Appl. Math. Inf. Sci.12, No. 6, 1073-1089 (2018) %N =¥\ 1073

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/120602

The Optimal Retailer’'s Economic Production Quantity
(EPQ) Policies with Two-Level Trade Credit under
Alternate Due Date of Payment and Limited Storage
Capacity

H. M. Srivastava?®*, Ghi-Feng Yef, An-Kuo Leé, Yi-Xiu W and Shy-Der Lif

1 Department of Mathematics and Statistics, University aftdfiia, Victoria, British Columbia V8W 3R4, Canada

2 Department of Medical Research, China Medical Universiogpital, China Medical University, Taichung 40402, TaiwRepublic
of China

3 Department of Business Administration, Chung Yuan Chatstiniversity, Chung-Li 32023, Taiwan, Republic of China

4 Departments of Applied Mathematics and Business Admatistn, Chung Yuan Christian University, Chung-Li 32023jvifan,
Republic of China

Received: 2 Sep. 2018, Revised: 8 Oct. 2018, Accepted: 1.320t8
Published online: 1 Nov. 2018

Abstract: In recent years, many researchers investigated and deektlibg Economic Production Quantity (EPQ) model under
permissible delay in payment. There are two payment ternishadre usually being used. If a customer buys one item frogtaler

at timet belonging to the time-intervdD, N], then the customer will have a trade-credit peridd-t and will make the payment at
time N. The other payment term (alternate due date) is when a cestomys one item from a retailer at tihéelonging to[0, T], the
customer will have a trade-credit peribdand will make the payment at timé+t. This paper develops a two-level trade-credit model
with a finite replenishment rate by considering an alterdate date of payment and limited storage capacity togetloar. theorems
are developed in this investigation with a view to charazieg the optimal solutions according to cost-minimizatgirategy. Finally,
sensitivity analyses are executed to investigate thetsftéthe various parameters on the ordering policies andrthaal total relevant
costs. Several interesting results are also consideredi@r tbo make several managerial suggestions.

Keywords: Economic Production Quantity (EPQ), permissible delay agrpentayment, trade-credit model, alternate due date of
payment, trade-credit period, limited storage capaodgskivity analyses, optimal solutions, cost-minimigatstrategy.

1 Introduction and earning within the trade-credit period. HuaBl ds
well as Teng and Goyab] extended Goyal's EOQ model
As long ago as 1913, Harrisl][ designed the first in [4] to provide a fixed trade-credit peridd between the
Economic Order Quantity (EOQ) model. Subsequently,SUpp“er and the. retailer, and a trade—crednypeer
Taft [2] established the Economic Production Quantity Petween the retailer and the customer. Huang's payment
(EPQ) model which integrated the EOQ model with the ©8rms (see J)): If a customer buys one item from a
idea of continuous production in order to make it more etailer at time belonging to the time-intervad, N, then
practical. Hartley 3] proposed the inventory model of the customer will have a.trade-cred|t permq-t and will
two warehouses for solving the capacity problem, which™ake the payment at timl. So, the retailer allows a
distinguished between the owned and the rentednammumtrade—’cred|t period for customers to settle the
warehouses. Goyald] studied an EOQ model under &ccount. Huang's concept of payment terms 3h \was
permissible delay in payments by assuming that thetxténded by many researchers (s§e8,9,10,11,12,13,
supplier would offer the retailer a fixed-delay period and 1415 16,17,18,19)). The Teng-Goyal payment terms
the retailer could sell the goods and accumulate revenu&s€€ B]): If a customer buys one item from a retailer at
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time t belonging to the time-intervalO,T|, then the the supplier. That is, the retailer can accumulate revenue
customer will have a trade-credit peribbdand will make  and earn interest between the peridnd the periodM

the payment at timé\ +t. So, the retailer allows each with rate le under the condition of trade credit. If a
customer to settle the account within the same tradeustomer buys an item from the retailer at time [0, T],
period N. Related researches were present in severaithen the customer will have a trade-credit perdddand
subsequent works including@(,21,22,23,24,25]. make the payment at timé +-t.

We remark that Yeret al. [18] presented an EOQ model

by considering two warehouses system together with the

payment terms considered earlier by Teng and Goyal2.2 The Annual Total Relevant Cost

Motivated essentially by the above-mentioned )

generalization of the EPQ model considered by ¥eal. elements. First, the annual ordering cost is given by
[18]. Four easy-to-use theorems are developed in order to .
characterize the optimal solutions according to the Annual ordering cost T (1)

cost-minimization strategy. Finally, sensitivity anags ) ) )

are executed to investigate the effects of the various>€cond, annual stock-holding cost including owned
parameters on ordering policies and annual total relevanfvarehouse and rented warehouse). Two cases occur in
costs (TRCs) of the inventory system. The conclusion inCOSts of owned warehouse:

the work by Yenet al. [18] will thus become a special 1. DTp £ W, shown in Figurel. The annual stock-
case of the results presented in this paper. For various holding costin owned warehouse is given by

other recent developments on the subject, the interested ) _ Tho
reader is referred also to such related works as those in Annual stock-holding cost in owned warehous€5®.
[26,27,28,29,30). @)

