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Abstract: The Auxiliary Equation Method (AEM) has been modified to dbtde solutions of a Population Balance Equation (PBE)
involving particulate growth, nucleation and aggregagirenomena. In all the cases examined, the volume densitjbditons are
accurately predicted by the travelling wave solutions efdtbmplementary equation of the nonlinear partial intedjfi@rential equation
with distinctly chosen parameters. Being a flexible techaignd a direct comparison for the existing analytical smhst this study
proves the potential of the proposed methodology.
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1 Introduction essence of any numerical solutions of a PBE requires the
discretization of the particle diameter/volume domain by
Particulate processes are characterized by sizéneans of certain numerical approximations that results in
distributions that are assumed to vary strongly in timea system of stiff, nonlinear integro-differential equato
with respect to mean particle size and shape of the Since the early 1960s, various numerical methods
Particle Size Distribution (PSD). Population balances arehave been developed for solving PBM involving both
widely encountered in numerous scientific and time-dependent and -independent formulations. Among
engineering disciplines to describe the evolution of PSDthose include the fully discrete metho2 8], method of
in processes that involve particulate phenomena likeclasses 4,5], fixed and moving pivot method6[7],
growth, nucleation, aggregation and breakatje These  higher order discretized method8,9], orthogonal
particulate phenomena may occur during the processollocation on finite elements1,11], Galerkin and
which may result in momentous changes manifestedvavelet-Galerkin methodlP, 13], Monte Carlo [L4] and
through its PSD. The time evolution of this distribution is least squares method g 16]. Several other techniques
determined by the solution of the so-called Populationavailable for solving the PBEs are the various method of
Balance Equation (PBE) which governs the dynamicmoments where the PBE is solved for the moments of the
behavior of particulate processes through a nonlineaPSD, e.g., quadrature method of moments (QMOM) [
partial  integro-differential equation  within  the 18] and direct quadrature method of moments (DQMOM)
mathematical frameworKl]. The numerical solution ofa [19,20].
dynamic PBE is a remarkably complicated problem due Despite numerous papers published on the numerical
to both numerical complications and the uncertainties ofsolutions of a PBE, the choice of the most appropriate
the model regarding the particulate mechanisms that arenethod for the calculation of time evaluation of a PSD, in
frequently weakly approximated. On the other hand, theparticular processes undergoing simultaneous particle
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growth, nucleation, breakage and aggregation, is notolume-based aggregation kernel that describes the
straightforward and realistic. In reality, a large numbgr o frequency at which particles with volumxeandx’ collide
studies refer to only a limited range of variation of to form a particle of volumex + X, I(x) is the
particle breakage and aggregation rates. Therefore, theolume-based breakage function and the stoichiometric
wide-ranging application of a numerical method to the kernel b(x + X'), satisfying the symmetry and
solution of a specific problem cannot be assured. On thaormalization conditions, gives the product size
other hand, the formulation of a large number of differentdistribution for binary breakage through the probability o
numerical approaches also underlines the intrinsicformation of particles with volumg from the breakage of
problems in obtaining a precise and consistent numericaparticles of volumex.
method. In this study, a one-dimensional (1D) population
balance equation (PBE) under various conditions of
pamcglate nucleation, growth' and ‘aggregation ares The Auxiliary Equation Method (AEM)
investigated and compared with their analytical and
numerical solutions as found in the literature. Then the@PProach
analytical method introduced by Pinar abdis [21,22] is
implemented to solve the PBE and the validity of the The Auxiliary Equation method (AEM) suggested
solution is established through example case studiesecently by Pinar an®zis [21,22] has been applied to
involving growth, nucleation and aggregation processes. nonlinear physical models and has successfully helped to
develop new analytical solutions with appropriate
parameters and these parameters are chosen such a way
2 Problem Formulation that the obtained solutions simulates the behavior of the
solutions of aforementioned problems. Recently, Pinar et
Population balance modeling has become an importanal [23] proposed analytical solutions of PBES involving
tool to model a wide variety of particulate processes andparticulate aggregation and breakage using AEM and
its increasing applicability in various disciplines of compared the results with their available analytical
science and engineering. For example, processes likeolutions obtained from the literature for a 1D PBE. In
crystallization, granulation, milling, polymerization, this study, the proposed methodology is further extended
flocculation, and aerosols involve population balancesto include growth and nucleation within the mathematical
The PBE describes the evolution of a density function,framework. The detailed features of this method can be
representing the behavior of a population of a state vectoread from the recommended papers of Pinar@zig [21,
such as size or volume of solid particles, liquid droplets22]. For the sake of brevity, the adjustment of the
or gas bubbles. The rapid development in this field isanalytical method for the proposed solution is briefly
possible thanks to the availability of improved particle mentioned here and the detail is left for the interested
size measurement techniques to measure multivariateeaders to refer to Pinar af@kis [21,22] and Pinar et al
distributions. The evolution of this density function take [23].
into account the different processes that control the In the previous section, a particulate population
population such as aggregation, breakage, growth an@alance is introduced briefly. In this study we shall
advective transport of the state vector. The generalizedlevelop an analytical particle distribution conjecture
one-dimensional Population Balance Equation (PBE) in avhich works well in the case of certain well-defined
well-mixed control volume, without considering spatial standard processes of particle formation. The distriloutio

