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Abstract: In this paper we generalize the concept of congruences from left almost rings to near left almost rings. We show that from
every homomorphism, we can get a congruence relation on nearleft almost rings and then at the end we prove analogues of the
isomorphism theorems.
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1 Introduction

In 1972, Kazim and Naseeruddin [2] introduced braces on
the left of the equationxyz = zyx, and get a new pseudo
associative law, that is(xy)z = (zy)x. It is known as left
invertive law. A groupoid is called a left almost
semigroup, abbreviated as LA-semigroup, if it satisfies
the left invertive law. It corresponds to a semigroup and is
basically the generalization of a commutative semigroup.
In [4], LA-semigroup is also known as an
Abel-Grassmanns groupoid (AG-groupoid) after the name
of Abel-Grassmann. In 1993, Kamran [3] extended the
concept of LA-semigroups to left almost groups,
abbreviated as LA-groups. An LA-group corresponds to a
group. It is a non-associative structure and the
generalization of commutative groups. Let (S, ∗) be a
groupoid, then it is called a left almost group if it satisfies
(i), (ii) and (iii):

(i) Elements ofS must satisfy the left invertive law. That
is a ∗ (b ∗ c) = (c∗ b)∗ a ∀ a,b,c ∈ S.

(ii) There exists an elementf ∈ S ∋ f ∗ s = s ∀ s ∈ S. That
is left identity element exists inS.

(iii) ∀ d ∈ S ∃ d−1 ∈ S ∋ d ∗d−1 = d−1∗d = f . That is left
inverse of each element ofS exists inS.

In [3], the author proved some interesting and elegant
results about LA-groups. Particularly the author discussed
substructures of LA-groups and then quotient structures.
In 2006, Yusuf [9] extended the concept of an LA-group
to a non-associative structure called left almost ring,
abbreviated as LA-ring. LA-rings basically correspond to

rings. A left almost ring is a setR 6= /0 with the binary
operations “+” and “·” which satisfies the conditions (i),
(ii) and (iii):

(i) (R,+) is an LA-group,
(ii) (R, ·) is an LA-semigroup,
(iii) Distributive laws of multiplication over addition hold

in R, i.e. ∀ c, l, e ∈ R; c · (l + e) = c · l + c · e and
(c+ l) · e = c · e+ l · e.

Further different peoples in [[1], [5], [7],[8]] worked on
LA-rings and explored many interesting and useful
properties of LA-rings. In 2011, Shah, Rehman and Raees
[6] gave the notion of a near left almost ring, abbreviated
as nLA-ring which is basically the generalization of an
LA-ring. A set R 6= /0 with the binary operations of
addition (denoted by “+”) and multiplication (denoted by
“ ·”) is known as a near left almost ring (shortly
represented by nLA-ring) if and only if(R,+) is an
LA-group, (R, ·) is an LA-semigroup, Left distributive
law of multiplication over addition holds, i.e.
c · (d + e) = c · d + c · e for every c, d, e ∈ R. They
discussed many useful properties of nLA-rings. In
particular they discussed substructures and
homomorphism of nLA-rings and then proved well
known isomorphism theorems. In 2015, Hussain and
Khan [1] extended the concept of congruences from
semigroups to LA-rings. In this study we generalize the
concept of congruences from LA-rings to to nLA-rings.
We show that every homomorphism defines a congruence
relation on nLA-rings.
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2 Congruence Relations

In this section we discuss congruence relations on nLA-
rings. It is important to describe compatible relations in
order to describe congruence relations. The idea of this
portion has come from the paper [1] in which the authors
have done similar calculations for LA-rings.

Definition 2.1.Let ρ be a relation on a near left almost ring
(R,+, ·). Thenρ is said to be left compatible if∀ c, l, e ∈
R ∋ (c, l) ∈ ρ =⇒ (e+ c, e+ l) ∈ ρ and(e · c, e · l) ∈ ρ .
ρ is called right compatible if for allc, l, e ∈ R ∋ (c, l) ∈
ρ =⇒ (c+ e, l + e) ∈ ρ and(c · e, l · e) ∈ ρ . ρ is known
as compatible if forc, l, e, g ∈ R ∋ (c, l) ∈ ρ and(e, g) ∈
ρ =⇒ (c+ e, l+ g) ∈ ρ and(c · e, l ·g) ∈ ρ .

An equivalence relation which is left compatible as
well is called a left congruence relation and an
equivalence relation which is right compatible as well is
called a right congruence relation. An equivalence
relation which is compatible as well is known as a
congruence relation. Here we provide an example in order
to understand the above mentioned concept.

