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Abstract: Employing generalized Caputo fractional left and right vectorial Taylor formulae we establish generalized fractional
Ostrowski and Griiss type inequalities involving several functions that take values in the von Neumann-Schatten class %, (H),
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1 Introduction

The following results motivate our work.

Theorem 1.(1938, Ostrowski [1]) Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b) whose derivative
f': (a,b) — Ris bounded on (a,b), i.e., ||f'||5F := sup |f'(t)| < +oo. Then

te(a,b)
! ’ 1 — by’ TR
‘b_a/a fo)di—fx)] < ZN@%M b—a)|l /|2, )

for any x € |a,b]. The constant % is the best possible.
Ostrowski type inequalities have great applications to integral approximations in Numerical Analysis.

Theorem 2.(1882, Cebysev [2]) Let f,g : [a,b] — R be absolutely continuous functions with f',g' € Le, ([a,b]). Then

[ rwewan (51 [Crwar) (5 [ ewar)]

1 2 / /
7 G=a |l £ gl @

IN

The above integrals are assumed to exist.

The related Griiss type inequalities have many applications to Probability Theory. We presented also ([3], Ch. 8,9)
mixed fractional Ostrowski and Griiss-Cebysev type inequalities for several functions, acting to all possible directions.
The estimates involve the left and right Caputo fractional derivatives. See also the monographs written by the author [4],
Chapters 24-26 and [5], Chapters 2-6.

We are motivated also by S. Dragomir [6] recent work:
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An operator A € 4 (H) is said to belong to the von Neumann-Schatten class %, (H), 1 < p < o if the p-Schatten
norm is finite

AL, := [tr (A17)]7 < oo,

Assume that A : [a,b] — %, (H), B : [a,b] = B,(H), p,q > 1 with %—i—é = 1, are continuous and B is strongly

differentiable on (a,b), then
b
1 di — </ A(s)ds)B(u)
a 1

[3 (0 —a)+[u— 52| [ IIA ()],

{—‘”“)BL‘I” ‘ J (1)

IN

sup ||B' (t)|| x (3)
,g[a,b}H ( )Hq for o, B > 1 with 5+B: 1
2 2
56—y + (u=52)] sup A1),
r€(a,b)
for all u € [a, b], an Ostrowski type inequality.
Further inspiration comes from S. Dragomir [7] recent work on Griiss inequalities:
For two continuous functions A, B : [a,b] — % (H) we define the noncommutative Cebysev fractional
b b b
D(A,B) = (b—a)/ A(1)B(1)dt —/ A (;)d;/ B(r)dr. @)
a a a

If p,qg > 1 with % + é =1,letA:[a,b] - %B,(H), B: [a,b] - A, (H) be strongly differentiable functions on the interval

(a,b), then
b b
ID@A.B)), sn( [ 1wl o [ 0 ) <

;(b—a) /HA' ydu/ 1B (u)], du.

In this article we generalize [3], Ch. 8,9 for several Banach algebra %, (H) valued functions, in the sense of developing
fractional Ostrowski and Griiss type inequalities. Now our left and right generalized Caputo fractional derivatives are for
Banach space valued functions and our integrals are of Bochner type [8]. Applications finish the article.

2 Vectorial background fractional calculus

Here all come from [9].
We need

Definition 1.(/9], p. 106) Let o > 0, [a] = n, [-] the ceiling of the number. Letf € C"([a,b],X), where [a,b] C R, and
(X,||*||) is @ Banach space. Let g € C' (]a, b]) strictly increasing, such that g~ € C" ([g(a),g (b)]).
We define the left generalized g-fractional derivative X -valued of f of order a as follows:

(8o W= g [ 608 @)™ ¢ 0 (ro™) " (e(@)a ©

V x € [a,b], where I is the gamma function. The last integral is of Bochner type ([8] and [10], pp. 422-428).
If o ¢ N, by Theorem 4.10 ([9], p. 98), we have that (DY, f) € C([a,b],X).
We set

Dl f ()= ((fog™")" o8) () €C([ab].X), neN, ©)
D2+;gf(x) =f(x), Vx€la,b].

When g = id, then
a+ gf Da+ zdf D*afv (7)

the usual left X -valued Caputo fractional derivative, see [5], Ch. 1.
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We also need

Definition 2.(/9], p. 107) Let & > 0, [o] = n, [-] the ceiling of the number. Let f € C" ([a,b],X), where [a,b] C R, and
(X, |||l is @ Banach space. Let g € C' ([a,b)), strictly increasing, such that g~' € C" ([g(a),g (b)]).
We define the right generalized g-fractional derivative X -valued of f of order o as follows:

(0 ) 0= 2 [ e ¢ ) (ros )" s ar ®

Y x € [a,D]. The last integral is of Bochner type.

If a ¢ N, by Theorem 4.11 (9], p. 101), we have that (Dgf;g f) e C(a.b],X).
We set

ol ()= (1) ((fog™") " 0g) (x) € C(la,b], X), neN, )

Dgf;gf(x) =f(x), Vx€la,b].

When g = id, then
Dy of (x) =Dy _af (x) = Dy_f, (10)

the usual right X -valued Caputo fractional derivative, see [9], Ch. 2.

We mention the following generalized fractional Taylor formulae with integral remainders over Banach spaces.