dependence, is written as: function is defined by Eq1j and the physical parameters
affecting the formation of the distribution are nested in
9 this differential equation. In our conjecture, we adapt the

En(x,t) + %([G(x,t)n(x,t)] = Anuc+ Aagg+ Aoreak (1) previously mentioned works of Pinar a@is [21,22] to
determine the solution of the batch PBE problem. Our
where conjecture is based on the reinterpretation of particle
phase space and amalgamates it with the methodology as
suggested in Pinar artdizis [21,22]. Particle phase space

Anuc = Bo(t)d(xo) consists of least number of independent coordinates
[ attached to a particular distribution that allow a complete
Aagg_/o n(x =X, t)n(x,a(x—x,x )dx description of the properties of the distribution. Paeticl

phase space and may conveniently be divided into two
o sub regions given by internal and external particle
@ coordinates. External coordinates refer simply to the

Abreak:/ b(x, X )n(x,t)I" (X )dX — I (x)n(x,t) spatial distribution of the particles. Such external
X coordinates of course are not necessary, for example, in

where then(x,t) is the number density function in the description of a well-mixed particulate process,
terms of the particle volumex. a(x,x) is the although it may be quite convenient to report the

_/°° n(xt)n(x, t)a(x,x)dx @)
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distribution on a unit value basis. Internal coordinateref with the solution
to those properties that are attached to each particle that
guantitatively measure its state, independent of its . Lage WAL +C)
position. A common example of an internal coordinate (‘Z'-amberm(‘—zazi>—\/a_2“—-c'>)
property is particle volume. The particle volume (()=e
distribution is defined so that(x,t)dx is the number of (5)
particles per vessel volume at tirhén the volume range
(x,x+dx) and therefore the total volume ;" n(x,t)xdx which behaves in an _exponential form. Using the
must also be conserve@4]. In any particulate process methodology in Pinar an@zis [21,22], the parametric
giving rise to the formation of PSD, individual particles general solution of the PBE is given for various case
are continuously changing their position in the particle studies of growth, nucleation and aggregation processes
phase space, namely, each particle moves along thand compared to their analytical solutions that exist in the
various internal and external coordinate axes. If thesditerature P5,26,27).
changes are gradual and continuous, one refers to this
movement as convection along the respective particle
coordinates and refers to the rate of change of the
coordmate property of a par'ucle as the convective particl 4 Case study 1: Combined Nucleation,
velocity along that coordinate axe?]. .
. . . .. Growth and Aggregation

