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Abstract: This paper considers a non-autonomous retarded-type fractional differential equation involving Caputo derivative along with

a nonlocal condition in a general Banach space. We present a novel approach to determine the existence-uniqueness and controllability

of mild solution to the considered problem using the fixed-point technique, classical semigroup theory, and tools of fractional calculus. It

is imperative to mention that the main results are established without assuming the continuity of linear operator −A(t) and compactness

condition on semigroup. At the end, the developed theoretical results have been applied to a nonlocal fractional order retarded elliptic

evolution equation.
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1 Introduction

Fractional derivatives have enticed many scientists and researchers due to its applicability in various areas like robotics and
control, anomalous-relaxation, diffusion-processes, porous medium, phase synchronization, etc [1,2,3,4]. Indeed, some
of the proposed fractional models have been validated experimentally and shown their efficacy in modeling physical-
systems more accurately than classical ones, for instance, see [5,6,7,8] and the references therein. The key reason behind
such advancement is that the fractional derivatives are nonlocal in nature which makes fractional differential equations
(FDEs) an important one to describe memory effects in complex systems [9,10].

The aforementioned reasons have increased a significant interest of the authors to consider the abstract formulation
of various types of FDEs and study their qualitative and quantitative characteristics. Ding et al. [11] considered a
fractional-delay system and defined its mild solution using Laplace transform and Mittag-Leffler functions. The authors
also rendered sufficient criteria on nonlinear function term to show that the nonlinear-system is controllable if the
controllability of the linear-system is assumed. In [12], the authors established the existence of mild solution for
neutral-type FDEs with state-dependent delay using the non-compact measure and Mönch fixed-point theorem.
Jothimani et al. [13] investigated the controllability results for fractional integrodifferential equations with nondense
nature in Banach spaces. Employing Schauder’s fixed-point theorem, Chen et al. [14] discussed the existence and
approximate controllability of mild solutions for a class of nonlocal FDEs in Banach spaces. It is noted that the
existence-uniqueness and controllability results for the autonomous FDEs have been studied vastly (refer to the
references listed in the above-mentioned literature), however, the study for the non-autonomous FDEs is still at initial
level. This is mainly due to difficulty in defining a proper representation of mild solution for non-autonomous FDEs. It is
worth mentioning a pioneer work by El-Borai [15] in which the author established a fundamental solution of a
non-autonomous fractional evolution equation using the theory of nonlinear analysis, classical semigroup theory and the
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probability density function. Thereafter, Fie Xiao [16] studied a nonlocal non-autonomous FDE and investigated
existence results using Sadovskii’s fixed-point theorem. In [17], the authors rendered sufficient criteria for the
controllability of a mild solution to a nonlocal fractional evolution system along with impulsive condition in a Banach
space. In [18,19,20,21], the authors studied neutral-type and Sobolev-type fractional evolution systems after introducing
proper definition of mild solutions based on the theory of resolvent operators and probability density functions. Recently,
the existence of solution of non-autonomous FDEs with integral impulse condition is investigated by Kumar et al. [22]
using the non-compact measure, fixed-point techniques, and k−set contraction.

The present article is focused on establishing the existence-uniqueness and controllability results to the following
nonlocal non-autonomous FDE in a Banach space X .

CDα
r [x(r)]+P(r)x(r) = h(r,x(r),xr), r ∈ I = [0,b],

g(x[−η,0]) = κ . (1)

Here, CDα
r denotes the α−th order Caputo’s derivative with α ∈ (0,1]. The maps h : X̃ → X and g : C0 →C0 are nonlinear

with X̃ = I ×X ×C0, where C0 = C([−η ,0],X) is a space of continuous functions w : [−η ,0] → X and η is a positive

constant. For r ≥ 0, the linear operator −P(r) : D(P)(⊆ X)→ X (not necessarily bounded) is closed and D(P) = X such
that D(P) is independent of r. Moreover, −P(r) satisfies the following conditions.

(P1)For every r ∈ I and a ∈C with ℜ(a)≥ 0, the operator [aE +P(r)]−1
exists and

∥∥∥[aE +P(r)]−1
∥∥∥≤ K

| a |+1
,

(P2)For every θ1, θ2, θ3 ∈ I, we have

∥∥[P(θ1)−P(θ3)]P
−1(θ2)

∥∥≤ K| θ1 −θ3 |
β , 0 < β < 1,

where K > 0 and β are independent of θ1, θ2, θ3, and E denotes the identity operator on X . The assumption (P1)

guarantees that −P(r) is an infinitesimal generator of an analytic semigroup {Sr(s) = e−sP(r)}. More details can be seen
in [23,24].

The organization of this article is as follows. The Section 2 defines preliminary facts and introduces a proper
definition of a mild solution to FDE (1). In Section 3, we shall establish the existence-uniqueness and regularity of mild
solution. Further, we consider the associated control problem to FDE (1) and derive sufficient conditions for the
complete controllability of mild solution over the interval J = [−η ,b] in the Section 4. At the end, we shall apply the
developed theoretical results to an application in the Section 5.

2 Preliminaries

For α ∈ (0,1), the α−th order Caputo’s derivative for a function w : I → R is defined as [25]:

CDα
r w(r) =

1

Γ (1−α)

∫ r

0
(r− µ)−α w′(µ)dµ , whenever w′ ∈ L1(I,R).

In order to give a proper definition of a mild solution of the problem (1), first we introduce the following nonlinear
operators [15]:

ψ(r,θ ) = α
∫ r

0
vrα−1 pα(v)exp(−rα vP(θ ))dv,

ϕ(r,θ ) =
∞

∑
j=1

ϕ j(r,θ ),

U(r) =−P(r)P−1(0)−
∫ r

0
ϕ(r,µ)P(µ)P−1(0)dµ .

where pα is a probability density function defined on [0,∞). Further, ϕk satisfies the following recurrence relation:

ϕ1(r,θ ) = [P(r)−P(θ )]ψ(r−θ ,θ ) and ϕ j+1(r,θ ) =
∫ r

θ
ϕ j(r,v)ϕ1(v,θ )dv, for j = 1,2, ...

c© 2023 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 9, No. 3, 473-486 (2023) / www.naturalspublishing.com/Journals.asp 475

Let Cr = C([−η ,r],X), r ∈ I, denote a space of continuous functions f : [−η ,r] → X . It is easy to see that Cr becomes
Banach space with respect to the following norm

‖ f‖r := sup
−η≤s≤r

‖ f (s)‖ , for f ∈Cr.

