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Abstract: In this paper, we introduce the definition of the FS normal operator, another special type of FS linear operators in the FS
Hilbert space based on the FS inner product space definition, initiated by Faried, Ali and Sakr [1]. Moreover, one example supporting FS
normal operators and another one that is against them are established. Furthermore, related results including the FS spectral theorems
and many other results are investigated. Finally, the connection between the FS normal operators and the FS hermitian operators is

introduced.
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1 Introduction

Zadeh [2] introduced an extension of ordinary sets to deal
with uncertainty namely the theory of the fuzzy sets. The
fuzzy set is determined by its characteristic function from
the domain X to the interval [0, 1]. After that, Molodtsov
[3] proposed another extension of ordinary sets to solve
complicated problems and overcome uncertainties, which
is the soft set theory. It is very useful in solving difficult
issues that can not be solved by ordinary methods in
many fields of science such as: physics, decision-making,
engineering, medicine, computer science, game theory,
economics and many other areas. The soft set is a
parameterized collection of subsets of universal set. Thus,
Maji, Biswas and Roy [4] combined the fuzzy and soft
concepts in one concept and named it FS set. Then, many
researchers used the FS notion and introduced some new
concepts such as FS point [5], FS normed spaces [6] and
FS metric spaces [7]. Recently, Faried, Ali and Sakr [1]
gave the definition of FS inner product on FS linear
spaces along with introducing the properties and some
other related results of them. After that, Faried, Ali and
Sakr [8] introduced the FS Hilbert space definition along
with establishing the properties and many other related
results of it. In addition, Faried, Ali and Sakr [9] defined
the FS linear operator in the FS Hilbert space along with
its related theorems involving the spectral theory. Finally,
Faried, Ali and Sakr defined the FS symmetric operator

[10] and the FS hermitian operator [11] along with their
related examples and theorems.

In this work, we define another particular FS linear
operator as a special type, namely the FS normal
operators, establish their related theorems involving the
FS point spectrum, one example which is in favor of the
FS normal operator and also another one which is not
supporting it and show the connection between the FS
normal operators and the FS hermitian operators.

2 Preliminaries

In this section, we state definitions, preliminaries and
notations which are important in the following obtained
results.

Definition 2.1.[4] Suppose that U is a universal set, E is a
parameter set. Let A C E. Then, (G,A) is said to be an FS
set over U, G is a map defined by G: A — .#(U), where
Z(U) is the collection of all fuzzy subsets of U. In case
that all parameter sets are the same, then one can denote
(G,A) by FSS(U)x = FSS(U).

Definition 2.2.([1],[5]) (G,A) € FSS(U) is said to be an
FS point over the universal set U, denoted by i o) if we
have for e € A and foru € U:

(u) = a,ifu=uycUande=ey €A,
Jote)(u) = 0,ifueU—{uptorecA—{ey}’
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where a € (0, 1] is the value of degree of membership. One

can consider the FS point as the quadruple (19, eo, G, @).
R(A) denotes the set of all FS real numbers and C(A)

denotes the set of all FS complex numbers. Moreover,

6 =(0,0,0,0) and j = (1,1,1,1).

Theorem 2.1.[1] Suppose that (I, < -,- >) is an FS inner

product space, then

2~
<

=1 =2
<V, V% >
| fIG<el)’ sz(e2) |

~1 ~1 ~2 ~2
<V Ve >V V4 >
NGy Mgy N6ey)" P26ey) 7

—~—

EFSV(D).

for every \7}
L6( )

52
)V
er) sz(
Definition 2.3.[1] Suppose that (U, §,/\_/>) is an FS inner

product space and vy, 9%, EH. 7 is said to be
1G(e) " 7%Gley) 'Gley)
FS orthogonal to 2 (denoted by, ¥ 19 )if
o f2G(e2) flG(el) fzo(@
P2 >=0.

=1
<V V4
fIG< ’ sz(ez)

er)
Theorem 2.2.[1] For FS orthogonal complement, we have
the following properties:

41f @, C @, then @5 Cd;-.

Definition 2.4.[8] Suppose that (U, </_,\/>) is an FS inner
product space. The FS complete space in the induced FS
norm is, then, called an FS Hilbert space, denoted by H.
Every FS Hilbert space is clearly an FS Banach space.
Theorem 2.3.[9] Suppose that A is an FS inner product
space and Télf,(ﬁ). We, then, have

AT = (T7),

where %(T) is FS range of T and .4 (T*) is FS kernel of
T*.

Theorem 2.4.[9] We have

—~

S 2
T T =T =TT,
where H is an FS Hilbert space and TEB(H).