Hence, in this study, the particle velocity is
conjectured and assume to be slow enough and
continuous and the particle velocity components are ) o )
nested in the functiod = Z(x,t) wherex the particle The population balan_ce for a comblnatlon. of nucleation,
volume and time.. Because, internal convection velocity 9rowth and aggregation case can be obtained fromlEq.
can be taken as linear rate of growth of a particle andoy setting the breakage function and the specific rate of
Z = Z(x.t) can be chosen a linear combination of particle breakage to zero i.d(x,x) = 0, I" (x) = 0. This type of
volume x and the timet. An alternative to tracking the PBE is typically encountered in MSMPR syster@§,R9]
convective particle velocity is to fix it by a suitable choice @1d in crystal synthesis30,31). For the sake of
of new space coordinates i.é.= Z(x,t) and solve the ~comparison with an analytical solution, the growth and
problem in this new coordinate system. As such, hucleation kerne[s for the steady-state PBE are assumed
following the methodology in Pinar ardzis [21,22 the 0 be constants i.eG(x.t) = Go = 1, Bo(t) = fo = 1,
nonlinear partial integro-differential equation i.e. the a(X) = 1. Using the aforementioned conditions, Liao &
batch PBE (Eq.) can be readily reduced to ordinary Hulburt [32] proposed the following analytical solution:
integro-differential equation using an independent sngl
variable { where { = {(x,t) is a function of particle

volume x and timet. Consequently Eq.1j and the n(v) =2ng exq_px)w (6)
complementary equation are invariant under the X
appropriate transformatiod = {(x,t) and also their
solutions. where
To solve ordinary integro-differential equation, by
using the solution ansatz (see E8) {(n Pinar andOzis / 1
[2]) and balancing the ansatz, one can easily determine P=y/1+5—-0
the solution series as a second order polynomial 2PonoGot

vV
X= G_o \/ ZﬁonoGo

0(0) = Qo+ 912(¢) + 820 ®3) O
In z({) and the coefficientgp, g1 and g, the free
parameters can be further determined. Referring to theSol
initial condition (i.e. initial value) which is in the formfo
an exponential distribution in the PBE model, the
expected solution is therefore always exponential.
Referring to Case 6 of Table 1 in Pinar a@dis [21], the n(xt) = go
auxiliary equation can be expressed as:

Using the proposed AEM approach, the analytical
ution obtained is as follows:

J(4y3(@)
+gle(f%LambertV\(7LL2§27)+\/a—z(®))
dz 3 | 1agdv@(®)
(&)228222(()4—3626(5) 4) - gp(el BLAMbertW =)+ /23()) )2
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where zero. Further in this case, the nucleation function is also
set to zero i.eBy(t) = 0. In classical modelling approach,

¢ = —ux+at+ Cl the growth and aggregation phenomena are independently

go = —10V/e 100 considered. However, applications occB8][ where the .
01 growth and the aggregation are coupled thus not obeying
g1 = —10v2eX 0 22 the classical Von Smoluchowski equation. Till date, only
. 2000/e 10X a few analytical solutions have been proposed in literature
2= ——

for various combinations of growth and aggregation

au kernel functions as seen in Table 1.

ag = —0.01tanlf0.1x)
p=15 a=-03, Cl=-03

Table 1: Combinations of growth and aggregation kernel
functions (Case study 2) obtained from Majumder eB4d] and
as found in Ramabhadran et &6].

. Case G(xt) a(x,x)
a 1 100

o b X X+ X
c 3
z
g Y According to case 2a (see Table 1), the analytical

2 1 g y
§ ‘ o i solution given by Ramabhadran et a2€] is given as
I I A O : follows:

': g
0 T T T T T T T T T T T T T 1 M_
0.010 0.012 0.014  0.016 0.018 0.020 0.022 n(X,t) = L No—Mo
volume, x 1_2/\)(0( M1 )
No—M
) ) . . Mo X~ 2\X0 ( Mo O)

Fig. 1: Comparison of the proposed AEM analytical solution exp|—— @)
with the analytical solution of Liao & HulburtZ7] (Case study Miq 2A\Xo (NOI\LMO)
1)

As seen in Figure 1, there is a general similarity in the ~ Where
behavior between the proposed AEM solution and the
analytical solution proposed by Liao & Hulbur2T]. 2N
However, the slight difference in the solutions is Mo = 2+ BoNot
anticipated. This is because even if both the solutions are °G 5
inherently analytical, the postulations of the derivatign M1 = NoXo {1_ 0 In ( )} i
these solutions differ from one other. As Liao & Hulburt BoNoXo  \ 2+ BoNot

[27] mentioned in their work, the combined aggregation,

growth and nucleation was obtained by setting the

breakage function and specific rate of breakage to zero

and additionally the aggregation kernel and growthHereA = ﬁ andMg andM; are the moments.
function were both taken to be constants. However, in our . : . .