2 Formulation of the M athematical M odel

Inventory Level
A

DTp-W |, DTp-W Wh oo
e Wy DToW (DTp >W) ol

twz —twy = S DT
0 (DTp=W) Ly f-mm-2 S Ly, =(P=D)=-=DTp

|
|
T* the optimal solution of TRCT) :
|
|
|

» Time

2.1 Assumptions tﬂ

We considered some assumptions for the proposed, both Fig. 1: Annual stock-holding cost wheRTp < W

of the of Demand rat®® and eplenishment rate are -

known and constant. Shortages are not allowed and time

period is infinite. Moreoverk =2 h, M =2 N ands = c. 2. DTp > W, shown in Figure2. The annual stock-
storage capacity, the retailer would rent a warehouse to ,
store these exceeding items, and the RW storage capacity Annual stock-holding cost in owned warehous®/ h— s5ri—;.
is unlimited. When the demand occurs, the ordered items 3)
would be replenished from the RW which stores those

exceeding items. During the period of time when the Ty cases occur in costs of rented warehouse:

account is not settled, generated sales revenue is A
L : v 9= < -
deposited in an interest-bearing account. WhHeg M, 1. DTp=W, shown in Figurel. T.he gnnual stock
holding cost in rented warehouse is given by

the account is settled at = M, the retailer pays off all
units sold and keeps his/her profits, and starts paying fora Annual stock-holding cost in rented warehous8.
higher interest charge on the items in stock with rate (4)
WhenT < M, the account is settled & = M and the 2. DTp > W, shown in Figure2. The annual stock-
retailer does not need to pay any interest charge. The holding cost in rented warehouse given by

retailer can accumulate revenue and earn interest after a

W2
customer pays for the amount of purchasing cost to the Annual stock-holding cost in rented Warehousg%.
retailer until the end of the trade-credit period offered by (5)
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Fig. 2: Annual stock-holding cost when DTp >W

Inventory Level
A

DT

L =(P—D)%=DTp
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(P-D)M |——-

» Time

Fig. 4: Annual interest charged when FM < T

Four cases are expected to occur each year in the costs dhere are four cases to occur in interest earned per year.

interest charges for the items kept in stock.

1. T <M-—N. The annual interest charged is given, in

this case, by
Annual interest charged 0. (6)

2. M—N £ T < M. The annual interest charged is
given, in this case, by

Annual interest charged 0. @)

3. MST< %, shown in Figure. The annual interest
charged is given, in this case, by

. chD(T —M)?
Annual interest charged ¥ (8)
2T
Inventory Level
A
DT < _
P RN A ) Ly
o el 7
DT -M)|-=—=7=q-==2
/ [
/ I
S
» Time
N
P

Fig. 3: Annual interest charged when M < T < FM

4. % < T, shown in Figure4. The annual interest
charged is given, in this case, by

. lko(DT? — PM?
Annual interest charged ClkP( 5T ). (9)

1. T <M—N, shown in Figurés. The annual interest
earned is given, in this case, by
sleD(2M — 2N —T)

Annual interest earned 5

. (10)

DTp-——mm - S

» Time

T+N

Fig. 5: Annual interest earned when T = M — N

2. M—=N<T <M, shown in Figureb. The annual
interest earned is given, in this case, by

sleD(M — N)?

Annual interest earned
2T

(11)

PM -
3. MEST< o shown in Figure7. The annual
interest earned is given, in this case, by

slD(M — N)?

Annual interest earned
2T

(12)

PM . o —
4. o < T.The annualinterest earned is given, in this

case, by
slD(M — N)?

Annual interest earned
2T

(13)
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ﬁ relevant cost, TRCT ), can be expressed by
W
TRCy (T TS —
T a(T) < B DP)
D(M-N)
TRCy(T) ﬂ<T<M—N
2 Dp =
TRC(T) = ¢ TRC3(T) (M=N=T<M)
» Time
. . TRC4(T) <M <ST< w)
Fig. 6: Annual interest earned whenM —N < T <M D

TRGs(T) (ﬂ < T) ,

D
ﬁ (14)
where
A DThp slkD(2M —2N—T)
----------- —————2 TRC(T) == - 1
DT i Cyi(T) T > +0 5 , (15)
S0
L | TRG(T) AL PKOTO W2 |\ Pweh
| 1 2 = — _— - @@
D(M_N).___/Z____ & ! T 2DT(P-D) 2DT(P—-D)
/ 1 1
/ /‘ | | +0_s|eD(2M—2N—T) (16)
4 . : » Time 2 ’
0 N MT T+N
2 2
Fig. 7: Annual interest earned when M < T < B} TRG(T) = A Pk(DTp—W) Whe __PWh
G =7 2DT(P—D) 2DT(P—D)
Y
+0—7S'6D(';AT N® (17)
From the above arguments, the annual total relevant k( 2 2
cost for the retailer can be expressed as follows: A PkDTp-W PW
TR&G(M =7+ Zo1p—p) " WM 2o7(P-D)
TRC(T) = ordering cost- stock-holding+ interest charged interest earned + ClkD(T - M)z _ SleD(M - N)z (18)
2T 2T
The following four cases arise: and
A  PKk(DTp—-W)? PW2h
TRG(T) ==+ " +Wh— c——
1 Mo N s(T) TjL 2DT(P-D) + 2DT(P—D)
Dp , Chp(DT2—PM?) _ slD(M—N)?
W 2T N
NS —
3. MgDﬂp<?. Since W w
TR — | =TR —
4 PM_ W Cl(Dp> CZ(Dp)’
D ~ Dp TRCy(M —N) =TRC3(M —N),
TRC3(M) = TRC4(M)
and

PM PM
W " —TRG (22
Case 1. -~ <M-N. TRG(5) =TR (D)’