Theorem 3.(/9], p. 107) Let oo >0, n = o], and f € C"([a,b],X), where [a,b] C R and (X, ||-||) is a Banach space. Let
g € C'([a,b)), strictly increasing, such that g~' € C"([g(a),g (b)]), a <x < b. Then

fos™)" (g(a)+
Fla /:<g<x>—g<t>>°‘*1g’<r>( o) ()i
2 EL =8 @) (o) g(a) + an
8(x)

/ (( a+gf)og 1)(z)dz.

We also mention

Theorem 4.(/9], p. 108) Let oo >0, n = o], and f € C"([a,b],X), where [a,b] C R and (X, ||-||) is a Banach space. Let
g € C'([a,b)), strictly increasing, such that g~' € C"([g(a),g (b)]), a < x < b. Then

(Fog™")" (b)) +

ﬁ/ﬂg()g(x»“l (1) (Do) (1)t =
+Z B8O (0. 0-1) (6 + 12
(b)

ﬁ/gi) (=g ()* ((Dg*:gf) 087]) () dz.

If 0 < ax < 1, then the sums in (11), (12) dlsappear
Also in (1), (12), we have that [|[| (Do) 0 8[|, 1) e

HH (Dg*;gf) Og%HHw,[g(aLg(b)] =
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3 Banach algebras background

All here come from [11].
We need

Definition 3.(/11], p. 245) A complex algebra is a vector space A over the complex filed C in which a multiplication is
defined that satisfies

x(yz) = (xy)z, (13)
(x+y)z=xz+yz x(y+2z)=xy—+xz, (14)

and
a(xy) = (ax)y =x(ay), 15)

forall x,y and z in A and for all scalars «.
Additionally if A is a Banach space with respect to a norm that satisfies the multiplicative inequality

eyl < [l [yl (xeA yeA) (16)
and if A contains a unit element e such that
xe=ex=x (x€A) (17)
and
el =1, (18)

then A is called a Banach algebra.
A is commutative iff xy = yx for all x,y € A.

‘We make

Remark.Commutativity of A will be explicited stated when needed.
There exists at most one e € A that satisfies (17).
Inequality (16) makes multiplication to be continuous, more precisely left and right continuous, see [11], p. 246.
Multiplication in A is not necessarily the numerical multiplication, it is something more general and it is defined
abstractly, that is for x,y € A we have xy € A, e.g. composition or convolution, etc.
For nice examples about Banach algebras see [11], p. 247-248, § 10.3.

We also make

Remark.Next we mention about integration of A-valued functions, see [11], p. 259, § 10.22:

If A is a Banach algebra and f is a continuous A-valued function on some compact Hausdorff space Q on which a
complex Borel measure u is defined, then [ fdu exists and has all the properties that were discussed in Chapter 3 of [11],
simply because A is a Banach space. However, an additional property can be added to these, namely: If x € A, then

x/fduz/‘xf(p) du(p) (19)
JO JO

and

(_/éfdu)xz [ s an ). 20)

The Bochner integrals we will involve in our article follow (19) and (20). Also, let f € C([a,b],X), where [a,b] C R,
(X, |I-]l) is a Banach space. By [9], p. 3, f is Bochner integrable.

© 2023 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 9, No. 1, 17-40 (2023) / www.naturalspublishing.com/Journals.asp N S 21

4 p-Schatten norms background

In this basic section all come from [6].
Let (H,(-,-)) be a complex Hilbert space and % (H) the Banach algebra of all bounded linear operators on H. If
{ei};c; an orthonormal basis of H, we say that A € % (H) is of trace class if

Al =) (|A]er,ei) < eo. @20
iel

The definition of ||A]|; does not depend on the choice of the orthornormal basis {e;}
trace class operators in 2 (H).
We define the trace of a trace class operator A € %) (H) to be

tr(A):=Y (Aee), (22)

il

ic1- We denote by % (H) the set of

where {¢;},.; an orthonormal basis of H. Note that this coincides with the usual definition of the trace if H is finite-
dimensional. We observe that the series (22) converges absolutely and it is independent from the choice of basis.
The following result collects some properties of the trace:

Theorem 5.We have:
(i) IfA € B (H) then A* € %, (H) and
tr(A*) =tr(A); (23)
(i) [fA€ By (H)and T € B (H), then AT, TA € B, (H) and
tr(AT) =tr(TA) and |tr (AT)| <A, IT]l; (24)
(iii) tr () is a bounded linear functional on %, (H) with ||tr|| = 1;
(iv) IfA,B € %, (H) then AB, BA € ) (H) and tr (AB) =tr(BA);
(v) Brin (H) (finite rank operators) is a dense subspace of % (H) .
An operator A € #(H) is said to belong to the von Neumann-Schatten class %, (H), 1 < p < oo if the p-Schatten
norm is finite [12, p. 60-64]
1
1Al == [er (JAI)]P <o,
|A|? is an operator notation and not a power.