Example 2.2.Let R = {x, y, z, w, q} and define “+” and
“ ·” in the following tables:

+ x y z w q
x x y z w q
y q x y z w
z w q x y z
w z w q x y
q y z w q x

· x y z w q
x x x x x x
y x y z w q
z x w y q z
w x z q y w
q x q w z y

Then according to [6], (R,+, ·) is an nLA-ring. Now let
ρ = {(x,y) : x = y} be a relation onR, then one can easily
show thatρ is a congruence relation onR.

Let us present some properties. The following result is
important because it gives equivalent conditions for
congruence relations.

Theorem 2.3.Let (R,+, ·) be an nLA-ring andρ a relation
on R. Thenρ is a congruence relation if and only ifρ is
left as well as right congruence relation.

Proof. Let ρ be a congruence relation onR. We prove that
ρ is left as well as right congruence relation. Letc, x, e∈R
∋ (c, x) ∈ ρ , then(e+ c, e+ x) ∈ ρ and(e · c, e · x) ∈ ρ ,
as(e, e) ∈ ρ . Thus,ρ is left compatible. Hence,ρ is a left
congruence relation. Letc, x, e ∈ R such that(c, x) ∈ ρ ,
then(c+ e, x+ e) ∈ ρ and(c · e, x · e) ∈ ρ , as(e, e) ∈ ρ .
Thus,ρ is right compatible. Hence,ρ is a right congruence
relation.

On the other hand, supposeρ is both left and right
congruence relation. Letc1, c2, x1, x2 ∈ R such that

(c1, c2) ∈ ρ and(x1, x2) ∈ ρ . Then by left compatibility
we have

(c1+ x1, c1+ x2) ∈ ρ and(c1 · x1, c1 · x2) ∈ ρ .

Similarly by right compatibility we get

(c1+ x2, c2+ x2) ∈ ρ and(c1 · x2, c2 · x2) ∈ ρ .

Thus by transitivity it follows that(c1 + x1, c2 + x2) ∈ ρ
and(c1 ·x1, c2 ·x2) ∈ ρ . Henceρ is a congruence relation.

3 Homomorphism of Near Left Almost Rings

In this portion, we define homomorphism of nLA-rings
which is taken from [6]. At the end we prove a result
which says that every homomorphism defines a
congruence relation on nLA-rings.

Definition 3.1. Let (R,+, ·) and (S,⊕,◦) be two
nLA-rings. A mapφ : R → S is known as an nLA-ring
homomorphism or simply a homomorphism if for all
c,∈ R ∋

(c+ l)φ = (c)φ ⊕ (l)φ and(c · l)φ = (c)φ ◦ (l)φ .

It should be noted that

(i) A near left almost ring homomorphism is called a
monomorphism if it is one-one.

(ii) A near left almost ring homomorphism is called an
epimorphism if it is onto.

A near left almost ring homomorphism is called an
isomorphism if it is both one-one and onto.

The below mentioned result indicates that from every
nLA-ring homomorphism we may get a congruence
relation.

Theorem 3.1. Assume (R,+, ·) and (S,⊕,◦) are
nLA-rings. Letω : R → S be a homomorphism, then from
ω , we may get a congruence relationρ on R given by

(l1, l2) ∈ ρ if and only if (l1)ω = (l2)ω ,∀ l1, l2 ∈ R.

Proof. First we prove thatρ is an equivalence relation.
Reflexive:
As (l)ω = (l)ω for all l ∈ R, therefore by definition,

(l, l) ∈ ρ . Thus,ρ is reflexive.
Symmetric:
Choose l1, l2 ∈ R such that (l1, l2) ∈ ρ , then by

definition,(l1)ω = (l2)ω =⇒ (l2)ω = (l1)ω . Therefore
again by definition,(l2, l1) ∈ ρ . Thus,ρ is symmetric.

Transitive:
Choose l1, l2, l3 ∈ R such that (l1, l2) ∈ ρ and

(l2, l3) ∈ ρ . Then by definition, (l1)ω = (l2)ω and
(l2)ω = (l3)ω =⇒ (l1)ω = (l3)ω . Therefore again by
definition,(l1, l3) ∈ ρ . Thus,ρ is transitive.

We now prove thatρ is compatible.
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Compatibility:
Choose l1, l2, l3, l4 ∈ R such that (l1, l2) ∈ ρ and

(l3, l4) ∈ ρ . Then by definition, (l1)ω = (l2)ω and
(l3)ω = (l4)ω .

