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Abstract: In this paper we generalize the concept of congruences feftralmost rings to near left almost rings. We show that from
every homomorphism, we can get a congruence relation onleftaalmost rings and then at the end we prove analogues of the
isomorphism theorems.
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1 Introduction rings. A left almost ring is a seR # 0 with the binary
operations 4" and “” which satisfies the conditions (i),

In 1972, Kazim and Naseeruddig] [introduced braces on (i) and (iii):

the left of the equationyz = zyx, and get a new pseudo

associative law, that isxy)z= (zy)x. It is known as left (i) (R, +) is an LA-group,

invertive law. A groupoid is called a left almost (ii) (R,-)is an LA-semigroup,

semigroup, abbreviated as LA-semigroup, if it satisfieqiii) Distributive laws of multiplication over addition Hd

the left invertive law. It corresponds to a semigroupandis in R ie.Vc |, ee R c-(I+e =c-1+c-eand

basically the generalization of a commutative semigroup. (c+1)-e=c-e+l-e.

In [4], LA-semigroup is also known as an

Abel-Grassmanns groupoid (AG-groupoid) after the nameFurther different peoples in 1], [5], [7],[8]] worked on

of Abel-Grassmann. In 1993, Kamraf] [extended the LA-rings and explored many interesting and useful

concept of LA-semigroups to left almost groups, properties of LA-rings. In 2011, Shah, Rehman and Raees

abbreviated as LA-groups. An LA-group corresponds to a[6] gave the notion of a near left almost ring, abbreviated

group. It is a non-associative structure and theas nLA-ring which is basically the generalization of an

generalization of commutative groups. L&}, () be a  LA-ring. A set R # 0 with the binary operations of

groupoid, then it is called a left almost group if it satisfies addition (denoted by-") and multiplication (denoted by

(), (i) and (iii): “.M) is known as a near left almost ring (shortly

represented by nLA-ring) if and only ifR+) is an

LA-group, (R,-) is an LA-semigroup, Left distributive

law of multiplication over addition holds, i.e.

c-(d+e =c-d+c-efor everyc, d, e € R They

discussed many useful properties of nLA-rings. In

particular  they  discussed  substructures  and

homomorphism of nLA-rings and then proved well

In [3], the author proved some interesting and eleganknown isomorphism theorems. In 2015, Hussain and

results about LA-groups. Particularly the author discdsse Khan [1] extended the concept of congruences from

substructures of LA-groups and then quotient structuressemigroups to LA-rings. In this study we generalize the

In 2006, Yusuf P] extended the concept of an LA-group concept of congruences from LA-rings to to nLA-rings.

to a non-associative structure called left almost ring,We show that every homomorphism defines a congruence

abbreviated as LA-ring. LA-rings basically correspond to relation on nLA-rings.

(i) Elements ofS must satisfy the left invertive law. That
isax(bxc)=(cxb)xaVab,ceS
(i) There exists an elemerfite S> f xs=sV se S That
is left identity element exists if.
(i) vde SIdteSsdxdt=d1«d= f. Thatis left
inverse of each element &fexists inS.

* Corresponding author e-mafawad.hussain30@gmail.com

(@© 2018 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amisl/060203
fawad.hussain30@gmail.com

70 N SS 2

F. Hussain et al : Congruences on near left almost rings

2 Congruence Relations

portion has come from the papdj in which the authors
have done similar calculations for LA-rings.

Definition 2.1.Let p be arelation on a near left almost ring

(R,+,-). Thenp is said to be left compatibleifc, |, ec
R>(c,l)ep = (e+c,e+l)epand(e-c, e-l)ep.
p is called right compatible if for alt, |, ee R> (c, |) €
p = (c+e l+e)epand(c-e |-e) € p.pisknown
as compatibleiffor, |, e, ge R> (c, |) e pand(e, g) €
p = (c+el+g)epand(c-el-g) cp.

An equivalence relation which is left compatible as

(c1, &2) € p and(x1, X2) € p. Then by left compatibility
we have

In this section we discuss congruence relations on nLA-
rings. It is important to describe compatible relations in

order to describe congruence relations. The idea of this,. . . o
Similarly by right compatibility we get

(C1+X1, C1+X2) € pand(Cy X1, C1-X2) € P.

(C1+ X2, C2+X2) € pand(cy- Xz, C2-X2) € P.