For 1 < p < g < oo we have that
% (H)C B, (H) C B,(H) C B(H) (25)

and
IAlly = NlAll, = llAll, = [IA]- (26)

For p > 1 the functional [|-[| , is a norm on the *-ideal %, (H), which is a Banach algebra, and (%’p (H)
space.
Also, see for instance [12, p. 60-64], for p > 1,

,H||p) is a Banach

1A[l, = lA™]l,, A € 2, (H) 27
1AB], <llAll, Bl A,B € #,(H) (28)
and
IAB, <Al 1BIl, [IBAll, <[IBIll|All,» A € #,(H),BcZ(H). (29)
This implies that

ICAB|, < [IC[l[|All,,|[BII, A € %, (H), B,C € %(H). (30)
In terms of p-Schatten norm we have the Holder inequality for p,g > 1 with %Jr é =1:
(lrr(AB)| <) [ABIl, < ||All,,IBll,, A€ %, (H),Be %, (H). 3D

For the theory of trace functionals and their applications the interested reader is referred to [12,13].
For some classical trace inequalities see [14, 15, 16], which are continuations of the work of Bellman [17].
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5 Main results

We start with 1-Schatten norm weighted mixed generalized fractional Ostrowski type inequalities involving several
functions taking values in the Banach algebra %, (H) C % (H):

Theorem 6.Let the x-ideal %, (H), which (%,(H),||-|l,) is a Banach algebra; xy € [a,b] CR, a >0, n = [at];
A; € C'(la,b], %> (H)), i=1,...r e N—{1}; g € C' ([a,b]), strictly increasing such that g~' € C" ([g(a),g (b)]), with

(Aiog ¥ (g(x0)) =0, k=1,..on—15i=1,...,r
Then
1) it holds,

r b r b ,
L[| o | anas | [7{ Tasto | ax | | - .

b r g (x)
L\t | ([ -0 @tcayos ) )] |
J#

2)f0r}/,5>1:71,+%:1, with(x>%wehavethat

1
1P (A1;-,Ar) (o)1 < T (33)
(o) (y(a—1)+1)7
r X0 r
| [ N Y i § (AR
i= 8 X a G-
i
b_r 1
o i -1 , - a L
[[CEAROEE HZHa,[g<xo>7g<b>}/xoJHlHAJ(x)HQ(g(x) sl 2]
i#i
3)if o > 1, we obtain
1
1@ (A1;-,Ar) (x0)[]} < @) (34)

a)

Y (105 ead oI, /HIIA ) (8 () — () dixt

i=1
;él

N HHA ) (e (3) — g (o)™ x|

1@ty oe™ L],

g(x0).8(b)])
7&
and
4)
1

D(Aq,..., A, < -

H ( Lyeeey )('xO)Hl —= F(Oz—l—])
© 2023 NSP
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,
X (Ieg-aies L, /HHA (& (x0) — () dx+

Hét
b r
108 o7 ., TTIS N 00 - aar] @
J#i

Proof.Since (A,-ogfl)(k) (g(x0))=0,k=1,....n—1;i=1,...,r, we have by Theorem 3 that

1 8(x)
A0 A (00) = g [ (60 =9 (Dh i) 087) () (36)
X0
Y x € [xo0,b],
and by Theorem 4 that
1 8(x0)
Ai(x) —Ai(x0) = F—Oﬂ)/g(x)o (z—g(x)*" ((Dz) gA)og l)(z)dz, 37

Vx€la,x); foralli=1,...,r.

p
Let multiplying (36) and (37) with ( I1A4; (x)) we get, respectively,

j=] joi
i# i#i
jlfIIAj (x)
#i () el
H;—‘T ~/gfx ) () -2 (D51 6Ar) 087") (2)dz, (38)
Vx € [xo,b],
and
TT45 ) [ A — | TTA @) | Ai(xo) =
=1 1
i# i
fIIAj (x)
Ui (x0)
H;T ~/gfx) (=g () (D5 i) 087") (D) dz, (39)

Vxé€la,x); foralli=1,...,r.
Adding (38) and (39) as separate groups, we obtain

i=1 j:] i=1 ,/:]
J#i J#i
L - A 0 D% . A; N(z)d 40
r a)i; JIJI /) /g(xo)(g(x)_z) H(DG 1) 087" (D), (40)
J#i

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

24 NS B G. Anastassiou: p-Schatten norm generalized fractional...

Vxe [X(),b] s
and
Xr} (ILIIA (X)) Ai (x) Zr; (ILIIAJ (X)) A; (x0) =
. jj;l B j;;z
1 a r 8(x0) o " B
F—Ot)t; (J‘HIAJ (X)) ‘/g(x) e g()" (DG pAi) 08 7") () ez,
J#
Y x € [a,xo] .

Next we integrate (40) and (41) with respect to x € [a,b]. We have

r b r r b r
Z/ (HAj (x)) Ai(x)dx—Y" (/ (HAj (x)) dx) Ai(xo) =
j Xo \ i=1 Yo\ j=1

j=1

J# J#i
1 < b - (%) . u L
R [
J#i
and
i /XO (ﬁAJ (X)) Aj (x)dx— Z (/xo (ﬁA, (x)) dx) Ai(xo) =
SRV BV

j=!
J#i

Finally, adding (42) and (43) we obtain the useful identity
D(Ay,....,Ar) (x0) :=

i} /ab (ﬁAj (x)) A; (x)dx— (/ab (IL[AJ (x)) dx) Ai(xo)] =
s g

(x0)
( [ g (05 )08 @ dz) dx]
g(x)

" {/}: (ﬁAJ (x)) (/gi:)) (g(x)—2)*" (D% 14A1) og (2 dz) dx” .

