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Abstract: This paper discusses the properties of optimistic, pestimand basic approximations of rough sets in ordinary anidkle
precise multi-granulation models and the ones producedimgwnion and intersection operations on multi-propestsitions deeply,
and analyzes the relationships between or among them. llirespthe approximate accuracy formulas and finds sevezglialities
to describe their relationships of those approximate amyuformulas. It proves that approximation accuracy of imptete variable
precision multi-granulation rough sets based on toleraeletion is higher than the non-variable ones.
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1 Introduction relation) on the universe according to a user’s
requirements or targets of problem solving. Therefore,

In 1982, Pawlak put forward rough set modelg which the}é [:}ropr?.s;?q thleé:once?t qftmultl—ﬁranulatllo? rough shet

are widely used in many scientific and technologicalmo €l, which includes optimistic mufli-granufation roug

application fields, especially in complete information Is;etthand pesslmlsttlcl muItl—grgnuIatlor}bro.ugh seft.
system. Kryszkiewicz proposed tolerance relation rough urthermore, Qian et al. proposed several basic views for

set model 2]; Stefanowski proposed similar relation gstablishing multi-granulation rough set mOdEI. in
rough set model 3; Wang Guoyin proposed limited incomplete information system&(]. The purpose of this

tolerance relation rough set model] Greco, etc paper is to further generalize Ziarko’s variable precision

proposed rough set model based on the advantag@ugh set _and Qiﬁ!”’s multi-granulatiqn roggh set in
relationship and so on5[. Presently, the variable Incomplete information system. From this point of view,

precision rough set model has been suggested based Jf ‘.Ni” propose the concept of the variable precision
tolerance relation €,7]. In this model, a threshold multl_-granylatlon rough set mOdeI based on tolerance
representing a bound on the conditional probability of arelatlon in incomplete information system.
proportion of objects, which are classified into the same  The rest of the paper is organized as follows. In
decision class, in a condition class, is given. It thereforesection 2, incomplete information system and
admits some level of uncertainty in the classification multi-granulation rough set base on tolerance relation are
process, leading to a deeper understanding and a bett@riefly introduced. In section 3, Variable precision
utilization of properties of the data being analyzed. Themulti-granulation rough sets based on tolerance relation
variable precision rough set model overcomes limitationare explored. In section 4, the properties of variable
in traditional rough set model. precision multi-granulation rough set in incomplete
In the literature 8,9], Qian et al. pointed out that we information system base on tolerance relation are
often need to describe concurrently a target conceptesearched. In section 5, relationships of variable
through multi binary relations (e.g. equivalence relation precision multi-granulation rough set including
tolerance relation, reflexive relation and neighborhoodincomplete variable precision optimistic, pessimistic
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multi-granulation rough set and approximations producedA;, Ay, -+ ,Am € AT . The optimistic multi-granulation
by using union and intersection operations onboundaryregion oK is

multi-property relations are proposed and explored o

respectively. In section 6, the approximate accuracies of A. (X) @)
variable precision multi- granulatlon rough sets are Z| 1A' 21 zi '

analyzed. Section 7 gives the main conclusions according

to the former section researches. Followmg results have been obtained:
m [e] m
> A 00 = Uac) (®)
i= i=1

2 Incomplete Information System and
Multi-Granulation Rough Set based on

0

. m m _
Tolerance Relation ZA; (X) = NAX). 9)
i= i=1
In the tolerance relation model, one of the most important o
thought is in information table missing attribute values & _ _ )
are given ™. ™ may be arbitrary value. Hence, A (X) = {xeU:Ta(x) S X}. (10)

IS =< U,AT,D,V,f > is called an incomplete target ——
information system if values of some attributesAf are b
missing and those of all attributes hare regular, where < A (X) = ~ il A (~X) (11)
AT is called the conditional attributes aidis called the Z o Z ‘

decision attribute set. For each attribute suldsetAT, a

tolerance relation is defined as P

m m P
BN; moa(X)= 2 A (X)—;A (X). (12)
T(A) = {(xy) €U?: " —
m P m
Vae A a(x) =a(y) va(x) = *Vva(y) = }. (1) ZA- (X) = NAX). (13)
1= i=1
ForA C AT andvX C U, the lower approximation is T
Ar(X) = {x€eU 1 Ta(x) € X} (2) Z\A' — G AP (X). (14)
and the upper approximation is i=1
Ar(X) = {xe U :Ta(x)N X # 0}. (3)
The ordered paifAr (X), A (X)] is called a rough set ot 3 Variable Precision Multi-Granulation
with respect tpcA ! J Rough Sets based on Tolerance Relation