As
(l1+ l3)ω = (l1)ω ⊕ (l3)ω

(∵ ω is an nLA-ring homomorphism)

= (l2)ω ⊕ (l4)ω

= (l2+ l4)ω

(∵ ω is an nLA-ring homomorphism)

Thus by definition,(l1+ l3, l2+ l4) ∈ ρ .

In the same way as above

(l1 · l3)ω = (l1)ω ◦ (l3)ω

(∵ ω is an nLA-ring homomorphism)

= (l2)ω ◦ (l4)ω

= (l2 · l4)ω

(∵ ω is an nLA-ring homomorphism)

Thus, by definition,(l1 · l3, l2 · l4) ∈ ρ .

Now let R be an nLA-ring andρ a congruence
relation onR. We defineR/ρ = {lρ : l ∈ R}. In other
words, R/ρ is the set which consists of all congruence
classes corresponding to the elements ofR.

Let l1ρ , l2ρ be two congruence classes corresponding
to the elementsl1, l2 ∈R. Then the below binary operations
show thatR/ρ becomes an nLA-ring.

l1ρ + l2ρ = (l1+ l2)ρ and l1ρ · l2ρ = (l1 · l2)ρ .

We start by showing that the above binary operations are
well-defined.

Choose l1, l2, l3, l4 ∈ R such that l1ρ = l3ρ and
l2ρ = l4ρ , then obviously(l1, l3) ∈ ρ and (l2, l4) ∈ ρ
=⇒ (l1 + l2, l3 + l4) ∈ ρ and (l1 · l2, l3 · l4) ∈ ρ , asρ is
compatible. Thus (l1 + l2)ρ = (l3 + l4)ρ and
(l1 · l2)ρ = (l3 · l4)ρ .

We now show (R/ρ , +) is an LA-group.

(i) Closure property with respect to “+”

Follows from the above definition.

(ii) Left invertive law with respect to “+”

Let l1ρ , l2ρ , l3ρ ∈ R/ρ , then

(l1ρ + l2ρ)+ l3ρ

= (l1+ l2)ρ + l3ρ

= ((l1+ l2)+ l3))ρ

= ((l3+ l2)+ l1))ρ

= (l3+ l2)ρ + l1ρ

= (l3ρ + l2ρ)+ l1ρ .

(iii) Left additive identity

As the left additive identity 0∈ R =⇒ 0ρ ∈ R/ρ .
Now let lρ ∈ R/ρ , then 0ρ + lρ = (0+ l)ρ = lρ . It
follows that 0ρ is the left additive identity element of
R/ρ .

(iv) Left additive inverse

Let lρ ∈ R/ρ =⇒ l ∈ R =⇒ −l ∈ R, so it follows
that−lρ ∈ R/ρ .

Now
−lρ + lρ = (−l+ l)ρ = 0ρ .

Similarly
lρ − lρ = (l − l)ρ = 0ρ .

It follows that−lρ is the left additive inverse oflρ .

Hence (R/ρ , +) is an LA-group.

We now show that (R/ρ , ·) is an LA-semigroup. For
this

(v) Closure property with respect to “·”

Follows from the above definition.

(vi) Left invertive law with respect to “·”

Let l1ρ , l2ρ , l3ρ ∈ R/ρ , then

(l1ρ · l2ρ) · l3ρ

= (l1 · l2)ρ · l3ρ

= ((l1 · l2) · l3))ρ

= ((l3 · l2) · l1))ρ

= (l3 · l2)ρ · l1ρ
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= (l3ρ · l2ρ) · l1ρ .

ThusR/ρ satisfies the left invertible law with respect
to multiplication.

Hence (R/ρ , ·) is an LA-semigroup.

Further we prove

(vii) Left distributive law

Let l1ρ , l2ρ , l3ρ ∈ R/ρ , then

l1ρ · (l2ρ + l3ρ)

= l1ρ · (l2+ l3)ρ

= (l1 · (l2+ l3))ρ

= (l1 · l2+ l1 · l3)ρ

= (l1 · l2)ρ +(l1 · l3)ρ

= l1ρ · l2ρ + l1ρ · l3ρ .

Thus,R/ρ satisfies left distributive law. Hence,R/ρ is
an nLA-ring which is called quotient nLA-ring.

4 Analogues of the Isomorphism Theorems

In this portion, we state and prove the analogues of the
first, second and third isomorphism theorems for
nLA-rings. The equivalent of LA-rings is discussed in [1].