J=1
J#i

Next we take the 1-Schatten norm in (44) and we get:

1@ (A1, A (o), < ﬁ
r xo [ _r 8(xo) o o N
o [ O [
J#i 1

) R X [ - &%) o u -
WZ {/a (HAj (X)) <'/g(x) (2-gW) 1((DxU7;gA,»)og 1) (Z)dz> dx} |

(41)

(42)

(43)

(44)

© 2023 NSP
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b | _r 8(x) 1
LTI | ([ -7 (08 )0
x0 | j=1 8(xo)
J#i
1 " /‘Xo r ( /g(Xo) a1 o )
[ Ai(x —g2(x Dx d dx (45)
F(OC),:Z{ p ]IJI j( ) g(x) (Z g( )) (( 0— z
J#i
b r 8(x) o ]
T ([ 600 (04 )0 )
xo ||\ j=1 8(xo)
J#i
(by using the p-Schatten norm and Holder’s type inequality (31) for p =g =2)
1 r xo || g(xo) » |
X | [T @] | [ @@ (08 08™!) ()de| dx
o) = o= 8() 2
J# 2
Pl s a—1 (/o 1
[T @] [ =9 (Ph)os™) @ds| dx| < (46)
X0 ||i=1 X0
jjﬁ 2
1 r 0 g(xo)
Fa X L Tl ([ e (05 ) o) @) a
J#i
" 8(x) a 1 |
LT @ ([ 60 =0 (08t o5~ @l z) x|
X0 i—1 X0
i
We have proved, so far, that
1
[P (A1, ... Ar) (x0) [ < @)
r X() r
3| [Tl ([ e (05 ) 08 @] e
— [
i
b _r g(x
LI ([ 0= (0 ) o6 ) @) 2) | = @) @
X0 j:1

J#

Let now ¥, > 1 such that %, + % =1, and we apply the usual Holder’s inequality in (47); a > %. Then we have

1D (Ar, ... A) (o), < (8) < !

I (@) (y(a—1)+1)7

r xp I Aa—1)+1 (x0) 5
3| [Tl o)™ (7105t o5~ @) s
= Jj=

8(x)
J#i

X0 j=1 ()C())

J#

1

(a1 [ () s
LTI @ =000 ™7 ([ (@8 ) 05 @3 02) s )

© 2023 NSP
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1
(a)(y(a—1)+1)7

<

,il HH i) 087 H xon/axojﬁlHAJ(X)Hz(g(xo)—g(X))“%dx+
J#
HH xo+gA 1” H 8.[5(x0).2(b)] / HH j H2 g(xo))aiédx , )

proving (33).
If & > 1 we obtain

19 (A1) (1)l < (8) < ﬁ

Y |[log ) og ]|, T4 @I, (6 o) — £ ()% de
8(a).g(x0)]) Ja 1
j=

i=1
J#i

/HHA ), (8 () — g (x0)* x| , (50)

7&

[0t os™l, .

g(x0).8(b)])

proving (34).

At last we derive |

1D (A1, Ar) (x0) [ < (6) < T(a+1)

X 195t [ TS0 -0t

i=1
7&

J@5eados™ ] /HHA ) s (3) 8 (o) x| 51)
J%

proving (35).
The theorem is proved.

When r = 2 we obtain the following operator related Ostrowski type fractional inequalities.

Theorem 7.Let p,g > 1: %—i—% =1, and let the x-ideals %, (H), B, (H), for which (%p (H),||Hp) , (%’Q (H),||-Hq)
are Banach algebras; xy € [a,b] CR, a >0, n= [a]; Ay € C"([a,b], B, (H)), A € C"([a,b], B, (H)); g € C' ([a,b]),

strictly increasing, such that g=' € C" ([g (a) g (b)]), with (A; og")(k) (g(x0))=0k=1,....n—1;i=1,2. Then
1) it holds

B (A1,42) (x0) = /bAz () A1 (x) +/bA1 (x) As (x) dx—

</ As (x dx)Al ) </ A (x dx>A2(x0)
[P nr a8
U o (/ggm (g(x) —2)" " (D 1gA1) 08 7") (2) dz) dx} n

X0 (x0)

© 2023 NSP
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[nia([ v 1 e ye)o
o[- o)

2)f0ry,5>1:%,+%:1, with(x>%, we have that

(52)

1
I (a)(y(a—1)+1)7

@ (A1,42) (x0)]l; <

HH(D'X Ar)og™!| H /xonA Wl (¢ (x0) — g (x))* 3 dx| +
0= 08 plls g gy Ja 2 N EOITE

b
108040 087, o . 142 00 (e 0= ) F x4 3

{

(D% eA2) 057" 141 @1 (e o) =) F x| +
038 9116,[g(a).g(x0)] Ja :

b
00 )00, [ 14101 e 0= = x| .
) s X0

—

3)if o« > 1, we obtain
1
@ (A1,A2) (xo) [} < @
s canee ], o | °|Az<x>|q<g<xo>—g<x>>“ldx]+
[!H Deseh) 08”1, |, . / 42 ()l (8 () — g (x0))*~ 14
-1 o0 a—1
18, 2) o H!L,([g(a)’gw [ 141 1, ) ¢ () ] + 54
005206, o . 141l =) ] .
and
4)
1

||(P(A1,A2) (xO)Hl < F(OC+ 1)

o | 1A s ) g +

([ L N T
s anos .. /||Az My (6 0) g )] +

[ICEmeSEral H I—" |A1<x>|p<g<xo>—g<x>>“dx} +

108t oI, 141 0 0= 2] }. 55

© 2023 NSP
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Proof.Here we have that (acting as in the proof of Theorem 6 for r = 2)

