserving energy terms. In order to
obtain an exact analytical solution to the above
Hamiltonian (17), we use the rotating wave
approximation (RWA). The idea behind the RWA is to
remove the fast rotating terms from the Hamiltonian (17).
Removal of the fast rotating terms also ensure the
conservation of the total energy. Under the RWA, the
Hamiltonian (17) reduces to

1

- 3 X -GG xat 22)
m

+ %le Z (2’,.7 1)”2mC2r % 2an1,rt/l\Tn17raAm7r

ki ><{l-3-5-(7[?-1-5-!----(2171)} and

where k =
2 = A x{1:3:5:7-9--(2m—1)}
(m—1)!
and are called the anharmonic constants for
p —dependent and g — dependent anharmonic oscillators
respectively. The last two terms under summation signs
appear due to the ordering of the field operators in normal
form. These terms are proportional to k; and A4
respectively. Upon dropping the terms under summation
signs, the Hamiltonian (22) reduces to the following form

are proportional to k; and A;

A
a+=ama" (23)
m

For [ = 0, the equation (23) corresponds the Hamiltonian
for a m — photon anharmonic oscillator [17-19].
Interestingly, this Hamiltonian is widely used to
investigate the squeezing, phase properties and other
nonclassical properties of the coherent light coupled to
the m — photon anharmonic oscillator [17-19]. By
analogy, for A = 0, the equation (23) corresponds the
Hamiltonian for a [ — photon anharmonic oscillator. Of
course, the nature of anharmonicities in these two cases
are completely different. Admittedly, under Schroedinger
formalism, Maduemezia [9-10] obtained the solution of
an oscillator with p — dependent anharmonicity.
However, under Heisenberg formalism, the solution of an
oscillator with p — dependent anharmonicity is yet to be
explored. In this way, the present investigation is a first
one which takes care both these p — dependent and
q — dependent anharmonicities. Now, the equation of
motion for the annihilation operator & corresponding to
the Hamiltonian (22) is given by

4= —i0a (24)

where the operator
O(t) = 1 —ka'~1a"=1 4+ 2a™m—1am!

l
8 X (- r)@r— )10y, x X e a1l
r=1

A m
+ 5% X (m—r)(2r—1)112"Cy,
X QmCr‘;],,dT'"*’*'d’”*’*'

o (25)
is constant of motion (i.e[H,0] = 0). The time
independent nature of the operator O(¢) = O(0) helps us
to find the exact solution to the differential equation

involving the annihilation operator 4 (24). The
corresponding solution is given by
a(r) = exp[—it0(0)])a(0) (26)

Obviously, the solution for the creation operator 4'
follows immediately by taking the Hermitian conjugate of
the equation (26)

a' (1) = a*(0) explit0(0)] (27)

The equations (26) and (27) could be used to establish
that the relation (16) is valid indeed. By using the
equations (14), the position and momentum operators are
easily calculated to obtain the solution of the quantum
oscillator governed by the Hamiltonian (23). Clearly, the
solutions (26), (27) along with the operators §(z) and p(t)
could be used to investigate the quantum statistical
properties of the radiation field coupled to a nonlinear
medium of having g¢g— and p — dependent
anharmonicities. Of course, these studies are altogether
different issues and we do not have any intention to
discuss here. Now, we rearrange the term a™mam in the
following convenient form

amam =a'aata—1)@'a-2)------ (@'a—m—1) (28)
where m > 1 is an integer. In terms of the number state

basis, we calculate the expectation values of the operator
~tm sm
ama

(nla™am|n) = n(n—1)(n—2)------ (n—m—1)
=n!/(n—m)!

where 7 is the eigenvalue of the number operator a'd
corresponding to the eigenstate (number state) |n). By
using the equations (14) and (26), the time evolution of
the position and momentum operators of the oscillator
under investigation may also be found. It is possible to
calculate the dipole moment matrix elements from the
knowledge of the position operator. The shifts of the
frequency of the oscillator may also be evaluated from the
knowledge of the dipole moment matrix elements. As a
matter of fact, the shift of the frequency of the oscillator
may also be obtained from the knowledge of the matrix
elements (n|d(¢)|n+ 1). Hence, we have

(29)

(nlat)ln+1) = vVn+ lexp(—itf) (30)
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where f may be identified as the shifted frequency and is
given by

f=o@n) -
=1—k{n!/(n—1=1)1} + A {n!/(n—m—1)'}

i
k 21 21 (I—=r)(2r—=1)!!n!
o Zl Cor x ZC1—y (n—l—r—1)!
=

A ow (m—r)(2r=1)!n!
+ 2_71‘ rgl ( (nf)ngfrfl))! 2mC2r X 2'”Cm7r
(3D
Clearly, we obtain the frequency of the unperturbed
oscillator (i.e f = 1) if we put k; = 0 = A;. It is obvious
that the shifts in the frequency of the oscillator occur due
to the presence of the p — dependent and q — dependent
anharmonicities. Interestingly, the shifts due to the
q — dependent anharmonicity are opposite in nature to
those of the shifts due to the p — dependent
anharmonicities. The reduction (increase) of the
frequency from the unperturbed oscillator corresponds the
predominant  presence of the g — dependent
(p — dependent) anharmonicity. These characteristics in
the frequency shifts could be utilized to determine the
presence of a particular type of nonlinearity.

4 Conclusion

We investigate the problem of an quantum anharmonic
oscillator with g— and p — dependent anharmonicities.
The problem is of fundamental in nature and occurs in
many branches of physics. By exploiting the matter-field
interaction, we establish the model of a quantum
anharmonic oscillator with two types of anharmonicities.
By using RWA, we solve the problem of the said quantum
anharmonic oscillator. It is true that we failed to solve the
problem in an exact way. Still, the present solution will be
of great help for investigating these unsolvable (at least
analytically) problems. In addition to the fundamental
academic interests, the present solution will find potential
applications in the investigation of the quantum statistical
properties of the radiation field coupled to a nonlinear
medium of having ¢g— and p — dependent
anharmonicities. We claim that the solutions of the
quantum oscillator with two different types of
anharmonicities are definitely fresh and interesting.
However, the present investigation involving the exact
solution of the quantum anharmonic oscillator is obtained
at the cost of the sacrifice of the nonconserving energy
terms in the original Hamiltonian (17).
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