Further, for each r ∈ I, xr : [−η ,0]→ X defined as xr(s) = x(r+ s) will be continuous, i.e., xr ∈C0. Now, the definition of
mild solution to (1) can be defined as follows:

Let φ ∈C0 be such that g(φ) = κ . Then, a continuous function x : J → X becomes a mild solution of (1) (see [15,16,
21]), if

x(r) =φ(0)+
∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )h(θ ,x(θ ),xθ )dθ

+

∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ , for r ∈ I,

and x(r) = φ(r) for r ∈ [−η ,0]. In addition, if x(s) ∈ D(P) for each s ∈ I, the Caputo derivative of x is continuous on the
interval (0,b) and the function x satisfies (1) on (0,b), then such function x is said to be a classical solution of (1).

If the continuous function x : [−η ,b0] → X becomes a mild solution (or classical solution) of the problem (1), for
some b0 ∈ (0,b), then x is referred as a local mild solution (or a local classical solution) of (1) on [−η ,b0].
For establishing the existence-uniqueness and controllability results, the following lemma is required:

Lemma 1.The following results hold:

(i)The operator-valued functions ψ(r− θ ,θ ) and P(r)ψ(r− θ ,θ ) are continuous in the uniform operator topology in

the variables r, θ , where 0 ≤ r ≤ θ − ε , r ∈ I, for any ε > 0. Moreover,

‖ψ(r−θ ,θ )‖ ≤ K(r−θ )α−1.

(ii)The function ϕ(r,θ ) is uniformly continuous in the uniform operator topology in r,θ provided 0≤ r ≤ θ −ε, ε ≤ r ≤ b

for any ε > 0. Moreover,

‖ϕ(r,θ )‖ ≤ K(r−θ )β−1.

(iii)For r ∈ I,

∫ r

0
ψ(r−θ ,θ )U(θ )dθ is uniformly continuous in the norm of B(X) and

‖U(θ )‖ ≤ K(1+θ β ).

(iv)For 0 < θ < t1 ≤ t2 and α ∈ (0,1], there exists γ ∈ (0,1] such that

‖[ψ(t1 −θ ,θ )−ψ(t2−θ ,θ )]‖ ≤ K
[
(t1 −θ )α−1{1+(t2 − t1)

γ}− (t2 −θ )α−1
]
.

Proof.It is easy to follow the first three results from [15]. To prove the inequality in (iv), one may follow the arguments in
[26] (see pp. 437) and the following equality from [23]:

∥∥∥e−θ1P(s)v− e−θ2P(s)
∥∥∥=

∥∥∥∥
∫ θ1

θ2

d

dt

(
e−tP(s)

)
dt

∥∥∥∥≤ K| θ1 −θ2 |
γ , where µ ∈ (0,1].

Also, we employ the following lemmas to derive our main results.

Lemma 2.(Bochner’s Theorem) A measurable function S : I → X is Bochner integrable if | S | is Lebesgue integrable.

Lemma 3.(see [27]) Let B(α,β ) be a Beta function. Then, for every function w ∈ L1[0,b], we have
∫ m

0

∫ µ

0
(m− µ)α−1(µ − s)β−1w(s)dsdµ = B(α,β )

∫ m

0
(m− s)α+β−1w(s)ds.

3 Existence of solutions

This section presents existence-uniqueness and regularity of a mild solution to the considered FDE (1). In order to do this,
we assume the following hypotheses:

(H1)There is a continuous function φ : [−η ,0] → X satisfying Lipschitz condition with φ(0) ∈ D(P) and is such that
g(φ) = κ .

(H2)Let U ⊆ X̃ be open. Further, for every point (r,x,y) in U , we have a neighborhood F ⊆ U of (r,x,y) such that
the function h becomes continuous w.r.t. to the first variable. Also, for each r ∈ I, h(r, ., .) : X ×C0 → X satisfies the
following with a positive constant Lh.

‖h(r,u,v)− h(r,w, p)‖ ≤ Lh[‖u−w‖+ ‖v− p‖0], ∀ (r,u,v), (r,w, p) ∈ F.
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3.1 Local mild solution

Theorem 1.Let the hypotheses (H1) and (H2) hold true for the functions h and g in the FDE (1). Then, corresponding to

unique φ , the problem (1) has a unique local mild solution. Further, the local mild solution can be extended either on the

whole interval J or on an interval [−η ,bmax), bmax ≤ b < ∞. In the later case, we have

lim
r↑bmax

‖x(r)‖= ∞.

Proof.We select r1 > 0. Using the hypothesis (H1), we introduce a map τ : [−η ,r1]→ X given by:

τ(r) =

{
φ(r), if r ∈ [−η ,0],
φ(0), if r ∈ [0,r1].

It is easy to verify the continuity of the segment τr : [−η ,0]→ X and the function h(r,τ(0),τ0) on the interval [0,r1]. Let
us denote

N1 = sup
0≤r≤r1

‖h(r,τ(0),τ0)‖ . (2)

We consider ε > 0 and r1 > 0 such that the map h satisfies the hypothesis (H2) on the neighborhood F of (0,τ(0),τ0) ∈ X̃

defined as

F =
{
(r,u,v) ∈ X̃ : 0 ≤ r ≤ r1,‖u− τ(0)‖ ≤ ε, and ‖v− τ0‖0 ≤ ε

}
. (3)

Next, we select a positive constant b0 such that

b0 < min

{
r1,
(
υεM−1

3

) 1
α ,
(
υεM−1

3

) 1
α+β

}
, (4)

where υ ∈ (0,1) and





M1 =
K2

α ‖P(0)φ(0)‖ ,

M2 =
K
α [2εLh +N1] ,

M3 = 2M1 +(1+KB(α,β ))M2.