A1 Az / Az A1 +/ A1 Az d —

(fanelo (frwayp®

Therefore it holds by taking the 1-Schatten norm that

1D (A1, As) (x0)|, = H/abAz(x)Al(x)—i—/abAl (x) As (x) dox—

<
‘ 1
ﬁ{[LXOA2<X>(4fj))<z—g<x>> (D2 _ 1) )(z)dz)dxH—i—
[ /):Az(x) (/g:)) (800 =) ((DsigAr) 087 ') ( )dZ) dxH +
Lo s s el
{ /:Al (x) (/i:)) (g(x) —2)* " ((D¥ . A2) 0 g™ 1) ( )dz) dx ]]}S
i ([ e ([ 6 en (@5 ayee ) @) | o]+
[l ([ 0= (0 a0 os Y @) | @ +
[/onAI (x) (/ (x0) (c— g ()% (D% A1) og 1)(z)dz) | x] N

UH < (Df2) 08 )()dz) 1"’“]}3

(by using the p-Schatten norm and Holder’s type inequality (31) for p,g > 1: - Jrlzl)

{[/ el H H( (D Al) g )(z)dz) ]
l/xo 42 (X)”qH< ¢(x0) (g(x)fz)ail (D% A1) 0g™") (z)dz) )

dx

+

dx| +

(56)

(57)

(58)
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[ i, q

l/ sl (/ o= (D )08 ) 0 dZ) ‘”‘] } - e

{[/ (42 ( (/ (z—g()* (D% _ gA,)Og')(Z)dez)dx]+

L1l ([ =0 (0 ) o6 ) @] ) ] +

[, ([ e (0 ) o) @) de) o] +

Lm0 105 o5 @1 o) ] | 0

(x0)

dx| +

(x0)
([ e n™ (0% ) 0x ) 0a2)
8(x)

We have proved, so far, that
[P (A1,A2) (x0)l; <

ﬁ{[ [ a0 ( / (()) (=g () (D% ngogl)(z)deZ) dx]+

[l ([ 6= (0 i) o5 ) @] ) o] +
[, ([ e (0o ) @) aa] +

)

[/):|A1<x>|p (/f(x) () =% | (D2 1. 4A2) 05™") (2) dz) dx}}:: (). )

8(xo)
Let now 7,8 > 1 such that 1 y T 5 =1, and we apply the usual Holder’s inequality in (61); o > 5 Then we have that

1
I (o) (y(a—1)+1)7

1P (A1,42) (x0)l[; < (4) <

ocl+l (x0) %
{ L1201, G o) =07 ([ (05 ) ox ) @0 ) dx]+
yal+| (x) %
/ 20l =200 T ([ (08 ) o) @) dx]+
1+1 (x0) 5
{/ I )l o)~ )7 ([ (0% ) o) 00 ) dx]+ (62
y(oa—1)+1 (x) %
[/ 1 9l 6 ) = 00) ™ ([ (05 te) 057 O ) d”
1
<

C(a)(y(a—1)+1)7

LIt o 1, [ 120l )~ )7 ]+
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30
1 b a1
{HH (Divsgr) o870, ‘5,[g<xo),g<b>1 /xo 420l (8 () =8 ()2 dx] i 9
a -1 0 -+
[HH(on;gAZ)Og Hq‘&[g(a)ag(xo)]~/a 141 @, (& (x0) = x) adx]+
a —1 b a—+
{HH (D%t o'l 5.lg(x0).8(0) /xo A Gl (s () = o)) 2 dx] }
proving (53).
If a > 1, we obtain
1
19 (Ar,A2) (o)lly = (1) = =5
X0
{08008 1], ey 1420l ) g (0)" ] +
000801, W 0=t ]
1 0 o—1
[! 108t o 1L, o [ 140 e ) — 5 ) dx]+ (64)
105 226 U, o . 141l 0~ x| .
proving (54).
At last we derive |
[P (A1,42) (x0)[l; < (A) < Tlatl)
X0
{05t oe I o [ 12 001 G - 000+
1 b o
[[[CEmwaEras L,[g(xo),gw [ 120l e ) ¢ )| +
X0
00052 08 WAl o) g ) a4
1 b []
108 o1,y 11 001 60 g aate] . 65
proving (55).

The theorem is proved.

We continue with p-Schatten norm weighted mixed generalized fractional Ostrowski type inequalities involving

several functions taking values in the Banach algebra 8, (H) C % (H), p > 1.