Thus by transitivity it follows thafci + X3, 2 +X2) € p
and(cy -x1, C2-X2) € p. Hencep is a congruence relation.

3 Homomorphism of Near Left AlImost Rings

well is called a left congruence relation and an |n this portion, we define homomorphism of nLA-rings
equivalence relation which is right compatible as well is which is taken from §]. At the end we prove a result
calleld a rl.ght _congruence relation. An equivalencewhich says that every homomorphism defines a
relation which is compatible as well is known as a congruence relation on nLA-rings.

congruence relation. Here we provide an example in Ordebeﬁnition 31 Let

to understand the above mentioned concept.

Example 2.2.LetR= {x, ¥, z w, g} and define *" and
“.”in the following tables:

+Ix[ylz]lw]q
x| xTylzlw]q
viagalx|y|]zlw
zlw|g|x|y]|z
wlzlwl[qgl|x]|y
glylzlw[qg]x
~IxJy[z[w]q
x| x| x| x| x]|x
ylx|lylz|w]qg
z[x[wlylqglz
wlx|z[qg|ly|w
glx|aglw]z]|y

Then according tof], (R +,-) is an nLA-ring. Now let
p ={(x,y) : x=y} be arelation orR, then one can easily
show thaip is a congruence relation d®

Let us present some properties. The following result is
important because it gives equivalent conditions for

congruence relations.

Theorem 2.3.Let (R, +,-) be an nLA-ring angb a relation
onR. Thenp is a congruence relation if and only gf is
left as well as right congruence relation.

Proof. Let p be a congruence relation & We prove that
p is left as well as right congruencerelation. tek, ec R
> (¢, X) € p, then(e+c, e+x) € pand(e-c, e-x) € p,
as(e, e) € p. Thus,p is left compatible. Hence is a left
congruence relation. L&t x, e € Rsuch thatc, x) € p,
then(c+e, x+e) € pand(c-e x-e) € p, as(e, e) € p.
Thus,p is right compatible. Hence, is a right congruence
relation.

On the other hand, suppogeis both left and right
congruence relation. Let;, Cz, X3, X2 € R such that

(R+,-) and (S®,0) be two
nLA-rings. A map@ : R— Sis known as an nLA-ring
homomorphism or simply a homomorphism if for all
c,eR>

(c+he=(c)pa (l)gand(c-1)p=(c)po(l)e.
It should be noted that

(i) A near left almost ring homomorphism is called a
monomorphism if it is one-one.

(i) A near left almost ring homomorphism is called an
epimorphism if it is onto.

A near left almost ring homomorphism is called an
isomorphism if it is both one-one and onto.

The below mentioned result indicates that from every
nLA-ring homomorphism we may get a congruence
relation.

Theorem 3.1. Assume (R +,-) and (S®,0) are
nLA-rings. Letw : R— Sbhe a homomorphism, then from
w, we may get a congruence relatipron R given by

(I1,1p) e pifand onlyif (I1)w= (I2)w,V 1,12 € R

Proof. First we prove thap is an equivalence relation.

Reflexive:

As (hw = ()w for all | € R, therefore by definition,
(I,1) € p. Thus,p is reflexive.

Symmetric:

Choosels,l, € R such that(l1,l2) € p, then by
definition, (I1)w = (I2)w = (l2)w = (I1)w. Therefore
again by definition(l,,11) € p. Thus,p is symmetric.

Transitive:

Choose I3,l2,13 € R such that (I3,l2) € p and
(I2,13) € p. Then by definition, (I1)w = (I2)w and
(I2)w = (I3)w = (l1)w = (I3)w. Therefore again by
definition, (I1,13) € p. Thus,p is transitive.

We now prove thap is compatible.
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Compatibility:

Choosely,lz,l3,14 € R such that(l1,l2) € p and
(I3,14) € p. Then by definition, (I1)w = (I2)w and
(I3)w = (I4) w.

As

(l1+l3)w=(l))ws (I3)w

(.- wisan nLA-ring homomor phism)

=(l)wa (la)w

= (l2+14)w

(. w isan nLA-ring homomor phism)

Thus by definition(l1 + 13,12+ 14) € p.

In the same way as above

(I1-I3)w: (|1)&)O(|3)(A)

(. w isan nLA-ring homomor phism)

= (lz)wo (Ig)w

=(l2-l5)w

(. w isan nLA-ring homomor phism)

Thus, by definition(l1 - 13,12 -14) € p.