Definition 2.5.[9] The eigenvalue A EC(A) is called an FS
approximate eigenvalue of an FS linear operator 7 if there
exists an FS sequence of FS elements {ﬁ;’an( )} in A such
N 5N

~ Vf;lG(f") xvf"G(f’n)
every those A is called the FS approximate point spectrum
of an FS linear operator 7, denoted by 6,(T). We have

that ||, |=1and T — 0. The set of
f"G(en)

6.(T)C&(T). (1)

Definition 2.6.[9] Since, for TEB(H), where H is an FS
Hilbert space, 6(7T') is a non-empty FS compact set (FS
closed and FS bounded), we can define

7o (T)=sap{|A| : L& (T)}.

We call fg(f‘) the FS spectral radius of an FS linear
operator 7.
Also, we can show that:

1
7o (T)=lim | 77"

Definition 2.7.[9] The set of every eigenvalues ié(C(A)
such that A7 — T' is FS injective, but its FS range is not FS
dense in A, denoted by 6,(T), is said to be the FS residual
spectrum of an FS linear operator 7, i.e.,

6r(T)£6C0m(T)\6P(T)' (2)

Definition 2.8.[9] The set of every eigenvalues ié(C(A)
such that A7 — T is FS injective and has FS dense range in
H, but is FS singular (i.e. has no FS inverse), denoted by
6.(T), is said to be the FS continuous spectrum of an FS
linear operator 7. Note that

6p(T)06:(T)Z64(T), 3)
and ~ ~ ~ ~
6(T)=6,(T)06.(T)06,(T), ©)
the terms on the right are mutually disjoint.
Definition 2.9.[9] Suppose that A is an FS Hilbert space. If

5 = (5l 2 3 > i
vfG“)i(vflc(e]) ,vsz(ez) ’vf3c<e3) )EH. Then, one can define

the FS operator R as follows:

R =R 2%
fa(e) (flc(el) sz(ez) sz(%)) 3)

=0,5;, v, ).
(©, Ngey)’ f26<ez>)

The FS operator R can be considered as an FS right shift
operator.
Example 2.1.[9] Suppose that H=/5(A) is the space of
every FS square-summable sequences. If
5 T sl 2 53 = :
Ve =V V% ,V ,...)EL(A). By applyin
foto = TG P6tey)” Sgiey)” JE6(A). By PPLYInE
the FS operator (5) from Definition (2.9), we can give the
definition of the FS right shift (unilateral shift) operator U
in £(A) as the following:

Mo e ) 3
U605V g1y Py MRS

. (6)
=0,v % 5 ).
( ) f]G(L,l)’ sz(L,z)’ fzc((,})’ )
In addition, we have:
U, =0°(0) %% 0% ...
Ta(e) ( flG<el)’ fzc(e2)’ f3o(53)’ ) e
~ 2 3
=(V Ve ).
( P2gey)” P6(es)” )
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Equation (7) represents the FS adjoint of the FS unilateral
shift operator, which is called an FS left shift operator.
Definition 2.10.[11] Suppose that A is an FS Hilbert
space. Then, T€B(H) is said to be an FS hermitian
operator if

T=T". )

3 Main Results

In this section, the definition of the FS normal operator in
the FS Hilbert space is introduced. Moreover, some
related theorems including its FS eigenvalues and its FS
eigenvectors are established. Furthermore, one example
which is supporting FS normal operators and also another
one which is not supporting them are investigated.
Definition 3.1.(FS normal operator) Suppose that A is
an FS Hilbert space and 7B (H). Then, T is said to be an
FS normal operator if

TT*=T°T. ©9)
Remark 3.1. Any FS hermitian operator can be considered
as an FS normal operator.
Proof. For, TT*=TT=T*T.
Example 3.1. The FS operator 2/ is FS normal.
Solution. For,

(2 iy = (20T

Example 3.2. The FS right shift operator on FS square-
summable sequences space ¢,(A) is not FS normal.
Solution. Let 7 be the FS right shift operator on /5(A).
From (6) and (7) in Example (2.1), we have:

1% Ve
f|G<e) sz<e) f3G(53) an
=70, 7! LT
( Figtey)” P26tey)” Pctey) )
~ sl ) 3
iy Toger Fgren )
for every V. =(7! 2 S L) EL(A
Yo Ve (f‘G<e1> Po6(ey)" Figey) €6 ()
Therefore, from (10) and (11), we obtain that:
0, B )ETT
( Vf2G Vf3G<e3)’ )
LT 7= (v, 3 ).
7 (vf16<] sz<L2 f3G((,3) )

Hence, T is not FS normal operator.
Theorem 3.1. Suppose that H is an FS Hilbert space and
TEB(H). Then, T is FS normal operator if and only if

B0 EH.