Theorem 8.Let the x-ideal 2, (H), which ( b (H), |||l ) p > 1,is a Banach algebra; x € [a,b] CR, 00 >0, n=[ct];
A€ C'([a,b],B,(H)), i=1,...,r e N—{1}; g € C'([a,b]), strictly increasing such that g' € C" ([g(a),g (b)]), with

(408 )Y (g(x0)) =0, k=1,..on—13i=1,...,r. Let (A,...,A,) (xo) be as in (32).
Then

1) fory,0>1: +%:1,withoc>%wehavethat

1
Y
1

(o) (y(a—1)+1)7

[P (At Ar) (x0) [, <
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iil HH i) og | H / HHA )H,,(g(xO)*g(x))“*%dH

3,[g(a).g(x0)]
—1 b ocfl
(R YN - §  CI RO (66)
X0 =1
j;éi
2)if oo > 1, we obtain
1
D(Ay,....A, < —
L e

r

Y (105 -ados L], oo ) HHA Ml s o) — g () et

i=1

7&
[l@8 et oI, ], o, /HHA ), (86— g )™ x| (67
and
3)
1
||¢(A1,...,Ar)(xo)||p§m

r

Y (o5 esl, | /HHA ), (8 (o) — () dx+

i=1
7&
[t edosl, ... /HHA M, (6 ) — (o)) x| )

Proof.As similar to the proof of Theorem 6 is omitted. Use of (28).
We make

Remark.(to Theorem 6)
i)fory,0 > 1: %,Jr % =1, with o > %; case of inequality (33):
Call and assume

M] (f],...,fr) = (69)

1 o . -1 I
max_ {xoseup HH o) og |, H » <x0>]’xoi‘f,f,,]H||(Dx0+;gA’)og HzH&[g(Xo)’g(,,)}}<+ :

Then
P (Aq,...,Ar) (x0)]|; < Right hand side (33) <

M e fr b)— a3 r b_r
1 (f1,0fr) (8 (b) g(“)l) Z /HHAJ(X)szx ' (70)
I'(o)(y(a—=1)4+1)7 i=1 | /e ,}z
ii) Case of inequality (35):
Call and assume
MZ(f17"'afr):: (71)
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mgx { sup HH Og 1H H w g(xo)]7xsgup HH xO+gA)Og 1|| H g(b)]}<+°o.

Then
|®(A1,...,Ar) (x0)||; < Right hand side (35) <

M (fi,.-, fr) (8(b) R (L
= F(oc—|—1 ; /GJ,H]HAf(x)szx : (72)
J#i
‘We make

Remark.(to Theorem 7)
i) fory,8 > 1: 71,+ % =1, with o > %; case of inequality (53):
Call and assume

N (fi,fo) =
1 1
{16051 e 1050
-1 —1 o
50 105 087 0 g 228, [1PEt) o ”qHa,[g<x0),g<b>]}<+ - 73)

Then
[P (A1,A2) (x0)||; < right hand side (53) <

1

Ni (fi, b) — )47

1 (f1:2) (g (D) 1 U A1 (x)]| dx+/ 142 ()| dx} (74)
I (o) (y(a— )Y

ii) Case of inequality (55):

Call and assume

N (fi1,f2) =
-1
max{xoseufbHH o) o8| H @) roeiur HH D) os | H (x0)-(b)])”
—1 -1 <)
oo 105 e o8 500, @S oL g(b)]}<+ - (75)

Then
[P (A1,A2) (x0)||; < right hand side (55) <

(f‘vf?)((aﬂ [/ lAs (x \dx—i—/ 142 (x dx] (76)

We also make

Remark.(to Theorem 8)
i)fory,6 > 1: %,—i—% =1, with o > %; case of inequality (66):
Call and assume

Rl(fla"'7fr):: (77)
1 1 -
max {xoiufb D N [ (PO Y R ()}}<+ -
Then (p > 1)

| (A1,....,Ar) (x0) ||, < right hand side (66) <
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a—Lt
R, (fla---vfr)(g(b)*g(a)l) ° Z / HHA | dx | (78)
F(@)(rla—1+1)7 =
J#l
ii) Case of inequality (68):
Call and assume
Rz (f[,...,fr) = (79)
-1 o . -1 oo
o L 10 cado 1o 108 b

Then (p > 1)
|®(Ay,...,A)) (XO)H,, < Right hand side (68) <

Ry (fi,s fr) (8 (D) —g(a)” ¢
Flar T X /aHHA 0| dx | (80)
Hét

Next come 1-Schatten norm generalized fractional Griiss type inequalities involving several functions taking values in
the Banach algebra %, (H) C % (H):

Theorem 9.Let the *-ideal %, (H), which (%, (H),|-|,) is a Banach algebra; 0 < a < 1, and A; € C' ([a,b], %, (H)),

i=1,...,re N—{1}; g € C'([a,b]), strictly increasing such that g~' € C' ([g (a),g (b)]). Here My (f1,..., f,) is as in (69),
and M (f1,..., f) is as in (71). Denote by

A(Ar,.. A /@Al, A (xo) dxo =

r b r b r b
Z (b—a)/ [TA) &) [Ai(x)dx— / [1A) () [ax (/ Ai(x)dx) , (81)
i=1 a \ j=i a \ j=i a
J# J#
where @ (Ay,...,A;) (x0) as in (32).
Then
(i) fory,6 > 1: )l,—i—% =1, with o > % we have that

A (A1, ....,A)] < M, (f'"'-vfr)(g(b)fg(a))a—g b—a)
T D@@la-n+

r b r
Y| [ TThswl,ar | )
i=1 a j=1
J#
and
(ii) a
1 (A1) < 2P IR SR D) L)

r b r
)} /,JHIHAJ()Oszx : (83)
=

i=1
J#i
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Proof.(i) By (81) we have that

(70)
1A (A1, A, < /||c1> Al Ar) (9)| dx <
My (fi,onn f) (g () — S
i) (8 B) (@) 3 (ba) 5 /HHA,(X)Hde : (84)
T(a)(y(a—1)+ 1)7 =\
J#i
proving (82).
(i1) Also it holds
(72)
1A (A1, A, < /||c1> Al Ar) (9)| dx <
M fv"'afr 8 b)_g a))a b—d - e
e B [TYEIRH (&)
= h J=
J#i

proving (83).
The theorem is proved.