Now let R be an nLA-ring andp a congruence
relation onR. We defineR/p = {Ip : | € R}. In other

words, R/p is the set which consists of all congruence

classes corresponding to the elementR.of

(ii) Left invertive law with respect to-”
Letlip,lop,lsp € R/p, then
(lip+12p0) +13p
=(l1+1)p+I3p
= ((la+12)+13))p
= ((I3+12)+11))p
=(Is+l2)p+11p
= (Isp+12p) +11p.
(iii) Left additive identity
As the left additive identity R = 0p € R/p.
Now letlp € R/p, then @ +Ip = (0+1)p =1p. It
follows that @ is the left additive identity element of
R/p.
(iv) Left additive inverse

Letlpe R/p = | € R = —| € R, so it follows
that—lp € R/p.

Now
—lp+lp=(-1+1)p=0p.
Similarly
lp—lp=(-1)p=0p.

It follows that—Ip is the left additive inverse dp.

Hence R/p, +) is an LA-group.

Letl1p, I2p be two congruence classes corresponding

tothe elementl, |, € R. Then the below binary operations

show thatR/p becomes an nLA-ring.

lip+12p = (li+12)p and l1p-12p = (I1-12)p.

We now show thatR/p, -) is an LA-semigroup. For
this
(v) Closure property with respect tg’*

Follows from the above definition.

We start by showing that the above binary operations are

well-defined.

Choose I,l5,13,14 € R such thatlip = Isp and
lop = l4p, then obviously(l,l3) € p and (I,14) € p
= (l1+12l3+14) e pand(ly-lp,13-14) € p, asp is
compatible. Thus (I3 + I2)p = (I3 + la)p and
(Il1-12)p = (I3-14)p.

We now showR/p, +) is an LA-group.

(i) Closure property with respect te+"

Follows from the above definition.

(vi) Leftinvertive law with respect to-*
Letlip,lop,l3p € R/p, then
(lip-12p)-13p
=(l1-12)p-13p
= ((I1-12)-13))p
=((Iz-12)-11))p
=(l3-12)p-l1p
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=(Isp-12p) - 11p. relation by Theorem 3.1. We now show that is an
epimorphism.
ThusR/p satisfies the left invertible law with respect Letly,l> € R, then
to multiplication.
(li+12)p* = (l1+12)p
Hence R/p, -) is an LA-semigroup.
=(l)p+(I2)p
Further we prove
= (l1)p*+ (I2)p*
(vii) Left distributive law and
(I1-12)p* = (l1-12)p
Letlip,l2p,l3p € R/p, then

=(l)p-(I2)p
lip- (I2p +13p)

= (l)p*- (I2)p*.
=lhp-(l2+13)p

Thus,p is a homomorphism. From the definition it is
=(l1-(I2+13))p obvious thap is onto. Now define
=(l1-la+11-13)p a :R/Kerp— Shy (sKerg)a = (s)@for all sSKerp € R/Ker .
=(l1-12)p+(I1-13)p Then a is well-defined and one-one. For this let
siKer g, s;Ker @ € R/Ker @ such that

=l1p-l2p+11p-13p.

siKerp=sKerg <= (s1,%) eKerg <= (1) = ()9
Thus,R/p satisfies left distributive law. HencB/p is
an nLA-ring which is called quotient nLA-ring. = (siKerg)a = (sKerg)a.

Now lets;Ker @, s,Ker ¢ € R/Ker @, then

4 Analogues of the Isomorphism Theorems (siKerg+ s:Kerg)a = [(s1+ s)Kergla

In this portion, we state and prove the analogues of the =(51+9)Q

first, second and third isomorphism theorems for

nLA-rings. The equivalent of LA-rings is discussed in [1]. = ()P ()@

Theorem 4.1.(First Isomorphism Theorem) = (siKerg)a & (s:Kergp)a.

Let (R,+,-) be an nLA-ring angp a congruence relation Also
on R, then R/p is an nLA-ring with respect to the (s1Kergp- s;Kerg)a = [(s1- s2)Kerga
following operations of addition and multiplication:

SIP+ 90 = (1 +S)p and s1p - $p = (51 )P =(s1'9)@
forall s1p, 0 € R/p.
The mappingo” : R — R/p such that(s)p* = sp for = (s1)@o ()@
everys € Ris an onto homomorphism. Let: R— Sbe a
homomorphism wheréR, +,-) and (S, @, o) are two near = (siKerg)a o (Kerp)a.

left almost rings. Then
Clearly rana = rang. From the definition it is clear

Kergp={(s1,%2) € RxR:(s1)9 = (52) 9} that

is a congruence relation oR and there is an nLA-ring (s)(Kerg)*a = ((s)(Ker@))a
monomorphisnu : R/Kerg — S> rana = rang and the
diagram Q = (Kergp)a = (s)pfor allse R

R—S

(ker@)*l S a This completes the proof.