”T;ﬁfc(e) H£H Tﬁf(;(e)

Proof. Let 7 be an FS normal operator. Then, using (9)
from Definition (3.1), we get:

— 2 —

HvaG | =< vaG Tv Vige) =
=< Vg0 T TV >
=< ﬁfc(eyTT*ﬁfG(e) >

¥

for every vy, EH.

e~

Fo o] ) 5 =17
vaG(e)_T(vﬁG vaG f3c " J) Hence, we get that/H\Y‘i)fG(e) H:H\Y_"/vfG(e) II
=(0, Vf ? ; ) Conversely, let || T%7 fote ||£||T\7f'c(e) |, for every vy, EH.
16(ey)” 26tey) " P36(e3) Then, we obtain that:
and —
T Y ) 3 <TT*v;, 07, >=<T%; T >
v, =T (vflc(L ,vsz(ez ’vﬁc(e})’”') fa(e)1 VG fG<e)2 f6(e)
=2 5 =Tz, |
4 cee)y J6(e
(v P60y f36(t3) ) /\_i( )z
for every ¥ v V2 i L )EL(A). =(|Tv4,, |
y fG ( flG(e sz(ez f3G(L3) ) 2( ) fGH/_\_/
Therefore, =< TV, T 75, >
G(e)? G(e
PT84 2Ty, e
Gle) o T(L) , \ =< T*vac(g)?‘}fc(g) >
=T(T" (vfl V7, 2 vee))
Gl TGl - HGC) 10y  forevery i, EH
£T(‘72 ) v ) ) G(i) o ~
P26(e)” Pgtes) Then, < (TT*-T* T)Vfcg)v‘jfc@ >=0, for every
A 2 3 .~
=( " P2Gtey)? Bey) ) Vfge€H.  Thus, (TT* — T*T)VfG =0, for every
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‘7fc EH. Therefore, TT* — T*T=0 (FS zero operator).

Hence we get that TT*=T*T, ie. T is FS normal

operator.

Theorem 3.2. If T is an FS normal operator in FS Hilbert
space, then 75 (T)=|T||, where 75 (T) is the FS spectral
radius of 7', stated in Definition (2.6).

Proof. First, by replacing Vot by Tﬁfo@) in Theorem

(3.1), we have:
HTITﬁfG@ ||£||7~‘2\7f6(e) ||, for every vy, €H. So, we have

—~

||T2||=||T*T||. Therefore, with help of Theorem (2.4), we
obtain that:

172 =TT
—2 (12)
=71 -

Since T is~FS normal operator, T and T* commutes, and
(T”)*i(f*)", then

Hence, 7" is FS normal operator.

Therefore, by mathematlcal induction, from (12), we get
that [ 7|7
k=1,2,3,--

Now, we have:

for every m of the form 2k

7o (7) 2lim] 7]
=lim|| 72| "

n
T §
=i (77 )
=lim|| 7

n

=[|T].

Remark 3.2. Since any FS hermitian operator is an FS

normal operator, then we get that 75 (T')=
hermitian operator 7EB(H).

Theorem 3.3. Suppose that 7" is an FS normal operator in
the FS Hilbert space H. If L&6,(T), then we have

AEGP(T*).

Proof. We prove that (T — A1) is FS normal as follows:

(T — AD)(T — A1y =(T — AD)(T* — A1)

=FT% — AT — AT + AT
=P AT AT+ AT
=(T% - 2I)(T - D)
=(T —ADX(T — AI)

Then, (T — ¥) ) is FS normal operator, and using Theorem
(3.1), we get that

e~
e~

(T — ),I)vfG( |=||(T* fﬁG [|. Now, let L&6,(T),
then vaGe )*Vfc(e Vfgn7 0. That is to say that
(T — 5L~)17fG =0, Voo #6. Therefore,

(T* ll)vfG =0. Hence, A is an FS eigenvalue of 7%,
ie., 7L€G,,(T*).

Theorem 3.4. Suppose that T is an FS normal operator in
the FS Hilbert space H, then the FS eigenvectors
corresponding to different FS eigenvalues are FS
orthogonal.

Proof. Suppose that T is an FS normal operator and

TVfG © _)’vfo © and TufG —uufG 3,75}1,
ﬁfc@ vffo@ %é. Then, by using Theorem (3.3), we obtain
that Ty, , =My, , and thus we have:

A< ﬁfb(e)’ﬂfcm >=< Aﬁfc@)vﬁfc(e) >

=< TﬁfG(e) ) ﬁfG(e) >

Therefore, (A — fi)< vfGe i fg, >= =0. But AZf1, i.e.,

A — [170, then < Vfo T fg > >=(. Thus, Vo)

are FS orthogonal.