(5)

Further, we specify a map F defined on the space Cb0
by Fx = x̃, where x̃ equals φ on the interval [−η ,0] and

x̃(r) =φ(0)+
∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )h(θ ,x(θ ),xθ )dθ

+

∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ , for r ∈ [0,b0]. (6)

Following the hypothesis (H2) along with the equations (2) and (3), we get

‖h(r,x(r),xr)‖ ≤ ‖h(r,x(r),xr)− h(r,τ(0),τ0)‖+N1 ≤ 2εLh +N1. (7)

The above inequality along with the hypothesis (H2) and Lemma 1 imply





‖ψ(r−θ ,θ )U(θ )P(0)φ(0)‖ ≤ K2(r−θ )α−1(1+θ β)‖P(0)φ(0)‖ ,

‖ψ(r−θ ,θ )h(θ ,x(θ ),xθ )‖ ≤ K(r−θ )α−1 [2εLh +N1] ,∥∥ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)
∥∥≤ K2(r−θ )α−1(θ − µ)β−1 [2εLh +N1] .

(8)

The derived inequalities in (8), the Lemmas 3 and 1, and the equation (5) give the following:





∫ r

0
‖ψ(r−θ ,θ )U(θ )P(0)φ(0)‖dθ ≤ M1b0

α(1+ b0
β ),

∫ r

0
‖ψ(r−θ ,θ )h(θ ,x(θ ),xθ )‖dθ ≤ M2b0

α ,
∫ r

0

∫ θ

0

∥∥ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)
∥∥dµdθ ≤ KB(α,β )M2b0

α+β .

(9)
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Hence, the above result along with the Lemma 2 imply the existence of all integral terms in the equation (6) in Bochner’s
sense.

Next, we prove that Fx ∈ Cb0
for every x ∈ Cb0

. To do this, we consider x ∈ Cb0
and θ1,θ2 ∈ [0,b0] with θ1 ≤ θ2.

Then, the inequality (7) and the Lemma 1 imply

‖Fx(θ2)−Fx(θ1)‖ ≤

[
M1(1+θ

β
2 )+M2

(
1+

Kb
β
0

β

)]
[3(θ2 −θ1)

α + bα
0 (θ2 −θ1)

γ ] .

Now, it is easy to follow from the above inequality that Fx ∈Cb0
.

We introduce a set ϒ =
{

x ∈Cb0
: x(r) = φ(r) for r ∈ [−η ,0] and ‖x(r)−φ(0)‖ ≤ ε for r ∈ [0,b0]

}
. One may

deduce that the defined set ϒ is a nonempty, closed and bounded subset of Cb0
. Further, it is easy to observe from the

definition of the map F and the inequalities in the equations (4), (5) and (8) that Fx ∈ϒ for every x ∈ϒ . Our aim is to
show that the nonlinear map F : ϒ →ϒ is contraction. For proving this, we let x, y ∈ϒ . Then, for every point r ∈ [0,b0],

‖Fx(r)−Fy(r)‖ ≤
∫ r

0
‖ψ(r−θ ,θ )H (θ )‖dθ +

∫ r

0

∫ θ

0
‖ψ(r−θ ,θ )ϕ(θ ,µ)H (µ)‖dµdθ

with H (µ) = h(µ ,x(µ),xµ)− h(µ ,y(µ),yµ). Then, from the Lemma 1 and the equations (2) - (5) along with the
hypothesis (H2), we get

‖Fx(r)−Fy(r)‖ ≤ υ ‖x− y‖b0
.

Therefore, the derived inequality along with the fact that ‖Fx(r)−Fy(r)‖ = 0, for r ∈ [−η ,0] show that F : ϒ → ϒ
defines a contraction map. And hence, the nonlinear map F has a fixed-point, say x, in ϒ due to Banach Contraction
Principle and that x will be such that it equals φ on the interval [−η ,0] and

x(r) =φ(0)+
∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )h(θ ,x(θ ),xθ )dθ

+

∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ , for r ∈ [0,b0]. (10)

The obtained x will be a mild solution of FDE (1) on J0 = [−η ,b0].
The derived mild solution x can be extended to a larger interval [−η ,b0+δ ] with δ > 0 as follows. We let x(r+b0) =

w(r), where the X−valued function w(r) denotes a mild solution of the following nonlocal FDE
{

CDα
r [w(r)]+P(r)w(r) = h(r+ b0,w(r),wr),

g̃
(
w[−η−b0,0]

)
= κ̃ .

(11)

The segment wr is X−valued given by wr(s) = w(r + s) for s ∈ [−η − b0,0]. Also, g̃ : C̃0 → C̃0 is a nonlinear map with
C̃0 =C([−η − b0,0],X). We introduce the following map

φ̃(r) =

{
φ(r+ b0), t ∈ [−η − b0,−b0],
x(r+ b0), r ∈ [−b0,0].

It is easy to verify that the function φ̃ : [−η − b0,0]→ X is Lipschitz continuous and satisfies the condition g̃
(
φ̃
)
= κ̃ .

Also, the hypothesis (H2) holds true for the nonlinear map h due to the definition of w. Hence, one may follow the similar
arguments to show the existence of a solution w ∈ C([−η − b0,b0 + δ ],X) to (11). Finally, the following function x̃ will
become a mild solution to FDE (1) on the larger interval [−η ,b0 + δ ]:

x̃(r) =

{
x(r), r ∈ [−η ,b0],
w(r− b0), r ∈ [b0,b0 + δ ].

Proceed in the similar way to extend the solution x on larger intervals. One may obtain either the solution x on the whole
interval J or on the interval [−η ,bmax), where bmax ≤ b < ∞. In the later case, we will show that

lim
r↑bmax

‖x(r)‖ = ∞.