Tax) =yeU:(xy) €T(A). (4) To save the space, the following assumption description is
given: Let IS =< U,ATUd > be an incomplete

|s(a}{e) calltlac: toleranrt] CI?SS(ﬁs)l Qian e(tj al. 'nlt)he'rlnformanon systemAq, Ag,--- . An C AT be m attribute
multi-granulation rough set model, proposed several basig cets: & B <05, XYCU

views for establishing multi-granulation rough set model DefinitTon 1. Varfable precision  optimistic

in incomplete information systems. Let 2 ; At
A1,A2,--- ,Am C AT be m attribute subsets. Then for ?glsjglea{f/ng“rgr! lower and - upper  approximations
VX CU, '
m ° i, (X) = {xeU:3ieTx(Xx),X) <B} 15
ZlA (X)Z{XEU:TAl(X)QX\/TAz(X)QX\/--- i;Alg ( ) { ) (A|()’ )—B} ( )
i= =
VTaq(X) € X} ® = m o

Ag (X) =~ Ay (~X) (16)
m m O . .. Lo . .
ZAi (X) = ~ Zf* (~X). (6) i\éarlable precision optimistic multi-granulation boungar

ly th | lation | 2,

are respectively the optimistic multi-granulation lower gne,, X)=SA. X)=SA. (X). 17
and upper approximations ofX with respect to '1A'B( )= i; g X i; g %) (7
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m 0 m 0
Theorem 1.Under the condition given in the above,we (G)ZiAiE (X) C ZiA‘B (X);. (29)
have =R =
m_° m O
ZlAi[i (X) ={xeU:VieTp(x),X)<1-p}. (18) (7)21A;B (XNY)C (30)
i= i<
Proof. By Definition 1, we have m o m o
———o0 8)> Ag (X)NH A, (Y) (31)
x€ T A, (X) & x¢ 3T AL (~X) < Vi, e(Ta (X),X) <1-P ;1 g i; g
(19)
Definition 2.  Variable  precision  pessimistic m 0
multi-granulation lower and upper approximations (9)21'% (XUY)2 (32)
respectively are : =
S A, (X) = (XEU VLM <BE @) 10%a uSA
i = {xeU :Vi,e(Ty(x),X) <B}; _ _
2 Mo (103 Ay (U3 Ay (Y) (33)
m P m p —0
Ay (X) =~ A (~X) (21) .
i; 5 i; 5 (11)i;A.B (XNY) C (34)
. Variable precision optimistic multi-granulation boumga o o
is il il
p . (123 Ay (N3 Ay (Y), (35)
BNPm o X)=S A, X)=S A, (X). (22)
g )= 3 A (X) =3 Ay (X) .
Theorem 2. Under the condition described in the (13)21'% (XUY) 2 (36)
above,we have 1=
m p m 0 m 0
Ay (X) ={xeU:di,e(Ty(x),X) <1-B}.  (23) 1S A, X)USA, (Y). 37
2 Mo (143 Ay 00U Ay (V) (37)

Proof. By Definition 2, we have

4 Properties of Variable Precision
Multi-Granulation Rough Set

Theorem 3.The following results are held:

<1>2A-;<U> - ﬁl/xﬁo(m _u; (24)
<2>iimﬁ°<@> - ﬁlmﬁo(@) 5. (25)
(3)2AB0<~ X) =~ iﬁ/xﬁo(xx (26)
(4)2#\:@ X =5 A, (27)
()61 > B iﬁom > ii/sqﬁ:(xx (28)

Proof. (1) and (2)vx € 3", A;°(U), by Definition 1,

A € A, Ap, -, An such thate(Ta (x),U) < B. Thus
x € U. So 3", A °(X) € U. For ¥x € U, since

YA (U) U. For W € 31,A;%9),
3A € {A1,Ap,--- ,An} such thate(Tp (x),@) < B. Then

X € @, from which we can conclude that
Zin;lAigo(g) cao. SOE{T;:LA@[;O(@) =a.
(3) and (4) By Definiton 1 we know

z{‘;lA;BO(X) =~ 3 AL°(~ X). Let ~ X) replaceX,
we have ~ YA °(~ X) = 3MALCX), e
ST A, (~X) =~ 3T ALO(X),

(5) and (6) For Vx € z{ilA;BZO(X),

JA € A, Ay, Ay such that e(Ty (x),X) < Bo.
Moreover, sinceBy > B, thene(Ta, (x),X) < By, i.e. for