R/ker @

commutes. Theorem 4.2.(Second Isomorphism Theorem)

Proof. To establish the first portion of the theorem, we Assume tha{R, +,-) and (S @,0) are nLA-rings andp
follow it from the above discussioler @ is a congruence a congruence relation dR. If 8 : R— Sis an nLA-ring
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homomorphism wittp C Ker 8, then there is one and only
one an nLA-ring homomorphisnf : R/p — S> ranf =
rany and the diagram

6
R—S
prL Sy
R/p
commutes.
Proof. Define a map ¢ R/p - S by

(rp)y = (r)6 for all rp € R/p. Chooser1p, rp € R/p
such that1p = rap, then obviouslyri, rz) € p C Kerf.
Thus (r1)0 = (r)0. It shows that the mapy is
well-defined.

Now letl;p, Iop € R/p, then

(lip+12p)@ = ((l1+12)p) Y
=(1+12)8
=(11)0®(12)6
=(hp)ya(p)¢p

and
(lip-l2p)p = ((I1-12)p)W

—(l1-1,)8
— (11)80(1,)8
= (lp)po (Il2p)y.

Showing that ¢ satisfies the conditions of the
homomorphism.

Now (r)p*y = ((r)p*) = (rp)y = (r)8 showing
the diagram commutes. It is obvious thany = ran6.
Now let s : R/p — S be homomorphism satisfying
p*y; = 6. Thenforr € R,

NPy = ((NPYr = (rp)yn = (N6 = (N)p*yY =
(NP =(rp)Y = (1p)Yr=(rP)Y = Y =1in.

Theorem 4.3.(Third Isomorphism Theorem)
Let p and o be congruence relations on an nLA-riRg
such thap C g. Then

o/p={(rp, r2p) € R/pxR/p:(rs, r2) € o}

is a congruence relation &/p andR/p/o/p 2 R/0.
Proof. First we show that

g/p={(r1p, r2p) ER/pxR/p:(r1, r2) €}

is a congruence relation dryp.

Reflexive:

Since(r, r) € o for all r € R, thus(rp, rp) € a/p
which implies thaio/p is reflexive.

Symmetric:

Choosery, rz € R such that(ri1p, rop) € o/p, then
(r1, r2) € 0. Since o is symmetric so(rz, r1) € O.
Therefore by definitiorfrop, rip) € o/p. Hencea/p is
symmetric.

Transitive:

Choosdi, |2, I3 € Rsuch thatl;p, I,p) € o/p and
(I2p, 13p) € o/p then by definition,(I1, 12) € o and
(I, 13) € 0. Sinceo is transitive thereforély, I3) € 0.
Thus again by definition(l,p, 13p) € o/p. Hencea/p
is transitive. Showing thato/p satisfies the three
conditions of an equivalence relation.

Compatibility:

Now choose I, |p, I3, I4 € R such that
(lip, l2p) € g/p and (Isp, l4p) € o/p. Then by
definition, (I3, 1) € o and (I3, la) € o but o is
compatible therefore,(I1 + I3, 12 +l4) € o and
(I1 - 13, I -14) € 0. Therefore again by definition
(Il + I3)p,(l2 + lap) € a/p =
(lip+13p, Iop+1ap) € o/p and((l1-13)p, (I2-14)p) €
o/p = (l1p-13p, l2p-1ap) € 0/p. Hencea/p is
compatible.

Henceo /p is a congruence relation dry p.

Next define a mappingfé : R/p — R/o by
(rp)0 = ro. We start by showing that the ma is
well-defined. Choosk p, I,p € R/p such that;p = 12p,
then obviously(l1, I2) e p C 0 = (I3, |2) € 0. Thus
l10 =120 = (1,p)6 = (I2p)6.

Now

(lip+12p)0 = ((11+12)p)6
— (I, +1))0
=ho+l0
= (11p) + (120)6.

Also

(lip-12p)0 = ((11-12)p)6

= (-lp)o

=li0-1,0
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