Assume that the above result does not hold true. Then, one can find a sequence rn ↑ bmax such that ‖x(rn)‖ ≤ M for each
n ∈N. Hence, the mild solution x : [−η ,rn]→ X can be extended to [−η ,rn+δ ] by following the above arguments, where
δ > 0 does not depend on rn. This contradicts the definition of bmax. Therefore, our claim.

Moreover, it is easy to observe from the definition of the mild solution to FDE (1) that it will be unique corresponding
to unique φ .
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3.2 Local classical solution

Theorem 2.In addition to the assumptions in Theorem 1, we suppose that the function h in FDE (1) is Hölder continuous

w.r.t. to r on the interval I. Then, corresponding to unique φ , the FDE (1) has a unique local classical solution.

Proof.Let φ ∈ C0. It is easy to observe from the Theorem 1 that the problem (1) has a unique local mild solution, say x,
on an interval J0 = [−η ,b0] for some 0 < b0 < b. We will show that this mild solution x is indeed a classical solution
whenever the function h is Hölder continuous w.r.t. to r on the interval I.

Note that x ∈ Cb0
. Following hypothesis (H2), one can deduce that the function h is bounded on the interval [0,b0].

Therefore, we set
N2 = sup

0≤r≤b0

‖h(r,x(r),xr)‖ . (12)

Further, for 0 < θ1 ≤ θ2 ≤ b0, the Lemma 1 along with the equality (12) imply that

‖x(θ2)− x(θ1)‖ ≤
K

α

[
K(1+ b

β
0 )‖P(0)φ(0)‖+N2 +

KN2

β
b

β
0

]
[3(θ2 −θ1)

α + bα
0 (θ2 −θ1)

γ ] .

Suppose that (θ2 −θ1)
q = max{(θ2 −θ1)

α ,(θ2 −θ1)
γ}. The above inequality guarantees that there is a positive constant

N3, independent of θ1 and θ2, such that

‖x(θ1)− x(θ2)‖ ≤ N3(θ2 −θ1)
q.

This establishes that the function x is Hölder continuous on the interval [0,b0]. Moreover, the function h is also Hölder
continuous on the interval [0,b0]. Hence, one can find the constants k > 0 and q1 ∈ (0,1] such that for every 0 < θ3 <
θ1,θ2 ≤ b0, we have

∥∥∥h̃(θ1)− h̃(θ2)
∥∥∥≤ k| θ1 −θ2 |

q1

with h̃(µ) = h(µ ,x(µ),xµ). Following [15,26], there exists a unique classical solution w ∈Cb0
of the following FDE

{
CDα

r [w(r)]+P(r)w(r) = h̃(r), r > 0

w(r) = φ(r), r ∈ [−η ,0],
(13)

where the function w is such that

w(r) = φ(0)+

∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )h̃(θ )dθ

+
∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)h̃(µ)dµdθ , for r ∈ [0,b0]

and w equals φ on the interval [−η ,0]. It is easy to verify that x equals w on the interval [−η ,b0] which implies the
regularity of the mild solution x of (1) on the interval J0. Moreover, the similar procedure can be followed, as in Theorem
1, to show the uniqueness of x corresponding to unique φ .

3.3 Global solution

Theorem 3.Let the X−valued nonlinear map h is defined on [0,∞)×X ×C0. Further, we suppose that the hypotheses

(H1) - (H2) and the conditions (P1) - (P2) hold true for each b< ∞. Moreover, let either one of the following assumptions

is true.

(i)There is a nonnegative real-valued continuous function w0 defined on the interval [−η ,∞) such that ‖x(r)‖ ≤ w0(r)
for every point r in the interval of existence of x.

(ii)There exists two locally integrable and nonnegative real-valued functions w1 and w2 defined on [0,∞) such that

‖h(r,u,v)‖ ≤ w1(r)[‖u‖+ ‖v‖0]+w2(r), ∀ r ∈ [0,∞),u ∈ X ,v ∈C0,

where w1 is an increasing function.
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Then, corresponding to unique φ ∈C0, the problem (1) has a unique global solution x ∈C([−η ,∞),X).

Proof.Theorem 1 guarantees the existence of a unique local mild solution to the problem (1), say x, on the interval [−η ,b]
for 0 < b < ∞.

In the case when the condition (i) is true, then the local mild solution x can be extended to the whole interval by
following the similar process as mentioned in the Theorem 1.

We assume that the condition (ii) holds true. Then, we introduce the following real-valued function Φ defined on
[0,∞).

Φ(r) = ‖φ‖0 +
K2

α
rα(1+ rβ )‖P(0)φ(0)‖+K

∫ r

0

[
(r−θ )α−1 +KB(α,β )(r−θ )α+β−1

]
w2(θ )dθ .

It is easy to prove the continuity of the function Φ . Also, we have

sup
−η≤r≤0

‖x(r)‖ = sup
−η≤r≤0

‖φ(r)‖ = ‖φ‖0 ≤ Φ(r).

Further, from the Lemmas 3 and 1, for each r ≥ 0, we get

‖x(r)‖ ≤ Φ(r)+ 2K

∫ r

0

[
(r−θ )α−1 +KB(α,β )(r−θ )α+β−1

]
w1(θ )v(θ )dθ

with v(r) =

(
sup

−η≤s≤r

‖x(s)‖

)
. Note that both the maps Φ and v are increasing. Hence, for each θ ∈ [0,r], we have

‖x(θ )‖ ≤ Φ(r)+ 2K

∫ r

0

[
(r−θ )α−1 +KB(α,β )(r−θ )α+β−1

]
w1(θ )v(θ )dθ .

The derived inequality along with the assumption that the function w1 is increasing imply the following estimate.

sup
0≤θ≤r

‖x(θ )‖ ≤ Φ(r)+ 2Kw1(r)
∫ r

0

[
(r−θ )α−1 +KB(α,β )(r−θ )α+β−1

]
v(θ )dθ .