According to Equations1) to (13), the annual total the function TRGT) is continuous whef > 0.
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w
Case2. M-NZ D_p <M. where
According to Equations 1) to (13), the annual total A DTho ciD(T —M)?
relevant cost, TRCT ), can be expressed by TRG(T) = T3 oT
leD(M —N)?
TRCy(T) 0<T <M—N) —%. (23)
- Since
TRGs(T) M-NST <> TRCL(M — N) = TRGs(M — N),
W TRCs(M) = TRC7(M),
) TRG3(T) (— <T< M)
TRC(T) = Dp TRG, (Dﬂp —TRC, (Dﬂp>
TRCy(T) (M <T< ?) and b oM
TRGC5(T) (? <T), the function TRCT) is continuous whefl > 0.
(20) PM _ W
where Case 4. o = < Dp’
) According to Equations1) to (13), the annual total
TRCH(T) = $+ DTZhP Lo+ SIED(I;AT_ N)* (21)  relevantcost, TRCT), can be expressed by
. TRCy(T 0<T<M-N
Since 1(T) ( )
TRC1(M —N) = TRCs(M — N), TRGH(T) M_N<T<M)
W W
TR — | =TRG | — PM
@ (Dp) ? (Dp) ’ TROT) = TRG(T) (MST<35) (g
TRC3(M) = TRCy(M) TRGs(T) (% <T< Dﬂp)
and
W
TRCs (PE')V') TRGs (PM) TRGs(T) (D—p = T) :
. . . h
the function TRQT ) is continuous wheit > 0. where
A DThp clp(DT?2—PM?)
TRG(T) ==+
Case 3. M ﬂ < m T 2 2T
D D SlD(M — N)2
According to Equations1) to (13), the annual total S (25)
relevant cost, TRCT ), can be expressed by
Since
TRCy(T) (0<T<M-N) TRCy (M —N) = TRCs(M —N),
TRGCs(M) =TRC
TRCs(T) (M-N<T<M) (I\/I) 7.
TRG, (F =TRGs ( )
TRC/(T) (M <T< ﬂ)
TRC(T) = Dp/ (220 and W W
W PM TRG <D_) TRC5<D )
TRC(T) (— <T< ) P P
Dp — D the function TRQT ) is continuous wheit > 0.
PM In summary, all of the functions
TRGs(T) (ﬁ = T) ’ TRG(T) (i=1,---,8) are defined off > 0.
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3 The Convexity of TRG(T) (i=1,---,8)

Equations 15) to (19), (21), (23) and @5) yield the first-
order and second-order derivatives as follows:

A Dh sleD
TRC’l(T):—ﬁJer—k = (26)
TRE/(T) = 2520 @7)

A W2(k—h) Dkp skD
TRC’Z(T):—ﬁ— DpT? -t (29

2
)
TRCY(T) = TD” >0, (29)

A W2(k—h) slD(M—N)2
TRG(T) =37~ 2DpT2 | 212

Dkp
2
2A+ W) gID(M — N)2
TRCY(T) = Dp — D ) .31
A W23(k—h) clkDMm?
TRC“(T)_—ﬁ_ 2DpT2 272
LlD(M —N)2 Dkp clD
4 SteD( )”  Dko  cl (32)

272 2 27

2A+ WD) | ¢ DM2 — 5l.D(M — N)2

TRC(T) = = T3 ,
(33)
A W3k-h) clM3(P-D)
TRG(T) =37~ AL
l.D(M—N)2 Dk LD

272 2 2

2
2A+ W _ o M2(P— D) — sleD(M — N)2
TRCY(T) = . 3

(35)
A slkD(M—N)2 Dh
TRC%(T):—ﬁ+ = (2T2 L Zp, (36)
2A—sleD(M — N)2
TRey(m) = A=SEDMERE @)
A clkDM2 sl.D(M—N)32
TRC/(T) =3~ Gpz~+— (2T2 :
Dhp clkD
2 T (38)

~ 2A+clkDM? —sleD(M — N)?
- = ,

TRC;(T)

(39)

A  ciM?(P-D) slkD(M—N)?

TRG(T) =~ + g + 5

Dhp clDp
> T2
and
2A— cllM2(P — D) — sleD(M — N)2
TRGY(T) = R
If we let
W2(k—h
G3=2A+ 7(Dp ) —sleD(M — N)27
2(k—
Gy = 2A+ V%ph) + clkDM? — sleD(M — N)?
W2(k—h) 2
=2A+——" _c|M?*(P-D
Gs + Dp chM=( )
—sleD(M—N)?,
Gg = 2A—sleD(M —N)2,
G7 = 2A+clyDM? — sl.D(M — N)?
and

Gg = 2A—cliM?(P— D) —sleD(M — N)?,
then Equations4?) to (47) imply that
Gy > G3 > Gs > Gg

and
Gy > G7 > Gg > Gg.

Furthermore, Equations2§) to (41) lead us

following results: Upon solving these equations, we find

(40)

. (41)

(42)

, (43)

(44)

(45)

(46)

(47)

(48)

(49)
to the

that TRC(T)=0 (i=1--.8), (50)
= \/WT@’ ol
T ctam °

. J 2A+ Wszp“)D—kZleo(M ~N)? (Gs>0),

(53)
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| 2A4 YN L 6, DM2 — sI,D(M — N)?2
= \j = Dkp +clkD (Ga>0), (54) o Asa
TRG;(M) = TRCy(M) = M2 (62)
) $ 2A4 YA G M2(P— D) — seD(M — N)? o0, 59 and
5= Dkp + clDp ’ 5% PMY _ PMY _ Aws
TRC, ( 5 =TRC, 5 )= Z(PM>2, (63)
. 2A—slD(M — N)? D
T = Ge > 0), 56
6 \/ Dhp (Go>0) (56) where W2 5
W= slaW
Ap= —2A+ — 4
s _ | 2A+ChDM? —skD(M —N)2 G5 0) 12 t oo T Dp (64)
= Dhp + clD ’ ety
(57) _ _op Wik=h) N2
and ALY 2A Dp +sleD(M —N)
2
Lo [A-CKMEP-D)-sklDM-NZ +Dko(M—N)*, (65)
8~ Dhp +clDp 8= ,
A —%—W%—SIEJD(M—N)Z—FD@MZ (66)
Based upon the above observations, we now state the q P
following lemma. an
. . W2(k—h) 2
Lemmal. Each of the following assertions holds true Ay = —2A— “TDp +sleD(M —N)
1. TRG(T)isconvexonT>0 if i =1,2. ckM2(P2—D?) PkM2(P—D)
2. TRG(T) is convex on T>0 if i =3,---,8 and + ) + D . (67)
Gi >0 (i=3,---,8). Otherwise the functioMmRC (T) ) )
is increasing on T> 0. Equations §4) to (67) imply that
If T;* exists, the@RG (T) is convex on T 0 and Ags5 > Dza > Doz > Dro. (68)
W
<0 0<T<T" Case 2. M—NgD—p<M.
Equations 26), (36), (30), (32) and 34) yield
TRG(T){=0 (T=T") (59) Aue
TRC;(M —N) =TRC;(M —N) = 72“\/' N (69)
>0 (T >T").
W W Des
Equation (59) implies that the functionTRG(T) is TRG (D_p> =TRG; (D_p> =W (70)
decreasing on(0, T,*] and increasing orT*,c) for all 2<_>
i=1,---,8. Dp
TRC,(M) = TRC,(M) = % (71)
4 The Number Ajj and
We consider the following cases: TRC, (?) =TRGC; (?) = %, (72)
21 —
. (55)
Case 1. D_p <M—N. where
Equations 26), (28), (30), (32) and 34) yield Drg— —2A+sID(M —N)2+ Dhp(M—N)2  (73)
() (3) - B o
p P/ S (W Aoz = —2A+SID(M—N)2+ 5. (74)
Dp Dp
Equations §6), (67), (73) and (74) imply that
o3
TRG(M —N) =TRG3(M—N) = m7 (61) Ays > Azg > Ng3 = A (75)
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PM