case, they are supposed to vary with the leading term 1 ne corresponding analytical solution using AEM

volumex approach is obtained as follows:

. n(X,t) =0o
5 Case study 2: Growth and Aggregation (@)

gl BLambetW— )+ /a3 (9)

Similar to the previous case, the PBE for a combination 1 o
of growth and aggregation case is obtained by setting the (— HLambertw— % V& Y E(P)2
breakage function and the specific rate of breakage to +g2(e * %2 Vel
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where

gO —10e" (X—O.Z)z

—X

g1=—¢€

g2=-€"

ag = —10e*

g tanh(75)
1000

® =—ux+at+ Cli
u=14 a=-05 Cl=0.0

A comparison of the two analytical solutions can be
seen in Figure 2.

o analytical AEM solution (this study)
®=  analytical solution (Ramabhadran et al, 1976)

volume density n(x,t)

T T T T T T T T T
0.2 04 0.6 0.8 1.0

volume, x

0.0

Fig. 2: Comparison of the proposed AEM analytical solution
with the analytical solution of Ramabhadran et &€][(Case
study 2a as mentioned in Table 1)

According to case 2b (see Table 1), the analytical
solution given by Ramabhadran et &f[ is as follows:

Mg Mg / 2N
n(x,t):iexp[—— (——1) ]
M M M
X\/1- 2 1 0
XNo
Il( My 1_N_o)
(8)
where

Mo =N exp{ﬁO 0% (1—equot))]

M1 = NoxoexpSBot)

Note thatl; is the modified Bessel function of first kind of
order one.

The corresponding analytical solution using AEM
approach is obtained as follows:

4va¥
n(x,t) = 1‘+gle(7%Lambertv\( in J+EBW)
3
602 (— $Lambertw(— ﬁzm e
+ gl(e )
18x+1
9)
where
01 = 1%77.84x2
= _1oefx
ag = 25tanh(1000
692
(607 1oty ) (18¢+ L)t
Yoo 7 +.Cl
01
H= 28, a = 35, Cl=-40

A comparison of the two analytical solutions can be
seen in Figure 3.

volume density n(x,t)

o analytical AEM solution (this study)
= analytical solution (Ramabhadran et al, 1976)

T
0.06
volume, x

0.04

Fig. 3: Comparison of the proposed AEM analytical solution
with the analytical solution of Ramabhadran at &6][(Case
study 2b as mentioned in Table 1)

It is worth noting that the AEM solutions of cases 2a
and 2b, similar to case 1, preserve the general trend of the
exponential distribution and the slight difference is agai
based on the derivation of the analytical solutions based on
distinct assumptions.

(@© 2015 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

2472 NS 2 Z. Pinar et al. : Analytical Solution of Population BalanaguBtionn...

6 Case study 3: Nucleation and Growth

Similar to the previous cases, the PBE for a combination
of nucleation and growth is obtained by setting the
breakage function and the specific rate of breakage to
zero. However in this case, instead of the nucleation
function, the aggregation kernel is set to zero i.e.
a(x,x') = 0. Studies related to combined nucleation and
growth is undergoing a growing importance in
nanotechnology 35]. Several analytical solutions have
been proposed in literature for various combinations of
nucleation and growth phenomena. From these, two cases
with combinations of growth and nucleation kernel

functions (see Table 2) are considered. 20 02 o4 06 08 10

volume, x

o analytical AEM solution (this study)
" analytical solution (Kumar & Ramkrishna, 1997)

volume density n(x,t)

