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Abstract: For any positive integen, abundancy index(n) is defined ad(n) = @ whereo(n) is the sum of all positive divisors

of n. In this paper, we have discussed non trivial lower and uppends ofl (n) for some special class of numbers like Quasi perfect
numbers, Super hyperperfect numbers, Near perfect nurahdrslyperperfect numbers.
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1 Introduction of n. If m= 2P~IM, is an even perfect number, where
bothp andM, = 2P — 1 are primes, then = 2m, n = 2Pm

We known divisor functioro(n) is the sum of all positive  andn = (2P — 1)m are near perfect numbers. There are

divisors ofn , including 1 andn itself. The abundancy finitely many near perfect numbers other than these three

indexl (n) for any positive integen is associated with the  shapes. The primes of the form, = 2P — 1 are called

divisor functiono(n) and is defined as Mersenne primes.
a(n) Definition 1.3.If a positive integen is ak— hyperperfect
I(n)=—= number, then
n

. . , n=1+Kk[o(n)—n-—1]
Since perfect numbers are solutions of the equation o . _
o(n) = 2n, thereforel (n) = 2. For abundant numbers, for_ some positive integek. This equation can also be
I(n) > 2 and for deficient numberk(n) < 2. written as kil Kei
We first recall some well known definitions. an) = Ln 2=
(n) = ——n+—

Definition 1.1. A positive integemn, which is a solution of D. Minoli and R. Bear §] introduced the notion of

the functional equatioro(n) = 2n+ 1, is called quasi ;
perfect number. No single example for quasi perfectt_ﬂypgpgggg: nnur&bbeéfs' 'I]:greyeczrrue%tgtrerolalthr?t :2&;? are
number has been found, nor has a proof for their non_ yperp u very u u

erfect numbers are-hyperperfect numbers. In 2000, J.

existence been established. It is still an open question t McCranie §] computed all hyperperfect numbers less
determine existence (or otherwise) for a quasi perfect 0 ; P YPerp
han 119, If nis a 2-hyperperfect number, then

number. Interest to this problem has produced man
analogous notions. If a quasi perfect number exists, then 3 1
it must be an odd square number and have at least seven o(n) = §n+ 2
distinct prime factors and also greater thad®3g]. For

) . A. Bege and K. Fogarasi2] have given list of k—
more details on quasi perfect numbers sk8][ hyperperfect numbers for some positive integand also

Definition 1.2. P. Pollack and V. Shevele\T][introduced they Conjectured that a||_2‘]yper erfect numbers are of
the concept of near perfect numbers and classified all thehe formn = 3k—1(3k —2), where 3 — 2 are primes.

near perfect numbers with two distinct prime factors. pefinition 1.4. A positive integemn, which satisfies the

Near perfect numbers are solutions of the eq”ationequation
o(n) =2n+d , whered is a proper divisor (divisors 3 1
excluding 1 and itself) of n, known as redundant divisor o(o(n))=3zn+5
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is called super hyperperfect number. A. Bege and K.Proposition 2.3. A positive integern is quasi perfect
Fogarasi 2] conjectured that solutions of this equation number if and only if the following inequality holds:
are of the form 81, where bottp and&gl are primes.

In this paper, we have determined non trivial lower 2n+3 <I(n) < 2n+4
and upper bounds df(n) for quasi perfect, near perfect, n+1 n+1
super hyperperfect andk—hyperperfect numbers.
Moreover, quasi perfect, near perfect daehyperperfect

Proof. First we assume thatis a quasi perfect number,

i 2n+4
numbers can also be defined in terms of abundancy indel{'e" from the proposition 2.2, we can writg) < 457
1(n). Next we prove22:2 < | (n). On the contrary suppose that
2

03 > I(n), then ZEN > g(n). But

2n2+3n _ 2n(n+1)+n
2 Main Result T = Tt =20+ iy = 2n+ 1 . Therefore

the last mequalrty becomes

2n+1- 54 > o(n) = 2n+ 1, which is clearly a

Proposition 2.1.If nis a quasi perfect number, then contradiction. This contradiction strictly implies that

n+4 i3 < 1(n). Hence ifn is a quasi perfect number, then
2<1(n) < 43 (1) < 2044 hold
n+1 a1 < 1(n) < {77 holds.