When r = 2 we obtain the following operator related Griiss type fractional inequalities.

Theorem 10.Let p,g > 1 : %—f—é = 1, and let the x-ideals A, (H), $,(H), for which ( b (H)L ||| ) ( . (H) ||| )

are Banach algebras; 0 < o0 < 1, Ay € C' ([a,b], B, (H)), Ay € C' ([a,b], B, (H)): g € C' ([a,b]), strictly increasing,
such that g=' € C' ([g(a),g (b)]). Here Ny (f1,f2) is as in (73), and N (f1, f>) is as in (75).
Denote by

A(A],AQ / @ A[,Az) ()Co)dX()—

(b—a) <./a‘bA2 (x)Al(x)dx—f—/abAl(x)Az (x)dx> _ (86)

(./jAz(x)dx) (/abAl (x) dx) — (./a‘bm (X)dx) (./L;bAz(x)dx) ,

where @ (A1,A2) (x0) as in (52).
Then
(i) for v,6 > 1: Jl,+% =1, with ot > %, we have that

||A(AI;A2)H1 N (f];fZ)(g(b) g(a))aii(bia)
I'(a)(y(a—1)+1)7

b b

[ i [ sl (57

and
(ii)
N1, ) (8(0) 8 (@) (b —a)
I4 (4142l < ===

b b

[yt [l (59
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Proof.(i) By (86) we have that
b (74)
14 (A1,A2) ][ S/a [®(A1,A2) (x) ] dx <

Ni (fi,.2) (g (b) —g(a))*” ; (b—a A dx A dx 89
(o) (y(a—1)+1) [/ 4@l +/ 2l } .

~—=|

proving (87).
(i1) Also we get

b (76)
1A (A1, A2) |, S/a [P (A1,A2) (x)[]; dx <

— a « —a b b
Nz(fn,fz)(gr(?()Hgl() )" (b >V HAI(X)H,,dH/a ||Az(x)||qu}, (90)

proving (88). The theorem is proved.

We continue with p-Schatten norm generalized fractional Griiss type inequalities involving several functions takin
values in the Banach algebra %, (H) C % (H), p > 1.

Theorem 11.Let the x-ideal %, (H), which (%p (H),H-Hp), p > 1, is a Banach algebra, 0 < o < 1. Here

A€ C'([a,b]),B,(H)), i=1,...,re N—{1}; g € C' ([a,b]), strictly increasing such that g~' € C' ([g(a),g (b)]). Here
Ry (fi,...,fr) is asin (77), and Ry (f1,..., fr) is as in (79). Furthermore A (Ay,...,A,) is as in (81) with @ (A4, ...,A,) (x0)
as in (32). Then

(i) fory,6 >1: < (Sfl wzth(x>awehavethat

A (Ay,...,A)], < R, (f]""7fr)(g(b)—g(a))0!*% b—a)
T T )

y /HHA | o
i=1
Hét
and
(i) a
14 @1, < KUl ) 1(§(<Z>+lg)<a)> (b—a)

r b T
| [ Tl e | @)
Ja =

i=1

J#i
Proof.(i) By (81) we have
(78)
1A (A1, ... A /ch ALy A) (¥)] dx <
Rl(fl,...,f»(g(b)fg<a>>°‘*%(bw)i /HHA ), dx o3
I'(a)(y(a—1)+1)7 i=1 Hél
proving (91).
(i1) Also we have
(80)
141 Al, < [ 10 () (@] xS
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Ry (fr.nf) (5 (6) g (@) (b—a) & [ [P
T(a+1) ; /a]l—I]HAj(X)H,,dx : 94)

1

J#i
proving (92). The theorem is proved.

6 Applications

We start with special Ostrowski type inequalities. We give

Corollary 1.(to Theorem 6) All as in Theorem 6, with g (t) =1, V' t € |a,b]. Then
1) fory,0>1: %,—i—% =1, Oc>%wehavethat

1
(@) (y(a—1)+1)7

1P (A1-,Ar) (x0) 1 <

r "X() r 1
Y | @s-al],,. [ THIA ] o -0 S axt 95)
L i

J

b r
ll@eadlL,,. , [ 114 @], ) S as|

51X0, ] X0 j=1

J#i

2)if oo > 1, we obtain

|@mnwmmmmsféj

r "X() r _
Y | @29l [ Tl o =0 axt
L J#i

b r
12 g LT e ©
JF
and
3)
1
[@ @120 o)l < Fap
- — o X0 o
Y I@s-al]_ [T @], o 0%+
i=1 = laxo] Ja j=1
L JFi
b r
[Pz L, o L TTIA Ol o) o)
o
We present
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Corollary 2.(to Theorem 7) All as in Theorem 7, with g (t) = €', V' t € |a,b]. Then
1)fory,6>1: )l,—l—% =1, with a > % we have that