W
Case 3. M D_p < 5
Equations 26), (32), (34), (36) and 38) yield
A6

A67
TRC4(M) = TRC;(M) = 2.
VAN WY\  Au
% (55 - "(D—p> W
(5)
and
TRC, (PM) TRC, ( ) Ass
5 PM
D
where
As7 = —2A+ slD(M — N)2 4 DhpM?
and
2
A74= —2A+slD(M — N)2 — cl,DM? + hw
Dp
C||(W2
Dp
Equations §7), (73), (80) and 81) imply that
A5 > D74 > Ne7 2 Dse.
P W
e
Case 4. D = Dp’
Equations 26), (34), (36), (38) and @0) yield
B _ Age
TRC’l(M —N)= TRC’6(M —N)= 72('\/' = N)2’
TRC,(M) = TRC,(M) = Bor
2M2’
PM Azg
TR — TR —_—
< ( D ) S ( ) o (PM
D
and
AN WA s
() -rhc () -2
(55)
where
2(p2 M2
Azg=—2A+slD(M — N)? + %DD)
N PkM?(P — D)
D

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)

(87)

and
2
Ags = —2A+ slD(M — N)? 4 clM?(P — D) + hDﬂp
C||(W2
DpZ (88)
Equations 73), (80), (87) and @88) imply that
Ags > Ae7 2 D16 (89)
and
A7g > Ng7 2 At (90)

Based upon the above-mentioned arguments, we derive the

following results.

Lemma?2. Each of the following assertions holds true

1. IfA3<0,then

(@ Gz3>0;

(b) T3 exists;

() TRCs(T) is convexon T> 0.
2. IfA34 =<0, then

@ Gs>0and G > 0;

(b) T3 and T, exist;

(c) TRGC3(T)andTRC4(T) are convex on T 0.
3. IfA45 =<0, then

@ G;>0and G >0;

(b) T, and & exist;

() TRC4(T)andTRCs(T) are convex on T 0.
4, 1f A6 0, then

(@ Ge>0;

(b) Tg exists;

(c) TRGCs(T) is convex on T> 0.
5. IfAg3=0, then

(@ Gs>0and G > 0;

(b) T3 and T exist;

() TRCs(T)andTRCs(T) are convex on T 0.
6. IfAs7 =<0, then

(@ Gs>0andG > 0;

(b) Tg and T exist,

(c) TRGCs(T)andTRC;(T) are convex on T> 0.
7. 1fA74<0, then

@ G;>0and G > 0;

(b) T, and T exist;

(c) TRC4(T)andTRC;(T) are convex on T> 0.
8. IfA;5<0,then

(@ Gy;>0and G > 0;

(b) T7 and T exist,

() TRCy(T)andTRCg(T) are convex on T 0.
9. IfAgs =<0, then

@ Gs>0and G >0;

(b) T and Ty exist;

() TRGCs(T)andTRCg(T) are convex on T> 0.

Proof. Our item-wise demonstration of Lemma is
given belo.
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1. (a) IfA3<0,then (b) Equations %4) and 65) imply that T, and T
exist.
2A+ Vm > sleD(M — N)2+ Dkp(M — N)? (c) Equations 83) and @9), together with Lemma
D 1, imply that TRG(T) and TRG;(T) are convex
(91) onT >0.
and 4. (a) A16=0,then
2(k —
Ga— 2A+V$ph) ~ SLD(M — N)? 2A < slD(M —N)2+Dhp(M—N)2  (99)
> Dko(M —N)2 > 0. (92) and

_ 2
(b) Equation §3) implies thatT; exists. Ge = 2A—slD(M —N)

(c) Equation8l) and Lemmad imply thatT RG(T) > Dhp(M —N)? > 0. (100)
is convex onl > 0. . o .
2.(a) 1fA34<0,then (b) Equation $6) implies thatTg exists.

(c) Equation87) and Lemmad imply thatT RG(T)

W2(k—h is convex orl > 0.
2A+ % 2 SkD(M—N)*+DkoM?, (93) 5 (a) IfAss< 0, then
p = )
hw?
20k 2A>slD(M —N)?+ —,  (101)
63:2A+W —slD(M — N)? ) Dp
2
> DkpM? > 0 (94) Ge = 2A—slD(M —N)? > hDﬂp >0 (102)
and and
Wz(k— h) 2 2 2(k —
Gs = 2A+ =5 — +ChDM” —sleD(M —N) Ga—ons W g(p " _ sp(M—N)2
> DkpM? + ¢l DM? > 0. (95) KW2
, ) =—>0. (103)
(b) Equations §3) and 64) imply that Ty and T/ Dp
exist. . . . ;
(c) Equations31) and @3), together with Lemma (b)eXE?uatlons %3 and ©6) imply that T3 andTg