Conversely, suppose thatis a positive integer which
Proof. If nis a quasi perfect number thenin) 2n+1. satisfies the following inequality

Therefore abundancy indétn) = 2+ > 2. Next >
na n+3 2n+4
we provel(n) < 22 On the contrary suppose that 1< I(n) < —
I(n) > 202, then from definition ofl(n), one obtains
n S 2nP-+4n B t Then from definition of I(n), we can write
;(234” on(nil)ion L ! erjf” < an) < Z'fjl“”. This inequality implies that
= DN _ony B = 2n 42 . >

n+1— g <o) <2n+2- ;5. Since a(n) is
always a positive integer, therefore the last inequality
implies thato(n) = 2n+ 1. Hencen is a quasi perfect
number.

Proposition 2.4.1f nis a super hyperperfect number, then

n+1
Therefore our assumlng mequallty becomes
on)>2n+2— n+l Sincen is a qua5| perfect number,

therefore 2+1=o(n) > 2n+2— n+l, this is clearly a
contradiction for any positive integer> 1. This obstacle
implies thatl (n) < 204

n+1-
Remark 2.1.Converse of the proposition 2.1 is also true, 3n+2
i.e., the inequality obtained in proposition 2.1 foiis also 1<i(n) < 2(n+1)

necessary fon to be a quasi perfect number.
Proposition 2.2.If nis a positive integer which satisfies Proof. If n is a super hyperperfect number, thes a

the inequality solution of the equatiow(a(n)) = 3n+ 3. If 3P~ 1 are
2n+4 the only solutions 2] of this equation, where both and
2<1(n)< 3P_1 ;
+1 == are primes, then for super hyperperfect numbers,
, thennis a quasi perfect number. o(n) are aways primes and therefore
o(o(n)) = a(n)+ 1. From the last equation, we obtain

Proof. Let n be a positive integer, and suppose that 3 1 )
satisfies the inequality 2 I(n) < 204 then from () = 3 — 3. Therefore abundancy index,

n+1" 37 1
definition of I (n), one obtains & < o(n) < 2440 Byt Igmz S Clearly 1(n) > 1. Moreover

2P dn _ pn 4o therefore the ine ual?':lbecomes 201 ~ 2 20+ D) 2~ 3(L-gi) > 1.
1 “+1' q y For super hyperperfect number, the lowed @f) can
2n < o(n) < 2n+2— +2;. Since divisor functiom(n) is  gis0 pe improved.

always a positive integer for any> 1, therefore the last
inequality strictly implies that(n) = 2n+ 1. Hencen is
a quasi perfect number.

Remark 2.2. From proposition 2.1 and proposition 2.2, 3n+1 | 3n+2

we can define quasi perfect numbers in terms of 2(n+1) <l < 2(n+1)

abundancy index(n). We can say that positive integer

IS a qua5| ferfect number if and only if the inequality Remark 2.3. The converse of proposition 2.4 and
< £22 holds. The number 2 is the lower bound proposition 2.5 are not true in generalrifis a super

of I( ) Whenn is a quasi perfect number. Moreover, this hyperperfect number. Any numbers of the forlp @here

Proposition 2.5.Let n be a positive integer. Themis a
super hyperperfect number if

lower bound ofl (n) can be expressed in terms of rational k > 1, satisfy the equatiow(n) = 3—2” — 3, but all such
function of n. Following proposition gives the more type of numbers do not satlsfy the equation
improve lower bound fot(n). o(a(n)) =3n+1.
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Proposition 2.6. If n is a near perfect number with Proposition 2.9.Let n be a positive integer, themis 2—
redundant divisord, then n satisfies the following hyperperfectnumberif and only if the following inequality
inequality holds: 44 345
2n+d+3 n n
7t <l(n) <
2<1(M) <—177 207D < W<

Proof. If n is a near perfect number with redundant Remark 2.7. It is trivial to verify that the all known
divisord, thena(n) = 2n+-d. Therefore abundancy index 2—hyperperfect numbers of the form= 31(3k - 2),
I(n) =2+ 2 > 2. Next we provd (n) < 22423 Onthe  where 3 — 2 are primes, satisfy the inequality obtained in

contrary suppose than) > 2013 then from definition  Proposition 2.9. In general, for any inteder- 1, one can