Theorem 4.1.(First Isomorphism Theorem)
Let (R,+, ·) be an nLA-ring andρ a congruence relation
on R, then R/ρ is an nLA-ring with respect to the
following operations of addition and multiplication:

s1ρ + s2ρ = (s1 + s2)ρ and s1ρ · s2ρ = (s1 · s2)ρ
for all s1ρ , s2ρ ∈ R/ρ .

The mappingρ# : R → R/ρ such that(s)ρ# = sρ for
everys ∈ R is an onto homomorphism. Letφ : R → S be a
homomorphism where(R,+, ·) and(S,⊕,◦) are two near
left almost rings. Then

Kerφ = {(s1,s2) ∈ R×R : (s1)φ = (s2)φ}

is a congruence relation onR and there is an nLA-ring
monomorphismα : R/Kerφ → S ∋ ranα = ranφ and the
diagram φ

R−→S
(kerφ)#↓ ր α

R/kerφ
commutes.

Proof. To establish the first portion of the theorem, we
follow it from the above discussion.Kerφ is a congruence

relation by Theorem 3.1. We now show thatρ# is an
epimorphism.

Let l1, l2 ∈ R, then

(l1+ l2)ρ# = (l1+ l2)ρ

= (l1)ρ +(l2)ρ

= (l1)ρ#+(l2)ρ#

and
(l1 · l2)ρ# = (l1 · l2)ρ

= (l1)ρ · (l2)ρ

= (l1)ρ# · (l2)ρ#.

Thus,ρ is a homomorphism. From the definition it is
obvious thatρ is onto. Now define

α : R/Kerφ → S by (sKerφ)α =(s)φ for all sKerφ ∈R/Kerφ .

Then α is well-defined and one-one. For this let
s1Kerφ ,s2Kerφ ∈ R/Kerφ such that

s1Kerφ = s2Kerφ ⇐⇒ (s1,s2)∈Kerφ ⇐⇒ (s1)φ =(s2)φ

⇐⇒ (s1Kerφ)α = (s2Kerφ)α.

Now let s1Kerφ ,s2Kerφ ∈ R/Kerφ , then

(s1Kerφ + s2Kerφ)α = [(s1+ s2)Kerφ ]α

= (s1+ s2)φ

= (s1)φ ⊕ (s2)φ

= (s1Kerφ)α ⊕ (s2Kerφ)α.
Also

(s1Kerφ · s2Kerφ)α = [(s1 · s2)Kerφ ]α

= (s1 · s2)φ

= (s1)φ ◦ (s2)φ

= (s1Kerφ)α ◦ (s2Kerφ)α.

Clearly ranα = ranφ . From the definition it is clear
that

(s)(Kerφ)#α = ((s)(Kerφ)#)α

= (sKerφ)α = (s)φ for all s ∈ R.

This completes the proof.

Theorem 4.2.(Second Isomorphism Theorem)
Assume that(R,+, ·) and (S,⊕,◦) are nLA-rings andρ
a congruence relation onR. If θ : R → S is an nLA-ring
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homomorphism withρ ⊆ Kerθ , then there is one and only
one an nLA-ring homomorphismψ : R/ρ → S ∋ ranθ =
ranψ and the diagram

θ
R −→ S

ρ# ↓ ր ψ
R/ρ

commutes.

Proof. Define a map ψ : R/ρ → S by
(rρ)ψ = (r)θ for all rρ ∈ R/ρ . Chooser1ρ , r2ρ ∈ R/ρ
such thatr1ρ = r2ρ , then obviously(r1, r2) ∈ ρ ⊆ Kerθ .
Thus (r1)θ = (r2)θ . It shows that the mapψ is
well-defined.

Now let l1ρ , l2ρ ∈ R/ρ , then

(l1ρ + l2ρ)ψ = ((l1+ l2)ρ)ψ

= (l1+ l2)θ

= (l1)θ ⊕ (l2)θ

= (l1ρ)ψ ⊕ (l2ρ)ψ

and
(l1ρ · l2ρ)ψ = ((l1 · l2)ρ)ψ

= (l1 · l2)θ

= (l1)θ ◦ (l2)θ

= (l1ρ)ψ ◦ (l2ρ)ψ .

Showing that ψ satisfies the conditions of the
homomorphism.

Now (r)ρ#ψ = ((r)ρ#)ψ = (rρ)ψ = (r)θ showing
the diagram commutes. It is obvious thatranψ = ranθ .
Now let ψ1 : R/ρ → S be homomorphism satisfying
ρ#ψ1 = θ . Then forr ∈ R,
(r)ρ#ψ1 = ((r)ρ#)ψ1 = (rρ)ψ1 = (r)θ = (r)ρ#ψ =
((r)ρ#)ψ = (rρ)ψ =⇒ (rρ)ψ1 = (rρ)ψ =⇒ ψ = ψ1.