L, imply that TRG(T) and TRG(T) are convex (c) Equations31) and @7), together with Lemma

onT > 0. ;
3.(a) Ifdss<0,then 1, imply that TRG(T) and TRG(T) are convex
onT > 0.
2(k — 6. (@) IfAe7 =0, then
2A+w > slD(M — N)2 @ Ifds7 =
P 2A < sl.D(M — N)? + DhpM?, (104)
N clM?(P2 — D?)
D _on N2> 2
PKM2(P— D) Gg = 2A—sltD(M —N)* = DhpM“ >0 (105)
05— (%) and
, G7 = 2A+clkDM? — slD(M — N)?
Gy =2A+ V%p_h) +clkDM2 — sleD(M — N)? > DhpM? + clyDM? > 0. (106)
PKM2(P—D) cl.P2M?2 (b) Equations §6) and 67) imply that Ty and T
> (D ) | ol 5 >0 (97) exist.
(c) Equations37) and @9), together with Lemma
and 1, imply that TRG(T) and TRG/(T) are convex
W2(k— h) onT > 0.
Gs = 2A+ Dp —clkDM?(P—D) 7. (@) IfA74<0,then
2 2
—SleD(M —N) 2A+ clyDM? > sleD(M —N)2+hDﬂ
PKM2(P—D)  clPM2(P—D) P
> + > 0. chW?
D D + (107)
(98) Dp?’
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G7 = 2A+ clkDM? — sleD(M — N)?

hW2 ¢l W2
> L TK
= o DpZ > (108)
and
2(k—
Gy = 2A+V$ph) + clkDM? — sleD(M — N)?2
KW? ¢l W?
>0
= o DpZ > 0. (109)
(b) Equations §4) and 67) imply thatT; and T
exist.

(c) Equations 33) and @9), together with Lemma
1, imply thatTRG(T) andTRG(T) are concave
onT > 0.

8. (a) IfA78<0,then
2(P2 N2
2AzsIeD(M—N)2+w
PKkM?(P—D
+#, (110)
D
G7 = 2A+ clkDM? — slD(M — N)?
PkM2(P—D)  clgP?M?
> 111
= D 5 >0 (111
and

Gg = 2A— cl\DM?(P — D) — slD(M — N)?

2(p_ 2(p_
- PkM(P D)+CIkPMD(P D) _,

= D
(112)

(b) Equations %7) and 68) imply that T, and Tg'
exist.

(b) Equations §5) and 68) imply that T2 and Tg'
exist.

(c) Equations 35 and @1), together with Lemma
1, imply that TRG(T) and TRG(T) are convex
onT > 0.

5 The Deter mination of the Optimal Cycle
TimeT* of TRC(T)

Theorem 1. Suppose that

W
D—p<M—N.

Then each of the following assertions holds true

1. *If A1p >0, thenTRC(T*) = TRC(T}") and T" =

2.Ttif 853> 02 Apz, thenTRC(T*) = TRC(Ty) and

3.T*|f:AT321{> 0> Ags, thenTRC(T*) = TRC(Ty) and

4.T*|1‘:A23§'> 0> Agy, thenTRC(T*) = TRC(T;) and

5;|f:oT4>'A45, thenTRC(T*) = TRC(TZ) and T =
s

Proof.
follows.

Our item-wise proof of Theorenml runs as

1. WhenA;, > 0, then
Ays > Azg > Doz > Aqp > 0.

Lemmal and Equationg9) imply that
(a) TRG(T) is decreasing ofD, T;"] and increasing

(c) Equations39) and @1), together with Lemma on {T* ﬂ]
1, imply that TRG/(T) and TRG(T) are convex 1'Dp
onT > 0. . . [ W
9. (a) IfAgs<O0,then (b) TRG(T) is increasing On_D_p’ M—N|.
HW2  cloW? () TRG(T) is increasing oM — N, M].
2 2 K [
2A = sleD(M—N)“+clkM*(P—D) + Dp " DpZ " (d) TRG4(T) is increasing on M,? .
(113) FBM
2 2 (e) TRG(T) isincreasing or ——,
Gg = 2A—clyM?(P—D) — slD(M — N) ' D
W2 clW2 Since TRGT) is continuous ol > 0, Equation 14)
> "_2 >0 (114) and the above conclusions would show that TRCs
Dp ~ Dp decreasing of0, T;] and increasing ofi}, ), so we
and have
2(k — T =T and TRGT") = TRC(TY).
G5=2A+W7g( " e m2(P- D) ! &) (1)
p 2. WhenAysz > 0> Aqp, then
—sleD(M—N)?
hWZ cl W2 Aus > Azg > Doz > 0> Aqo.
> > (115) o
Dp  Dp Lemmal and Equationg9) imply that
(@© 2018 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 6, 1073-1089 (2018)www.naturalspublishing.com/Journals.asp

NS 1083

0, ~—

)

D
(b) TRG(T) is decreasing on{

increasing onT,,M — NJ;
() TRG(T) is increasing oM — N, MJ;

. . PM
(d) TRGC(T) isincreasing o M,F};

. . PM
(e) TRG(T) isincreasing O{F,oo).
Because TR(T) is continuous orT > 0, Equations
(14) and the above conclusions would show that

TRC(T) is decreasing or{0,T,;] and increasing on
[T,, ), so we get

(a) TRG(T) is decreasing or<

Dp’TZ} and

T =T, and TRQT") =TRC,(Ty).

3. WhenAz,s > 0> Ayz, then
A5 > Az > 0> Arz > Aqo.

Lemmasl and 2, together with Equation5Q), imply
that

(@) TRG(T) is decreasing or<0, —

o)

D
(b) TRG(T) is decreasing O{Dﬂp, M — N] .
(c) TRG(T) is decreasing onM — N,T;] and

increasing oriTy, M].

(d) TRGC(T) is increasing or{ PM
(e) TRG(T) isincreasing or{?,m).