Therefore, from above discussion, we get

v(r)≤ 2Φ(r)+ 2Kw1(r)

∫ r

0

[
(r−θ )α−1 +KB(α,β )(r−θ )α+β−1

]
v(θ )dθ .

Finally, as an application to the generalized Gronwall inequality with singularity [28], we get

v(r)≤ 2Φ(r)
[
Eα (2Kw1(r)Γ (α)rα)+Eα+β

(
2K2B(α,β )w1(r)Γ (α +β )rα+β

)]
.

The above inequality implies that the condition (i) holds true. Therefore, the problem (1) has a unique global solution.

4 Fractional control problem

In this section, we aimed to study the following fractional dynamical system associated with (1) :
{

CDα
r [x(r)]+P(r)x(r) = h(r,x(r),xr)+Du(r), r ∈ I = [0,b],

g(x[−η,0]) = κ ,
(14)

where the admissible control function u ∈ L2[I,Y ] with Y as a Banach space and D : L2[I,Y ]→ L1[I,X ] is a bounded linear

operator. That is, there exists M̂ > 0 such that ‖D‖ ≤ M̂.
A proper definition of mild solution of (14) can be given by following the Section 2. Let φ : [−η ,0] → X be a

continuous function such that g(φ) = κ . Then, for each u ∈ L2[I,Y ], a mild solution of the fractional dynamical system
(14) is a continuous function xu : [−η ,b]→ X such that xu = φ on the interval [−η ,0] and

x(r) =φ(0)+

∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )(h(θ ,x(θ ),xθ )+Du(θ ))dθ

+
∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)(h(µ ,x(µ),xµ)+Du(µ))dµdθ for r ∈ I.

c© 2023 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


480 M. Sharma, S. Dubey: Solvability and controllability of a retarded-type ...

The fractional dynamical system (14) is said to be completely controllable on I if, for every point x1 ∈ X and the function
φ ∈C0 such that g(φ) = κ , there exists a control function u ∈ L2[I,Y ] such that the mild solution, say xu, of (14) reaches
x1 at r = b, i.e., xu(b) = x1.

We assume the following hypothesis on nonlinear function h to establish the controllability result:

(HH)The nonlinear map h is continuous w.r.t. to the first variable. Also, there exist a constant q1 ∈ (0,α)∩ (0,β ) and a

function Lh(.) ∈ L
1

q1 [I,R+] such that

‖h(r,v1,w1)− h(r,v2,w2)‖ ≤ Lh(r)[‖v1 − v2‖+ ‖w1 −w2‖0],

for each (r,v1,w1),(r,v2,w2) ∈ I×X ×C0.

On applying Hölder’s inequality, we get

∫ b

0

[
(b−θ )α−1+KB(α,β )(b−θ )α+β−1

]
Lh(θ )dθ ≤ M4, (15)

where M4 = L1

([
bm+1

m+1

]1−q1

+
[

bp+1

p+1

]1−q1

)
, L1 = ‖Lh‖

L
1

q1 (I,R+)
, m = α−1

1−q1
, p = α+β−1

1−q1
and m, p ∈ (−1,0). For brevity,

let N̂ = Kbα
[

1
α + KB(α ,β )bβ

α+β

]
, K̂ = 2KM4, and M5 = ‖x‖b + ‖φ‖0.

Theorem 4.Let the hypotheses (H1) and (HH), and the following assumptions hold true.

(Q1)The linear operator Q : L2[I,Y ]→ X defined as

Qu =
∫ b

0
ψ(b−θ ,θ )Du(θ )dθ +

∫ b

0

∫ θ

0
ψ(b−θ ,θ )ϕ(θ ,µ)Du(µ)dµdθ , for u ∈ L2[I,Y ],

gives rise to a bijective operator Q̃ : L2[I,Y ]/KerQ → X having bounded inverse. That is, there exists a positive

constant M3 such that

∥∥∥Q̃−1
∥∥∥≤ M3.

(Q2)The following set is assumed to be relatively compact in the Banach space X for each bounded subsets W of X, for

arbitrary l ∈ (0,r) and positive constant ϑ .

Λε,ϑ (r) :=

{∫ r−l

0

∫ ∞

ϑ
F (v,r,θ )h(θ ,x(θ ),xθ )dvdθ +

∫ r−l

0

∫ θ

0

∫ ∞

ϑ
F (v,r,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dvdµdθ , x ∈W

}
,

where, F (v,r,θ ) = αv(r−θ )α−1 pα(v)exp(−(r−θ )α vP(θ )).

Then the fractional dynamical system (14) is completely controllable on I if K̂
[
1+ N̂M̂M3

]
< 1.

Proof.Following hypothesis (H1), there is a continuous function φ : [−η ,0]→ X satisfying g(φ) = κ . Now, we introduce
a function τ on the interval [−η ,b] as follows:

τ(r) =

{
φ(r), if r ∈ [−η ,0],
φ(0), if r ∈ I.

One can verify that the segment τr ∈C0 and the map h(r,τ(0),τ0) is continuous for every r ∈ I. Let us denote

K1 = sup
r∈I

‖h(r,τ(0),τ0)‖ . (16)

We define the admissible control function ux : I → Y for x ∈Cb as follows:

ux(r) =Q̃−1

[
x1 −φ(0)−

∫ b

0
ψ(b−θ ,θ )U(θ )P(0)φ(0)dθ −

∫ b

0
ψ(b−θ ,θ )h(θ ,x(θ ),xθ )dθ

−

∫ b

0

∫ θ

0
ψ(b−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ

]
, for r ∈ I. (17)
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We define the operator ℑ as ℑx = x̃ for x ∈Cb, where x̃ equals φ on the interval [−η ,0] and

x̃(r) =φ(0)+

∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )(h(θ ,x(θ ),xθ )+Dux(θ ))dθ

+
∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)(h(µ ,x(µ),xµ)+Dux(µ))dµdθ , for r ∈ I. (18)