X € z{‘;lAiBlo(X), we can conclude that
ZinllAiplo(X) 2 ZirilAipzo(X)' (7) For
vx € LA, °(X N Y), by Defintion 1,

3A € {A1, A2, -+ ,Am} such thae(Ta, (x),XNY) < B. By
the definition of the inclusion error, we have
e(Ta (x),X) < B and e(Tx(x),Y) < B. So we have
x € YLALX) and x e FALCY), e
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x € 3 AL (X) N 3T ALC(Y). Therefore, we obtain
zirilAipzo(X N Y) < zirilAipo(x) N zirilAipo(Y)'

Similarly, it is not difficult to prove formula (8)-(14).
Theorem 4.LetX; C X, C --- C Xy CU .We have

(1)21'“\&50()(1) c iiAiBO(XZ) -

<2>i=§1/x-:<xl> c é/x:(xz) c ﬂZA

Proof. Suppose K i < j <n, thenX; C Xj. (1) Clearly,

e -ZlAiB (%); (38)

)- (39)

X N X = X W hae 3,A°X) =
YA NXG) © SR AL (X) N 3L A (X)) Thus
STIALC(X) = AL () N TEALC(X)). So we
have

Spr 00 g

Therefore, it follows that

ZiA X1 CZA X2

(2) Clearly, Xi U Xj = X].

(0]

(Xn)-

~C3 Ay

we have z{‘;lAiBO(

Xj) =

SILA, (6 UX)) 2 3T A (X) USI A(X)). Thus
zirilAipo(Xj) 2 ZinllAipo(Xi) U ZinllAipo(Xj)' So we
have o o
m m
3 Ag (X)€ 3 Ay (X)
1= 1=
Therefore,
Theorem 5. LetA1UA2U -UAm# @. Then
(DUR4A,°(X) © ZA. (40)
(QUT,A,°(X) 2 > Ay () (41)
i=
Proof. First prove (2). Forvx e E{QlA;BO(X), from
Theorem 1, we haveyi,e(Ta (X),X) < 1 — B, thus

max", e qu X), ) < 1- B. Since for Vx € U,
max?, e(Ty(x),X) < e(um A(X),X), we have
(Tum ( ) X) < 1 B.iexe Y A, (X). Therefore,

( )2 3n lA. °(X). By the definition of the

varlable precision mult| -granulation model based on

tolerance relation, we have

UL A °(X) =~ UL, A, °(~X).

From the formula (2) in this theorem, we have

~ UL 1A| ) E~ ZlAﬁ = Z\ (X),
i.e. oo
UirilAipo(x) - A'p (X)
= £
So (1) is held.
Theorem 6.Let AmAzm -NAm# @. Then
(DNL1A,° ZA[; (42)
m 0
°(X) ¢ > Ay ) (43)

it follows that
Thus

Proof. (1) For vx € 3, A °(X),

Ji,e(Tp (x),X) < B from Definition 1.
min™ ; e(Ta (X),X) < B. Since

m

mine(Ta, (x),X) > e(Tm

i=1 =

1A (X),X),

&(Tom A (%), X) < B

forvxe U, i.e.
X € NM4A

2°(X).
°(X) 2 3 AL °(X). (2) ATLA (X) =~

X). From the formula (1),

Thus i, A
|:1A| (

m o m

A (X) € 5 Ay (~X) = 3 Ay (X)

ie. o
g;ﬁqp (X)

Theorem 7.1t is heId that
m p

3 Ay V) ziA[, S (44)
m p m P

(Z)ZA,; (@)= ;A.B (9)=2 (45)
m p m P

33 Ay (~X)=~ 3 Ay (X) (46)
m p p

@3 Mg (~X) =~ 3 Ay (X) (47)
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m p m p
(5)BL= B2 = zi s X)2 5 Ay (X); (48)  Proof. (1) Forvx e 3", A, P(X), 3A € {A, Az, -+, An}
= = such thate(Ta, (x), X) < B. Then we obviously have ¢
P P i1 Aig®(X). Thus3 T, A P(X) € 31T A °(X).
(G)EiA;Bl (X) C A‘Bz (X);. (49) (2) Spimilar to the prgof of (1), itis not difficult to prove
= = Zin;lAig (X) 2 Ein;lAi[; (X)
m P m P m p Theorem 11 reveals the relationships between variable

A, )N A, (V). (50)