M. "
"D

Since TRCT) is continuous ol > 0, Equations14)
and the above conclusions would show that TROs
decreasing o0, T;| and increasing ofil5’, »), so we
have

T*=T; and TRQT")=TRG(Ty).

4. WhenAys > 0 > Azg, then
Ay5> 0> Azg > Axz > Ay,

so Lemmad and2, together with Equatiorb@), imply
that

(@)

(b)

(©)
(d)

TRG(T) is decreasing 0(0, D_p] :

i . w
TRG(T) is decreasing OV|ED—p, M — N] :

(
TRG;(T) is decreasing ofM — N, M].
TRGC4(T) is decreasing on (M, T,]
increasing or T;, BM].

(e) TRG(T) isincreasing or{?,m).

and

TRC(T) is decreasing or{0, T,] and increasing on
[Ty, ), so we have

T =Ty and TRQT") =TRCy(Ty).
5. When 0> Ags, then
0> Ags > Azq > Dpz > Ago,

so Lemmad and2, together with Equatiorb@), imply
that

(@)

(b)
(©)
(d)

(e)

TRG(T) is decreasing O/(O, Dﬂp] ;

TRG(T) is decreasing O{Dﬂp, M — N] ;
TRG3(T) is decreasing ofM — N, M.

TRCy(T) is decreasing O'iiM’ PM ;

D

. . PM

TRG(T) is decreasing on [F,Tg} and
increasing onTg, ).

Since TRQT) is continuous ol > 0, Equations14)
and the above conclusions would show that TROSs
decreasing o0, T2 | and increasing ofils’, »), so we
have
T =T

and  TRGT*) =TRCs(Ty).

Theorem 2. Suppose that

W
M—N<— <M.
<5 <

Then each of the following assertions holds true

LIt A >0, thenTRO(T*) = TRC(T;) and T =

2.T1*if 863> 02 lys, thenTRO(T*) = TRC(Tg) and

3.T*|f:AT3?> 0> Ags, then TRC(T*) = TRC(T;) and

4.T*I1‘:A-£3§.> 0> Agq, then TRC(T*) = TRC(T}) and

5:*”:0@'445, thenTRC(T*) = TRC(TZ) and T* =
:.

Proof. Our item-wise demonstration of Theorebnis
presented below.
1. WhenAs > 0, then
Ays > Azq > De3 > D16 >0,
so Lemmal and Equationg9) imply that

(a) TRG(T) is decreasing ofD, T;"] and increasing
on[T{,M—NJ;

Because TR(T) is continuous orl > 0, Equations _ . W
(14) and the above conclusions would show that (b) TRG(T)is increasing o M_N’D_p '
(@© 2018 NSP
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() TRG(T) isincreasing or{Dﬂp,M];

(d) TRG(T) is increasing or{M, ?]

(e)TRG(T) is increasing 0{?,00) .

Because TR(CT) is continuous oril > 0, Equations

(20) and the above conclusions would show that

TRC(T) is decreasing orf0,T;"] and increasing on
[Ty, ), so we have

T =T and TRGT") = TRC((Ty").
2. WhenAgs > 0 > Asg, then
Ays > Azg > Az > 0> Agg,

so Lemmad and2, together with Equatiorb@), imply
that

(a) TRG(T) is decreasing of0,M — NJ;

(b) TRGs(T) is decreasing onM — N,T] and

s
- ) [ W
() TRG(T) isincreasing on Dp’ ];

. . r{ . W
increasing on T¢',

(d) TRG(T) isincreasingonM, —|;

(e) TRG(T)isincreasing or ——, |.

Since TRQT) is continuous o > 0, EquationsZ0)

and the above conclusions would show that TRCs

decreasing o0, 5| and increasing ofilg , «), so we
have

T =T¢ and TRGT") = TRGs(Tg ).

3. When Az > 0> Agz, then
Ags > Az > 0> Ag3 > Ass,

so Lemmad and2, together with Equatiorb@), imply
that
(a) TRG(T) is decreasing of0,M — NJ;

(b) TRG(T) is decreasing 0+M —N, Dﬂp} .

(c) TRG(T) is decreasing on[Dﬂp,Tg] and
increasing on Ty, MJ;

(d) TRG(T) isincreasing or[M, ?]

(e) TRG(T) isincreasing 0{?,00).

Since TRQT) is continuous o > 0, EquationsZ0)
and the above conclusions would show that TRCs
decreasing o0, T;| and increasing ofily’, ), so we
have

T =13 and TRGT") = TRC3(Tg).

4, WhenAs > 0> Azg, then
Ay5> 0> Azg > Agz > Ags,

so Lemmad and2, together with Equatiorb@), imply
that

(@) TRG(T) is decreasing of0,M — NJ;

(b) TRG(T) is decreasing O{M —N, Dﬂp] ;
() TRG(T) is decreasing or{ﬂ, M] ;

Dp

(d) TRC(T) is decreasing on[M,T;] and
. . . PM
increasing or{T4,F ;

. . PM
(e) TRG(T) isincreasing or[F,oo)
Because TR(T) is continuous orl > 0, Equations
(20) and the above conclusions would show that
TRC(T) is decreasing or{0, T,] and increasing on
[T;, ), SO we have

T*=T; and TRGT*)=TRCy(T;).

5. When 0> Ags, then
0> Ags > Azg > Ag3 > Ags,

so Lemmad and2, together with Equatiorb@), imply
that
(a) TRG(T) is decreasing of0,M — NJ;

(b) TRG(T) is decreasing 0+M —N, Dﬂp] ;

() TRG(T) is decreasing O+Dﬂp’ M] ;

(d) TRG(T) is decreasing O{M, ?} ;

. . PM
(e) TRG(T) is decreasing on {?,Tg] and
increasing onTg, o).
Since TRQT) is continuous o > 0, EquationsZ0)
and the above conclusions would show that TRCs
decreasing o0, .| and increasing ofilg’, »), so we
get

T =T and TRGT") = TRG5(Tg).