Following the hypothesis (HH) and the equality in (16), for every point θ ∈ I, we get

‖h(θ ,x(θ ),xθ )‖ ≤ ‖h(θ ,x(θ ),xθ )− h(θ ,τ(0),τ0)‖+K1 ≤ 2Lh(θ )M5 +K1. (19)

The above inequality and Lemma 1 along with the hypothesis (HH), for each r,θ ∈ I, imply that

‖ψ(r−θ ,θ )U(θ )P(0)φ(0)‖ ≤ K2(r−θ )α−1(1+θ β )‖P(0)φ(0)‖ ,

‖ψ(r−θ ,θ )h(θ ,x(θ ),xθ )‖ ≤ K [2Lh(θ )M5 +K1] (r−θ )α−1,
∥∥ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)

∥∥≤ K2 [2Lh(µ)M5 +K1] (r−θ )α−1(θ − µ)β−1.

Using above derived inequalities, the equation (15) and Lemma 3, we get

∫ r

0
‖ψ(r−θ ,θ )U(θ )P(0)φ(0)‖dθ ≤

K2

α
bα(1+ bβ)‖P(0)φ(0)‖ ,

∫ r

0
‖ψ(r−θ ,θ )h(θ ,x(θ ),xθ )‖dθ ≤ K

[
bα K1

α
+ 2M5

(
L1b(m+1)(1−q1)

(m+ 1)(1−q1)

)]
,

∫ r

0

∫ θ

0

∥∥ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)
∥∥dµdθ ≤ K2

B(α,β )

[
bα+β K1

α +β
+ 2M5

(
L1b(p+1)(1−q1)

(p+ 1)(1−q1)

)]
.

Now, for every point r ∈ I and the function x ∈Cb, we get the following estimate

‖ux(r)‖ ≤ M3[‖x1‖+ a0 + K̂ ‖x‖b] (20)

with a0 =(1+K̂)‖φ‖0+
K2

α bα(1+bβ )‖P(0)φ(0)‖+N̂K1. Using the inequality (20), the assumption (Q1) and the Lemma
1, it is easy to deduce that

∫ r

0
‖ψ(r−θ ,θ )Dux(θ )‖dθ ≤

Kbα

α
M2M3

[
‖x1‖+ a0 + K̂ ‖x‖b

]
,

∫ r

0

∫ θ

0
‖ψ(r−θ ,θ )ϕ(θ ,µ)Dux(µ)‖dµdθ ≤

K2bα+β

α +β
M2M3B(α,β )

[
‖x1‖+ a0 + K̂ ‖x‖b

]
.

The above result along with the Lemma 2 imply that all of the integral terms in the equations (17) and (18) are Bochner
integrable.

We will show that the operator ℑ assumes the values in Cb, i.e., ℑ(Cb) ⊆ Cb. To do this, we let x ∈ Cb. Then, the
continuity of ℑx on the interval [−η ,0] follows from hypothesis (H1). Further, the continuity of the nonlinear map h, the
nonlinear operators ψ ,ϕ and the linear operator D follows from the hypothesis (HH), the assumption (Q1) and the Lemma
1. This implies the continuity of ℑx on the interval [0,b]. Hence, ℑx ∈Cb. Moreover, for each point r ∈ I, we have

‖ℑx(r)‖ ≤‖φ‖0 +
K2

α
bα(1+ bβ)‖P(0)φ(0)‖+ N̂K1 + K̂M5 + N̂M̂M3(‖x1‖+ a0 + K̂ ‖x‖b)

= a0M6 +(M6 − 1)‖x1‖+ K̂M6 ‖x‖b

with M6 = 1+ N̂M̂M3. Now, we select r1 ≥
a0M6+(M6−1)‖x1‖

1−K̂M6
and define a set Br1

:= {x ∈Cb : x(0) = φ(0) and ‖x‖b ≤ r1}.

It is easy to see that the set Br1
is closed, bounded and convex subset of Cb for each r1 ≥ 0 and ℑ(Br1

)⊆ Br1
.
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Next, we define two operators ℑ1,ℑ2 on Cb such that ℑ1x(r) = φ(r) and ℑ2x(r) = 0 for each r ∈ [−η ,0], and for every
point r ∈ I,

(ℑ1x)(r) =φ(0)+

∫ r

0
ψ(r−θ ,θ )U(θ )P(0)φ(0)dθ +

∫ r

0
ψ(r−θ ,θ )Dux(θ )dθ

+

∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)Dux(µ)dµdθ , (21)

(ℑ2x)(r) =

∫ r

0
ψ(r−θ ,θ )h(θ ,x(θ ),xθ )dθ +

∫ r

0

∫ θ

0
ψ(r−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ . (22)

The definitions of operators ℑ1,ℑ2 imply that (ℑx)(r) = (ℑ1x)(r)+ (ℑ2x)(r) for r ∈ [−η ,b]. Also, for the functions x,y
in Br1

and the point r ∈ I, we get

‖(ℑ1x+ℑ2y)(r)‖ ≤ a0M6 +(M6 − 1)‖x1‖+ K̂M6r1.

Note that r1 ≥ a0M6+(M6−1)‖x1‖

1−K̂M6
which implies a0M6 + (M6 − 1)‖x1‖ ≤ r1(1 − ĈM6). Also, (ℑ1x + ℑ2y)(0) = φ(0).

Therefore, it is easy to follow from above inequality that ℑ1x+ℑ2y ∈ Br1
for every functions x,y ∈ Br1

.
Next, we show that the operator ℑ1 is contraction. For proving this, let x, y ∈ Br1

and r ∈ I. The hypothesis (HH)
along with the Lemmas 3 and 1 give

∥∥ux(r)− uy(r)
∥∥≤ 2KM4M3 ‖x− y‖b = K̂M3 ‖x− y‖b , for r ∈ I. (23)

Therefore, from the definition of ℑ1, the inequality (23), and the Lemmas 3 and 1, we have

‖ℑ1x(r)−ℑ1y(r)‖ ≤ N̂M̂M3K̂ ‖x− y‖b , for every r ∈ I.