“nel -
determine lower and upper bounds ofn) for k—
. 2n°4-(d+3)n 2n?4(d+3)n

of I(n), one obtaingr(n) > = +n(+1+) But 203N — hyperperfect numbers.
2n<n+1)+<n+1)<d+l)_(d+l> =2n+(d+1)— ﬁﬁ Proposition 2.10.Letk > 1 be any integer, then a positive

Slnced |s a proper divisor oh, so &} < 1. Therefore  integern is k— hyperperfect number if and only if the
our assuming mgquallty becomes following inequality holds:
2n+d = o(n) > 2n+ (d+ 1) — &3, which is clearly a n(k-+1) + 2 n(k+ 1)+ 3k—1
contradiction. This contradiction strictly implies that — <IN < ———F———
I(n) < Zn:fii-?:. k(n+1) k(n+1)

Remark 2.4. Lower bound ofl(n) for near perfect
numbers can also be improved. Following proposition
gives the improve lower bound tfn) in terms of rational

roof Let n be a positive integer, which satisfies the
inequality

function ofn. n(k+1)+ 2k <Im < n(k+1)+3k-1
Proposition 2.7.If n is a near perfect number with k(n+1) k(n+1)
redundant divisord, then n satisfies the following .
inequality '
n?(k+ 1) 4 2kn < o(m < n?(k+1) 4 3nk —n
M<|(n)<2n+7d_|—3 k(n+1) k(n+1)
n+1 n+1
But

) 5 3 n2(k-;1)+2kn _ n(k+1)(r:‘+l)+nk—n (k+1)+ n(rli 1) (k+l)n+ﬂ(1_%)
Proof. Since 2n -;Sgis-Z)n _ 2n(n+1):f{n+1) d _ k(;j)so k(n+1) kintD) ~— Tk 3 +1
2n+d— 5 < 2n+d = o(n), therefore Pl hioten _ bk a sl U et 112 2

2 < |(n). Combining this inequality with the Therefore, we obtain
right hand side inequality of the proposition 2.6, the resul (k+kl)n + & l(1— m) <on)< (k+kl>n ke 1(2— m)
follows. Since a(n) is a positive integer, so the Iast inequality
Remark 2.5. From definition of I(n), the inequality  strictly implies thato(n) = ¥2n+ &2, ie, nis ak—
n+d42 I(n) < n+d+3  an  pe written as hyperperfect number.
o (a2 MR 4D v Conversely, suppose that is a k—hyperperfect
“h - < 0(n) < T, which implies that  nymper, then abundancyindb()n)z%ﬂka—
2n+d— 87 < o(n) <2n+(d+1) - 45 Buta(n) is Clearly
always a posmve integer and so from the last inequality, n(k+1)+2k _ (k+1)(n+1)+k-1 _ k+1 + k=1 (n)
we must haved(n) = 2n+d. Therefore the inequality — k(n+1) k(n+1) ko7 k(n+1)
obtains in the proposition 2.7 is also sufficient condition nwﬂ‘)%k,l (kD) (n1)+2(k-1) k+1 2(k—1)
for n to be a near perfect number, provideéds a proper kn+1) k(n+1) + kintl) I(n)
divisor ofn. Remark 2.8. In fact, proposition 2.10 can be used to
We now have the following proposition. define  particular families of integers being

Proposition 2.8.Let d be a proper divisor of a positive k—hyperperfect numbers.
integern. The positive integen is near perfect number
with redundant divisod if and only if n satisfies the .
following inequality: 3 Conclusion

2n+d+2 2n+d+3 We considered abundancy index of positive integers and

— <l <——F— determined lower and upper bounds of abundancy index

n+1 n+1

for quasi perfect, super hyperperfect, near perfect and

k—hyperperfect numbers. Finally, we proved that quasi
Remark 2.6.In fact, proposition 2.8 can be used to define perfect, near perfect arld-hyperperfect numbers can be
particular families of integers being near perfect numbersdefined in terms of abundancy index.
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