Theorem 3. Suppose that

W PM
M< T
=Dp D

Then each of the following assertions holds true

1. If A >0, thenTRC(T*) = TRC(T*) and T =
T

2. If Ae7 > 0 2 Age, thenTRC(T*) = TRC(Tg) and
T =Tg.

3. If A74> 0 2 Ag7, thenTRC(T*) = TRC(T;) and
T =T/

(@© 2018 NSP
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4. If As5> 02 A7y, thenTRC(T*) = TRC(T,) and
T =T,.
5. If0 2= Ass, thenTRC(T*) = TRC(TS) and T" =
1o
Proof. Our item-wise proof of Theorer is presented
below.

1. WhenAss > 0, then
Ays > A74> A7 > D16 > 0,

so Lemmal and Equationg9) imply that
(@) TRG(T)is decreasing ofD, T;"] and increasing
on[T{,M —NJ;
(b) TRGs(T) is increasing ofiM — N, M;

() TRGC(T)isincreasing or{M, Dﬂp]

o . W PM
(d) TRGC(T) isincreasing or{D—p, F}

D

o . PM
(e) TRG(T) isincreasing or{—,oo).
Because TR(T) is continuous orT > 0, Equations

(22) and the above conclusions would show that

TRC(T) is decreasing or{0, T;"] and increasing on
[Ty, ), so we have

T =T and TRGQT") = TRC((Ty).

2. WhenAg7 > 0 > Asg, then
Ays > D74 > D7 > 0> Ay,

so Lemmad and2, together with Equatiorb@), imply
that
(a) TRG(T) is decreasing of0,M — NJ;
(b) TRGs(T) is decreasing onM — N,T¢| and
increasing oniTg, M[;

(c) TRGC(T)isincreasing or{M, Dﬂp]

o . W PM
(d) TRGC(T) is increasing or{D—p, F}

(e) TRG(T) isincreasing or{?,w).

Since TRQT) is continuous ol > 0, EquationsZ2)
and the above conclusions would have TRC is
decreasing o0, Tg| and increasing ofilg’, »), so we
have
T*=T¢ and TRQT*)=TRGCs(TY).
3. WhenA74 > 0> Agy, then
Ags > A74> 0> A7 > Ag,

so Lemmad and2, together with Equatiorb@), imply

that
(a8) TRG(T) is decreasing of0,M — NJ;

(b) TRGs(T) is decreasing ofM — N, MJ;
(c) TRG/(T) is decreasing on[M,T;] and
increasing or{T7,D—p ;
. . W PM].
(d) TRG(T) isincreasing or{D—p, F] ;
. . PM
(e) TRG(T) isincreasing or{F,oo).

Because TR(T) is continuous orm > 0, Equations
(22) and the above conclusions would show that
TRC(T) is decreasing or{0, ;] and increasing on
[T/, ), so we have

T =T/ and TRGQT") = TRC,(T).
4, WhenAss > 0> A7y, then
Ags > 0> A74 > D7 > At

so Lemmad and2, together with Equatiorb@), imply

that
(a) TRG(T) is decreasing of0,M — NJ;
(b) TRGs(T) is decreasing ofM — N, MJ;

(c) TRG(T) is decreasing Oriil\/l, Dﬂp ;

(d) TRG(T) is decreasing on[Dﬂp,Tj‘} and
PM

increasing or{Tj, o

o . PM
(e) TRG(T) isincreasing or{?,oo .

Since TRQT) is continuous ol > 0, EquationsZ2)
and the above conclusions would show TR is
decreasing o0, T, | and increasing ofil,’,»), so we

have

T =T and

5. When 0> A4s, then
0> Ays > A74 > De7 > Die,

so Lemmad and2, together with Equatiorb@), imply
that

(a) TRG(T) is decreasing of0,M — NJ;
(b) TRGs(T) is decreasing ofM — N, MJ;
() TRG(T) is decreasing oriiM, Dﬂp] ;
W PM
Dp’ D

TRGT*) = TRC4(T/).

(d) TRG(T) is decreasing orii

(e) TRG(T) is decreasing on[?,Ts*} and

increasing oriTg, ).
Because TR(T) is continuous orT > 0, Equations
(22) and the above conclusions would show that
TRC(T) is decreasing or{0, TZ'] and increasing on
[T2', ), so we have

T =T and TRGQT") = TRGs5(Tg).

(@© 2018 NSP
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Theorem 4. Suppose that
MW
D — Dp
Then each of the following assertions holds true
1. If Ajg> 0, thenTRC(T*) = TRC(Ty") and T =
T
2. If Ag7 > 0 = Age, thenTRC(T*) = TRC(Tg) and
T =Tg.
3. If A7g > 0 = Ag7 and Ags > 0 = Ag7, then
TRC(T*) =min{TRC(T)} and T" =T.
4. |If Ags > 02 Azg, thenTRC(T*) = TRC(Tg) and
T =Tg.

5. If Avg > 0 > Ags, then
TRC(T*) = min{TRC(T;), TRC(T")} and T" =T/
or TZ.

6. If0= AgsandAzg, thenTRC(T*) = TRC(TS) and
T =T

Proof. Our item-wise demonstration of Theorefnis
presented below.

1. WhenAs > 0, then
A7g > Ag7 > A1 >0

and
Ags > Ag7 > D16 > 0,

so Lemmal and Equationg9) imply that
(a) TRG(T) is decreasing ofD, T;"] and increasing
on[T;",M —NJ;
(b) TRGs(T) isincreasing ofiM — N, M];
v, PM
L ’ D
[PM W
| D "'Dp
o . R
(e) TRG(T) isincreasing on D—p,oo).
Because TR(T) is continuous ol > 0, Equations

() TRG(T) isincreasing oM

(d) TRGg(T) is increasing on

(24) and the above conclusions would show that

TRC(T) is decreasing or{0, T;’] and increasing on
[T}, ), so we have

T =T and TRGT") = TRC((Ty).