Theorem 3.5. Let A be an FS Hilbert space and TEB(H)
be FS normal operator. Then, 6,(T)=¢.

Proof. Let A be any FS scalar such that Zé&COm(T).
Then, the FS range of Al — T is not FS dense in H,ie.,
RA—T)#H, and thus, by using (1) from Theorem

=== =1~
(2.2), we have Z(A[—T) #
(2.3), we obtain:

and @ fote)

{6}. But, from Theorem

(612AGI-T)
CRAT-T):
=N AI-T7)
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Therefore, j(ii T*)#{8}. Since T is FS normal ||vf Hfl and ||(AT— T)ﬁ;’c | — 0. Therefore, from
-~ - g "Gen)

operator, then (A/ — T) is also FS normal operator, and (13), we get:

N (AT —T)=.AN (A — T*) from Theorem (3.3). Then,

N (AT — T)#{8}, and so there is some non-zero FS ~%|§L*E|ii”(ii* ) | — 0.

elements 7, €M such that

(AT — T)ﬁf =0, that is to say that TﬁfG< )Eiﬁf%
lecp( I). Hence for any FS scalar with %(k[ T);AH
(i.e., AEGCOm( I')), we have AEGP(T). Therefore, by
using Equation (2) from Defmition (2.7) of FS residual
spectrum, we obtain that &,(7)=¢.

Corollary 3.1. Suppose that T is an FS normal operator in
the FS Hilbert space H, then we have 6(7T)=6,(T).

Proof. Since T is FS normal operator, then, by using the
above Theorem (3.5), we have 6,(T)=¢. Now, recall
Equations (3) and (4) from Definition (2.8) of FS
continuous spectrum which are 6,(T)06.(T)C6,(T)
and &(T)=6,(T)06.(T)06,(T). Therefore,
6(T)C64(T)06,(T)=6,(T), that is to say that
6(T)C&,(T). But, from Equation (1) in Definition (2.5),
we obtain that &,(7)C&(T). Thus, 6(T)=6,(T).
Theorem 3.6. Suppose that 7" is an FS hermitian operator
in the FS Hilbert space H, then & (T)=6,(T)CR(A).
Proof. First, since we know from Remark (3.1) that any
FS hermitian operator is an FS normal operator, then, by
using Corollary (3.1), we get that &(T)=6,(T).
Now, we prove that &(T)CR(A). We have for any
AEC(A) with ImA 0 and for Vs 26, that

—~
e~

A=A, 12214 A )< vy, 5

(@]

) =

e~ = e~

=A< Vo) Vo >~ A< Ve Ve >
=A< ﬁfG(e)’ﬁfG(e) >—< TﬁfG(e)’ﬁfG(e) >

—A< ‘7fc<e) ) ‘7fc<e) >+< Tﬁfc@) ) 17fo<e) >

—~—
—~

T)fo0) Pt > — < (A =T)f50 5 Vs >

—~—

=< (A —

=< (),i T)ﬁfc(e)’ﬁfc(e) >—< ﬁfG(e) , (li— T;)ﬁfc(e) >|

”E

£|< ()yi T)mee VfG(e > — <VfG ( )VfG(e |

é|< ()yi— T)ﬁfG(e)7‘7fG(e) >|
+ | —< ﬁfG(e) , (lif T)ﬁfc(e) >|.
Then, by using FS Cauchy-Schwartz Inequality in
Theorem (2.1), we have:

e~
—~

0214 — A7 PZ2N AT = T) 70 I (13)

If 2&6(T)=6,(T), thus, by using Definition (2.5) of FS

approximate point spectrum, we obtain that there exists

an FS sequence of FS elements {7} )} in H such that
nG(en

Vv
f"G(en)

Thus, |1 — M—O i.e., A — A=0. That is to say that 1= .
i, A is FS real scalar. Hence, 6(7)CR(A) and this
completes the proof.

4 Conclusions

The soft or fuzzy versions of some topics such as normed
space, metric space, or Hilbert space has been introduced
by many researchers. While, combining the fuzzy and the
soft concepts together in one concept gives more
generalized, extended and more accurate results. Some
mathematicians have studied a few of these generalized
extended definitions. In our paper, one of the special types
of the FS linear operators, namely the FS normal operator
is defined. Furthermore, one example which is in favor of
it and also another one that is against it, are investigated.
In the end, related results involving the FS spectral
theorems and the relations between the FS normal
operator and the FS hermitian operator are introduced.
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