Also, ‖(ℑ1x)(r)− (ℑ1y)(r)‖ = 0 for r ∈ [−η ,0]. Further, the condition K̂
[
1+ N̂M̂M3

]
< 1 implies that N̂M̂M3K̂ < 1,

therefore, ℑ1 defines a contraction map on Br1
.

Now, we establish that the operator ℑ2 is completely continuous on the set Br1
. In particular, we show that:

(i)The operator ℑ2 is continuous on Br1
,

(ii)ℑ2(Br1
)⊆Cb is equicontinuous and

(iii)ℑ2(Br1
)(r) is relatively compact for each r ∈ I.

To prove the fact in (i), we select a sequence {x(n)} from the set Br1
such that x(n) → x with x ∈ Br1

. From the hypothesis
(HH) along with the Lemma 1, we have:

ψ(.− µ ,µ)h(µ ,x(n)(µ),x
(n)
µ )→ ψ(.− µ ,µ)h(µ ,x(µ),xµ), a.e. µ ∈ I,

ψ(.−θ ,θ )ϕ(θ ,µ)h(µ ,x(n)(µ),x
(n)
µ )→ ψ(.−θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ), a.e. µ ∈ I,

∥∥∥ψ(.−θ ,θ )
(

h(θ ,x(n)(θ ),x
(n)
θ )− h(θ ,x(θ ),xθ )

)∥∥∥≤ 4rK(.−θ )α−1Lh(θ ) ∈ L1(I,R+),
∥∥∥ψ(.−θ ,θ )ϕ(θ ,µ)

(
h(µ ,x(n)(µ),x

(n)
µ )− h(µ ,x(µ),xµ)

)∥∥∥≤ 4rK2Lh(θ )(.−θ )α−1(θ − µ)β−1 ∈ L1(I,R+).

Following the Lebesgue dominated convergence theorem, one may show that

∫ r

0

∥∥∥ψ(r−θ ,θ )
(

h(θ ,x(n)(θ ),x
(n)
θ )− h(θ ,x(θ ),xθ )

)∥∥∥dθ → 0 as n → ∞,

∫ r

0

∫ θ

0

∥∥∥ψ(r−θ ,θ )ϕ(θ ,µ)
(

h(µ ,x(n)(µ),x
(n)
µ )− h(µ ,x(µ),xµ)

)∥∥∥dµdθ → 0 as n → ∞.

Hence, the above result and the hypothesis (HH) imply the following

∥∥∥ℑ2x(n)−ℑ2x

∥∥∥
b
≤sup

r∈I

[∫ r

0

∥∥∥ψ(r−θ ,θ )
(

h(θ ,x(n)(θ ),x
(n)
θ )− h(θ ,x(θ ),xθ )

)∥∥∥dθ

+

∫ r

0

∫ θ

0

∥∥∥ψ(r−θ ,θ )ϕ(θ ,µ)
(

h(µ ,x(n)(µ),x
(n)
µ )− h(µ ,x(µ),xµ)

)∥∥∥dµdθ

]
→ 0 as n → ∞.
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This implies the continuity of ℑ2 on Br1
. In order to prove the fact in (ii), we let 0 < r < r+ ε ≤ b and x ∈ Br1

. Then, we
get

(ℑ2x)(r+ ε)− (ℑ2x)(r) = I1 + I2 + I3 + I4, (24)

where





I1 =

∫ r

0
[ψ(r+ ε −θ ,θ )−ψ(r−θ ,θ )]h(θ ,x(θ ),xθ )dθ ,

I2 =

∫ r

0

∫ θ

0
[ψ(r+ ε −θ ,θ )−ψ(r−θ ,θ )]ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ ,

I3 =

∫ r+ε

r
ψ(r+ ε −θ ,θ )h(θ ,x(θ ),xθ )dθ ,

I4 =
∫ r+ε

r

∫ θ

0
ψ(r+ ε −θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dµdθ .

For i = 1,2,3,4, we will prove that ‖Ii‖→ 0 whenever ε → 0. From the hypothesis (HH), the Lemma 1, and the inequality
in (19), we get

‖[ψ(r+ ε −θ ,θ )−ψ(r−θ ,θ )]h(θ ,x(θ ),xθ )‖ ≤ K
[
(r−θ )α−1(1+ εγ)− (r+ ε −θ )α−1

]
[2Lh(θ )[r1 + ‖φ‖0]+K1] ,∥∥[ψ(r+ ε −θ ,θ )−ψ(r−θ ,θ )]ϕ(θ ,µ)h(µ ,x(µ),xµ)

∥∥

≤ K2
[
(r−θ )α−1(1+ εγ)− (r+ ε −θ )α−1

]
(θ − µ)β−1 [2Lh(µ)[r1 + ‖φ‖0]+K1] ,

‖ψ(r+ ε −θ ,θ )h(θ ,x(θ ),xθ )‖ ≤ K(r+ ε −θ )α−1 [2Lh(θ )[r1 + ‖φ‖0]+K1] ,∥∥ψ(r+ ε −θ ,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)
∥∥≤ K2(r+ ε −θ )α−1(θ − µ)β−1 [2Lh(µ)[r1 + ‖φ‖0]+K1] .

Also, for each θ ∈ (0,r) and r ∈ I, the Hölder’s inequality along with the hypothesis (HH) imply

∫ θ

0
(θ − µ)β−1Lh(µ)dµ ≤

L1b(m1+1)(1−q1)

(m1 + 1)(1−q1)
:= M7

with m1 =
β−1
1−q1

∈ (−1,0). Therefore, from the hypothesis (HH), the Lemma 1, and the fact that | aσ −bσ |≤ (b−a)σ for

0 < σ ≤ 1, 0 < a ≤ b, we can deduce the following estimates:

‖I1‖ ≤ 2K(r1 + ‖φ‖0)

[
L1{(2ε(m+1))(1−q1)+ εγb(m+1)(1−q1)}

(m+ 1)(1−q1)

]
+

K

α
K1[b

αεγ + 2εα ],

‖I2‖ ≤ K2(2εα + bαεγ)

[
2M7(r1 + ‖φ‖0)

α
+

bβ K1

αβ

]
,

‖I3‖ ≤ 2K(r1 + ‖φ‖0)

[
L1ε(m+1)(1−q1)

(m+ 1)(1−q1)

]
+

Kεα

α
K1,

‖I4‖ ≤
K2εα

α

[
2M7(r1 + ‖φ‖0)+

bβ K1

β

]
.