1
(o) (y(a—1)+1)7

X0

[ 1421, (e
5,[ea.e0] a

b

[ 1@l (e
5,[@‘0,6}’] X0

X0 a,,

[ 141l (e = e dx
d,[e, 0]/ a

’ A X X0 afld
3,[¢0.eh] /xo A1 ()], (e* —e®) x]}’

@ (A1,A2) (x0)]|; <

- ex)af% dx| +

{ [ ’(Dzr;e““l) olog ’p

1
(Dzﬁ;e,Al) olog , €5 dx| +

(Dzr;e,Az) olog \

(D)‘;)Jr;e,Az) olog

2)if o > 1, we obtain

1
D(ALA < —
H ( 15 2)(XO)H1_F a)
[ 0
-1
lcy [l e - a4
L 1([e?,e*0]) /a
“(Dg)+;e,AI)OIOgH / |As (x ” &5 o0 oc ldx n
L P L] gx()eb
_ . | )
[[CTRER [ 11l 0 — et +
L 9Ly (jet,e%0]) /a
_‘H(“ ) "4l (e — )|
D TAZ OlOgH / Al X e _eO - dx ,
xp+:e q L ([gm ,eb]) X0 14 |

and
3) |

1@ (A1,42) (x0) ]|, < INCES)

0 X X\ 0
[ 1420, (e = e ax | +
et 0] 4

‘(Dg)—;etAl) olog ‘
Plloo,[ea ¢
b a
o Jy Mol (€ =] &
o0,[¥0 ¢ 0
X0 a
A
oo!ea7 0

"1a . oy
oo,[exo,eb]/xo I ](X)Hp(e — %) x]}

‘ (Dzﬂr;e,A]) olog

]

} (Dg)—;e“%) olog

‘ ( o+ etA2) olog

We continue with

(98)

99)

(100)
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Corollary 3.(t0 Theorem 8) All as in Theorem 8, eith g (t) =logt, V't € [a,b] C Ry —
1) fory,6 >1: %,—i—% =1, with a > % we have that

1
(o) (y(a—1)+1)7

1P (Ar..nd)) (0)]], <

r
o t

o [[CRRN]

j d,[loga,logxy)

L Hét

H ‘(DXOJrlOgA ) oe

/ H A;(x (log%

{0}. Then

)ai% dx+

[T, (e 2) "
A log — dx| ,
P18 [logxp,logb] XOJI_II gx0> )

(101)
J#
2)if o« > 1, we obtain
1
Hq’(Ala---,Ar)(XO)HpSm
r X0 I X0 o—1
Y HH(D%,OgA)oez’ / [T 145, (tog=) " dxt
i=1 PIIL (llogalogxo]) /@ j=1 X
L i
b r X a—1
(D 1 A)oe / A (x) (log—) dx| (102)
H ‘ rolos PIIL; ([logxo,logh]) ¥ *0 ;[;Il || ! HP *0
J#i
and
3)
1
D(A,...,A
H ( J EREES) r)(xO)Hp_F(a-i-])
r o xo o
y H(Dx(rlogA)oe / HHA ), (10g20) " dx+
i=1 oo [loga,logx) X
L j;ét
b_r x\¢
H](Dgﬂogfx)oeu [T, (10g—) dx (103)
P 1o, [log xg,logb] /X0 j=1 X0
J#i
We continue with special Griiss type inequalities.
Corollary 4.(t0 Theorem 9) All as in Theorem 9, with g (t) =1, V't € [a,D]. Then
(i) for y,6 > 1: %,—l—% =1, 0> % we have that
]
My (fryens fr) (=) 7 24
14 AL AD] < reend O 0 ) (ZNEOT B (104)
I'(a)(y(e 71)+1 )y =1\ Je j=
J#i
and
(ii)
MZ(f17"'afr)(b_a)a+1 4 /b A
AAr, . LAY < Ai(x)||,dx 105
4 (A1, A)), Fary 5| L Tl (105)
J#i
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Next comes

Corollary 5.(to Theorem 10) All as in Theorem 10, with g (t) = €', V' t € |a,D]. Then

(i)for}/,6>1:%,+%:1, OC>%, we have that

Ni(fi,fo) (& —e) "™

A (A1,A2)[l) <

and

(it)

(o) (y(a—1)+1)7

[/ab|A1 (x)|\pdx+/ab||A2 (x)||qu]7

N (fi.£2) (¢ —e)* (b—a)

14 (AnA2); <

We finish with

Corollary 6.(to Theorem 11) All as in Theorem 11, with g (t) =logt, V1 € [a,b] C Ry — {0}. Then

(i) fory,6 > 1:%+%:1,(X>%wehavethat

I'(a+1)

[ /ab|\A1<x>|\,,dx+ /ab“Az(x)qux],

1A (A1, AP, <

_ Ry (fiyens fr) (logg)(%% (b—a)
(o) (y(a—1)+1)7

)|, dx |

Ra(fi,os ) (log ) (b—a)

r b r
| Tt
i=1 a j=|
i
and
(i)
A (A1, A, <
r b T
I b (N
i=1\74¢ j=1
i
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