®)3 Ay (XUY)2 3 Ay OU3 Ay (V). 6D

P P P
O3 A (XNVIE 3 A (ONS Ay V). (52)

m P m P m p
103 A (XUY)2 5 A, (U A, (V). (63

Proof. The proof of it is similar to Theorem 3.
Theorem 8.LetX; C X, C--- C Xy CU. Then

m p m p m p
1).;% (xl)g_;AqB (X2) € g_;ﬁqg (Xn); (54)

—p =P
2)_;Ai[; (Xl)Q_ZAiE (X2) C

Proof. The proof of it is similar to Theorem 4.
Theorem 9. LetAlquu -UAm # @. Then

P
- C ra_;/%ﬁ (Xn)- (55)

(DUL,A,P ZA (56)
. m p
(2UTA,(X) > Ay (X) (57)
Theorem 10. LetAmAzm ---NAn# . Then
(DNAA,P(X) € ZA (58)
i p
@A) 2 3 Ay (X). (59)

5 The Relationships of Variable Precision
Multi-Granulation Rough Set

Theorem 11.The following two results are held:

m p m o

D3 Ay (X)C 3 Ay (X); (60)
m P m 0

23 Ap 023 Ay (X) (61)

precision multi-granulation optimistic approximationdan

variable  precision  multi-granulation  pessimistic
approximation base on tolerance relation. We can
conclude that the variable precision multi-granulation
pessimistic lower approximation is included in the
variable precision multi-granulation optimistic lower
approximation; the variable precision multi-granulation
optimistic upper approximation is included in the variable

precision multi-granulation pessimistic upper
approximation.
Theorem 12.1t is held that
m (0] m (0]
D3 A (X)C 3 Ay (X (62)
2> A (X)2 > Ay (X); (63)
m P m p
@3 A (X)C 5 A (X (64)
i= i=
™ P m P
DI A (X)23 Ay (X) (65)
Proof. Forvx e 3, A°(X), 3Ai € {A1,Az,--- ,Am} such

that Ta(x) € X. So e(Ta(x),X) = 0 < B, and

x € LA (X). Thus 3T AC(X) C 3 A,%(X).
Similarly, it is not difficult to prove other formulas.
Theorem 12 shows the relationships between variable
precision multi-granulation rough set base on tolerance
relation and the classical multi-granulation rough set. We
can conclude that the variable precision multi-granurkatio
lower approximation is included in the classical
multi-granulation lower approximation rough set; the
variable precision multi-granulation upper approximatio
is included in the classical multi-granulation upper
approximation rough set.

6 The Approximate Accuracy of Variable
Precision Multi-Granulation Rough Set

The uncertainty of the rough set is due to the existence of
a borderline region. The bigger the borderline region of a
set is, the lower the accuracy of the set is. To more
precisely express this idea, we introduce measure to
incomplete variable precision multi-granulation rough se
as follows.
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Definition 3. Optimistic multi-granulation and Similarly, it is not difficult to prove (2) .
pessimistic  multi-granulation,  variable  precision Theorem 13 shows the relationships between
optimistic multi-granulation and variable precision incomplete variable precision multi-granulation rough se
optimistic multi-granulation approximation accuracyof base on tolerance relation and the classical

are denoted byao7ap7ag and ag respective|y, and multi-gl’anula’[iqn I’OUgh. Set We can anC|ude that
defined as incomplete variable precision Multi-granulation rough se

m m o T based on tolerance relation have a higher approximation.
ao(y AX) =13 A (X113 A (X (66)
1= 1= 1=
. 7 Conclusion
m m P m
ap(i;Ai’X) - |i;A‘ (X)M;Ai (Xl (67) The paper introduced variable precision multi-granufatio

model based on tolerance relation in incomplete

m m O m_° information system and formed incomplete variable
ag(ziA;,X): |ziA;B (X)|/|ZiAiB (X)] (68)  precision multi-granulation model. Such model is the
i= i= i= combination of the incomplete variable precision rough

. b —p set and multi-granulation rough set. Because we use
iabl ision, [ th imat
ag(.ZlA‘"X):LZlAW (X)|/|_Z\A"ﬁ (X)] (69) variable precision, we improve e approximate
1= 1= I=

accuracies, and therefore get the result that incomplete
. , . _ . . variable precision multi-granulation model rough set has
Definition 4. Variable ~ precision  optimistic yrther bigger lower approximation and further smaller
multi-granulation and  variable precision optimistic \;,ner approximation, through discussing relationships
multi-granulation approximation accuracy of according to among them. The next job for us is to mine learning rules
Um,A andn™; A are denoted byis Hé;, né and Np according to our model.

respectively, and defined as

M8 (UTLAL X) = U ACX) /[T A (X)), (70)
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