Theorem 4.3.(Third Isomorphism Theorem)
Let ρ and σ be congruence relations on an nLA-ringR
such thatρ ⊆ σ . Then

σ/ρ = {(r1ρ , r2ρ) ∈ R/ρ ×R/ρ : (r1, r2) ∈ σ}

is a congruence relation onR/ρ andR/ρ/σ/ρ ∼= R/σ .

Proof. First we show that

σ/ρ = {(r1ρ , r2ρ) ∈ R/ρ ×R/ρ : (r1, r2) ∈ σ}

is a congruence relation onR/ρ .

Reflexive:

Since(r, r) ∈ σ for all r ∈ R, thus(rρ , rρ) ∈ σ/ρ
which implies thatσ/ρ is reflexive.

Symmetric:

Chooser1, r2 ∈ R such that(r1ρ , r2ρ) ∈ σ/ρ , then
(r1, r2) ∈ σ . Since σ is symmetric so(r2, r1) ∈ σ .
Therefore by definition(r2ρ , r1ρ) ∈ σ/ρ . Henceσ/ρ is
symmetric.

Transitive:

Choosel1, l2, l3 ∈ R such that(l1ρ , l2ρ) ∈ σ/ρ and
(l2ρ , l3ρ) ∈ σ/ρ then by definition,(l1, l2) ∈ σ and
(l2, l3) ∈ σ . Sinceσ is transitive therefore(l1, l3) ∈ σ .
Thus again by definition,(l1ρ , l3ρ) ∈ σ/ρ . Henceσ/ρ
is transitive. Showing thatσ/ρ satisfies the three
conditions of an equivalence relation.

Compatibility:

Now choose l1, l2, l3, l4 ∈ R such that
(l1ρ , l2ρ) ∈ σ/ρ and (l3ρ , l4ρ) ∈ σ/ρ . Then by
definition, (l1, l2) ∈ σ and (l3, l4) ∈ σ but σ is
compatible therefore,(l1 + l3, l2 + l4) ∈ σ and
(l1 · l3, l2 · l4) ∈ σ . Therefore again by definition
((l1 + l3)ρ ,(l2 + l4)ρ) ∈ σ/ρ =⇒
(l1ρ + l3ρ , l2ρ + l4ρ) ∈ σ/ρ and((l1 · l3)ρ , (l2 · l4)ρ) ∈
σ/ρ =⇒ (l1ρ · l3ρ , l2ρ · l4ρ) ∈ σ/ρ . Henceσ/ρ is
compatible.

Henceσ/ρ is a congruence relation onR/ρ .

Next define a mappingθ : R/ρ → R/σ by
(rρ)θ = rσ . We start by showing that the mapθ is
well-defined. Choosel1ρ , l2ρ ∈ R/ρ such thatl1ρ = l2ρ ,
then obviously(l1, l2) ∈ ρ ⊆ σ =⇒ (l1, l2) ∈ σ . Thus
l1σ = l2σ =⇒ (l1ρ)θ = (l2ρ)θ .

Now

(l1ρ + l2ρ)θ = ((l1+ l2)ρ)θ

= (l1+ l2)σ

= l1σ + l2σ

= (l1ρ)+ (l2ρ)θ .

Also

(l1ρ · l2ρ)θ = ((l1 · l2)ρ)θ

= (l1 · l2)σ

= l1σ · l2σ
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= (l1ρ) · (l2ρ)θ .

Thus from Theorem 4.1, it follows that there is a
monomorphism α : R/ρ/Kerθ → R/σ defined by
((rρ)Kerθ )α = rσ . Clearly it is onto, because for
rσ ∈ R/σ there exists(rρ)Kerθ ∈ R/ρ/Kerθ such that
((rρ)Kerθ )α = rσ . HenceR/ρ/Kerθ ∼= R/σ .

Now

Kerθ = {(r1ρ ,r2ρ) ∈ R/ρ ×R/ρ : (r1ρ)θ = (r2ρ)θ}

= {(r1ρ , r2ρ) ∈ R/ρ ×R/ρ : r1σ = r2σ}

= {(r1ρ , r2ρ) ∈ R/ρ ×R/ρ : (r1, r2) ∈ σ}

= σ/ρ .

Hence,R/ρ/σ/ρ ∼= R/σ .
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