2. WhenAg7 > 0> Asg, then
A7 > Ag7 > 0> A1

and
Ags > Ag7 > 0> Age,

so Lemmad and2, together with Equatiorb@), imply
that
(a) TRG(T) is decreasing of0,M — NJ;
(b) TRGs(T) is decreasing onM — N,T¢| and
increasing onTg,M;

() TRG(T)isincreasing oM, —
(d) TRGg(T) is increasing on —

() TRG(T)isincreasing on —,o |.

Since TRQT) is continuous o > 0, Equations24)
and the above conclusions would show that TRCs
decreasing o0, Tg| and increasing ofilg’, »), so we
have

T =T¢ and TRGT") = TRGs(Tg ).

3. WhenA;g > 0> Ag7, then
A7 > 0> Ag7 > Ags

and
Ags > 0> Ag7 > Ase,

so Lemmad and2, together with Equatiorb@), imply
that
(@) TRG(T) is decreasing of0,M — NJ;
(b) TRGs(T) is decreasing ofM — N, MJ;
(c) TRG(T) is decreasing on[M,T;] and
. . PM
increasing or{T;‘, F} ;

. . PM W1
(d) TRG(T) isincreasing or{F, D_p}
o . W
(e) TRG(T) isincreasing or[D—p,oo).
Because TR(T) is continuous ol > 0, Equations
(24) and the above conclusions would have TRC
is decreasing o0, T;] and increasing offil;, ), SO
T* =T and TRQT*) = TRC;(T5).
4. WhenAgs > 0> Ayg, then

Ags > 0> Arg > Ag7 > 4167

so Lemmad and2, together with Equatiorb@), imply
that

(a) TRG(T) is decreasing of0,M — NJ;

(b) TRGs(T) is decreasing ofM — N, MJ;

() TRG(T) is decreasing O{M, ?} ;

(d) TRG(T) is decreasing on{?ﬁg] and

. . . PM
increasing o T8,F ;

o . w
(e) TRG(T) isincreasing or[D—p,oo).

Since TRQT) is continuous o > 0, EquationsZ4)
and the above conclusions would show that TRC
is decreasing oif0, T ] and increasing ofilg", ), so
we haveT* = Tg" and TRGT*) = TRCg(Tg'). When
Az > 0> Ags, then

A7 > 0> AgsAg7 > Age,

(@© 2018 NSP
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so Lemmad and2, together with Equatiorb@), imply 04 | s
that K -
(@ TRG(T) is decreasing of0,M — NJ; 035 i
(b) TRGs(T) is decreasing ofM — N, M]. 03 X Ic

T

() TRG(T) is decreasing on[M,T;/] and ot

. . PM 025 ,
increasing or{T;*, —] ; // § -

D 0.2 .
(d) TRG(T) is increasing on [E T5] and / e

0.15
. =N
decreasing or{TB*,

05 -0.25 0 0.25 0.5

==
Dp :| Parameters %

. . w
(e) TRG(T) is decreasing on[—,Ts*} and
Dp Fig. 8: The sensitivity analysis foF *

increasing oriTg, ).
Because TR(T) is continuous orT > 0, Equations
(24) and the above conclusions would show that

TRC(T) is decreasing or{0,T;] and increasing on 8000 / D
[T;,Tg], decreasing onTg,To] and increasing on 7500 V4 -
—4=A

[Tg', ), so we get 7000
i S — % -
TRC(T*) = min{TRC;(T;), TRGs(T¢ )}, % -
: : ¥ _ T * = 5500 | —_—
which yieldsT* =T or T;. " 74 .

5. When 0> Ags, then wn // e
0> A7g> Ag7 > A1 4000 . . . . ) ::‘A
-0.5 -0.25 0 0.25 0.5
an d Parameters % w
0> Ags > Ag7 > Ags,
so Lemmad and2, together with Equatiorb@), imply Fig. 9: The sensitivity analysis fof *
that
(a) TRG(T) is decreasing of0,M — NJ;
(b) TRG(T) is decreasing ofM — N, M]; Table 1: Comparison of relative parameters impactTtd and
. . PM TRC(T) in the sensitive analyses.
() TRG(T) is decreasing OVEM, —} ;
D Impact T* TRC(T)
) ) PM W Positive & Major A D,P,A hk
(d) TRG(T) is decreasing Oriiﬁ’ D_p] ; Positive & Minor W Gl le, N
W Negative & Minor ¢, s, h, Iy, le, M, N S
(e) TRG(T) is decreasing on {D—p,TS*} and  Negative & Major D, P,k M, W

increasing oniTg, ).
Finally, since TRCT) is continuous onT > O,
Equations 24) and the above conclusions would show
that TRQT) is decreasing orf0, 2] and increasing
on [T, ), so we have

T =T¢ and TRQT*) = TRGCs(T2). The EPQ model in this paper is based upon two levels of
trade-credit with finite replenishment rate and considers
alternate due date of payment different from the payment

6 The Sensitivity Analyses terms used by Teng and Goyab][ in which finite
replenishment rate and limited storage capacity are used

We first setD = 1000 units/yearP = 3000 units/year, together in order to reflect the real situation. Our results

A = $400/order, ¢ = $10/unit, s = $30/unit, are stated and proved as two lemmas (see Leninzasl

h = $40/unit/lyear,k = $80/unit/year,ix = 0.08%/year, 2) and four theorems (see Theorefnt 4). Comparison

ie = 0.04%lyear,M = 0.2 year, N = 0.1 year and of the relative parameters’ impact 10 and TRGT) are

W = 400 units. We then increase/decrease the parameteidentified in the sensitivity analyses so that the

by 25% and 50% at the same time to execute thepractitioners can make their managerial decisions with

sensitivity analyses. Based upon the computational esulthigher precision. Consequently, the earlier work of ¥tn

as shown in FigureB and Figure9, we can get the al. [18] can be treated as a special case of our present

following result in Tablel. investigation.

7 Per spective
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