Ly
& on woesm oaoEs aadad®

Table 2: Combiqations of growth and nuclleation kernels (Case Fig. 4: Comparison of the proposed AEM analytical solution
study 3) as obtained from Kumar & Ramkrishizb] with the analytical solution of Kumar & Ramkrishnaq] (Case
Case C15(X7t) li%gt) study 3a as mentioned in Table 2)
a

b 1 10

According to case 3b (see Table 2), Kumar &
i Ramkrishna roposed the following analytical
According to case 3a (see Table 2), Kumar & £l prop g y

lution:
Ramkrishna 25| proposed the following analytical soltion
solution: n(x,t) = no(xe Got) —Got
n(x,t) = no(x— G(t)) Non [exp<_m>_exp(_i)]
+N0,n [exp<_xlﬂ> —exp(—i)] 0o Xo,n Xo,n
Oo Xo,n Xo,n (11)
(10) where

where
Xiow = Max(xy, xe %)
Xiow = MaxXy, X — Opt). i . ] )
, L , The corresponding analytical solution using AEM
In Eg. (10), no(X) is the I|n|t|al number de_ns@y and approach is obtained as follows:
No,n represents the nucleation ratg,, and op indicate
parameters related to exponentially distributed nuadeati  N(X,t) = do

rate and growth rate function respectively. o4V (®)

1 _age V2T
The corresponding analytical solution using AEM 4 gpel~atamPertW= g ) VA (@)
approach is obtained as follows: N age V(@)
n(xt) =g fgp(el AR T A2
1) =0o
(4/%5(®)) (12)
1 3¢

n gle( zlambertW(— ==—r——)+/a(®)) where
" gz(e(,%Lambenv\(,a@%@yr@@)))z do= ]_Oe(*(XJrO.Gz)z

where Gr=-e’ "

, gp = —e X002
o (—(x+0.6)
Yo = 10e_x tanh(x+ %%)
G =—e =7 1000
Go=-€" ag = —10e7 %002
. tanh({) ® = —ux+at+ Cl
2~ 71000 p=16 a=-08 Cl=-30

ag=—10e*
@ :1—é1x+ aH(—)_;:I cl 30 The proposed AEM solutions related to cases 3a and
u=16 a=-08 Cl=-3

3b are compared with their corresponding available
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2+ ¢ n=55
° =60

volume density n(x,t)
(=]
1
volume density n(x,t)

o analytical AEM solution (this study)
= analytical solution (Kumar & Ramkrishna, 1997)

0 T T T T T
0.010 0.012 0.014 0.016 0.018 0.020
volume, x

0 T T T
0.0 0.2 0.4 0.6 0.8 1.0
volume, x

Fig. 6: Numerical verification of volume (mass) conservation
Fig. 5: Comparison of the proposed AEM analytical solution using AEM approach
with the analytical solution of Kumar & Ramkrishn2g] (Case
study 3b as mentioned in Table 2)

7 Conclusions

In this study, an effective analytical technique is
analytical solutions, as seen in Figures 4 and 5|mplemented to solve PBEs involving simultaneous

respectively. As can be clearly observed, the soIutionso"j“t'cul"’Ite growth, nucleation and aggregation by making

proposed using AEM and suggested by Kumar & US€ Of the appropriate solution(s) of associated
Ramkrishna 25] match very well. The slight differences compllﬁmentary tlaqtgatmnftr\]na auiqharyt equauotr_]s.
that exist between the solutions are again based on thzfra\ée Ing \llyave S0 ulloln.s 0 edqgmp emlen ary 'equh?v'lon
derivation of the analytical solutions based on distinct®' '€ noniinear partial integro-differential equationtiwi
assumptions. In the literature, several analyticalappmp”ately chosen parameters is taken to be analogous

formulations are available to represent various partteula to the description of the dynamic behavior of the
processes based on various hypothesis and/Opartlculate processes of a PBE. Using carefully chosen

assumptions. But, in principle, such analytical parameters, the AEM solution is able to reproduce the

formulations should be equivalent and can essentially begéﬁ]ecgﬁglgexﬁ‘;‘/ I(t)r:;fa\:legllotlijcfallazrot;ﬁtjilc)ari cc:gdglsznds iint?ulas
transformed from one to the other through certain P y prop

equations. Although this proposal is theoretically cotrec literature.
but in practice this is not observable in many cases
because the population density versus size function

typically used to model particulate processes and the‘o‘cknOWIedg&rm:"nt

population, in general, is used as the distributed variablel_h .
. . The manuscript has been prepared based on the work
rather than mass/or particle volume. For example, in resented in ICAAAM 2013 held at Istanbul, Turkey. AD

several PBMs linear size is used as an independerﬁ) i N
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or breakage is more important the particle volume must2013 9 y y g Ap
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