It is easy to follow from the above inequalities that ‖Ii‖→ 0 as ε → 0, for i = 1,2,3,4. Hence, the equation (24) implies
that ‖(ℑ2x)(r+ ε)− (ℑ2x)(r)‖ → 0 whenever ε → 0, which establishes (ii).

Finally, we prove the fact in (iii). In particular, we show that the set Π(r) := {(ℑ2x)(r) : x ∈ Br1
} is relatively compact

in the Banach space X for each r ∈ I. It is easy to check that Π(0) is a compact set. For the case r ∈ (0,b], we define the
set Πl,ϑ (r) =

{
(ℑ2,l,ϑ x)(r) : x ∈ Br1

}
for arbitrary l ∈ (0,r), a positive constant ϑ and the function x ∈ Br1

, where ℑ2,l,ϑ x

is given by

ℑ2,l,ϑ x(r) =

∫ r−l

0

∫ ∞

ϑ
F (v,r,θ )h(θ ,x(θ ),xθ )dvdθ +

∫ r−l

0

∫ θ

0

∫ ∞

ϑ
F (v,r,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dvdµdθ .

From the assumption (Q2), it follows that, for arbitrary l ∈ (0,r) and the positive constant ϑ , the set (ℑ2,l,ϑ x)(r) is
relatively compact since Br1

⊆Cb is bounded. Also, we have

(ℑ2x)(r)− (ℑ2,l,ϑ x)(r) = A1 +A2 +A3 +A4, (25)
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where

A1 =

∫ r−l

0

∫ ϑ

0
F (v,r,θ )h(θ ,x(θ ),xθ )dvdθ ,

A2 =

∫ r−l

0

∫ θ

0

∫ ϑ

0
F (v,r,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dvdµdθ ,

A3 =

∫ r

r−l

∫ ∞

0
F (v,r,θ )h(θ ,x(θ ),xθ )dvdθ ,

A4 =

∫ r

r−l

∫ θ

0

∫ ∞

0
F (v,r,θ )ϕ(θ ,µ)h(µ ,x(µ),xµ)dvdµdθ .

The Hölder’s inequality along with the Lemma 1 imply

‖A1‖ ≤ αK

(∫ ϑ

0
vpα(v)dv

)[
2(r1 + ‖φ‖0)

(
L1b(m+1)(1−q1)

(m+ 1)(1−q1)

)
+

K1bα

α

]
,

‖A2‖ ≤ αK2

(∫ ϑ

0
vpα(v)dv

)[
2bα

α
M7(r1 + ‖φ‖0)+

K1bα+β

αβ

]
,

‖A3‖ ≤ αK

(∫ ∞

0
vpα(v)dv

)[
2(r1 + ‖φ‖0)

(
L1l(m+1)(1−q1)

(m+ 1)(1−q1)

)
+

K1lα

α

]
,

‖A4‖ ≤ αK2

(∫ ∞

0
vpα(v)dv

)[
2lα

α
M7(r1 + ‖φ‖0)+

K1bβ lα

αβ

]
.

The derived inequalities imply that, for i = 1,2,3,4,, ‖Ai‖ → 0 whenever l,ϑ → 0. This further implies that∥∥(ℑ2x)(r)− (ℑ2,l,ϑ x)(r)
∥∥ → 0 whenever l,ϑ → 0. Therefore, we deduce that the relatively compact sets Πl,ϑ (r)

approximates the set Π(r) arbitrarily which will establish the fact in (iii), i.e., the set (ℑ2Br1
)(r) ⊆ X is relatively

compact in the Banach space X for each r ∈ I. Hence, the defined operator ℑ2 is completely continuous. Then, the
Krasnoselskii’s fixed-point theorem implies that the operator ℑ has a fixed-point, say xu, in the set Br1

. Further, the
definition of the operator ℑ implies that xu will be a mild solution of the fractional dynamical system (14). Also, xu is
such that xu(b) = x1. Therefore, the fractional dynamical system (14) is completely controllable on I.

5 Application

Consider the following nonlocal fractional retarded dynamical system:





C∂ α
r z(r,µ)+P(r,µ ,Dµ)z(r,µ) = F (r,µ ,z,zr)+ kw(r,µ), in I×Γ ,

Dm
µ z(r,µ) = 0, | m |< n, on I× ∂Γ ,

1
η

∫ 0

−η
e2ξ z(ξ ,µ)dξ = κ0(µ), µ ∈ Γ ,

(26)

where η ,k ≥ 0 be constants, C∂ α
r is the α−th order Caputo’s derivative with α ∈ (0,1], I = [0,b], Γ denotes a bounded

domain whose boundary ∂Γ is smooth in Rn, n ∈ N, and

F (r,µ ,z,zt ) =

(∫

Ω
z(r,µ)dµ

)
z(r,µ)+

(∫ r

r−η
ϑ(r− s)z(s,µ)ds

)
,

P(r,µ ,Dµ) := ∑
|m|≤2n

am(r,µ)D
m
µ

with m = (m1,m2, ....,mn), mi ∈ R+ for i = 1,2, ...,n, known as multi-index. Also, | m |=
n

∑
i=1

mi and

µm = µm1
1 µm2

2 ....µmn
n for µ = (µ1,µ2, .....,µn) ∈ Rn. Further, Dµ = (D1,D2, ....,Dn), where each Ds = ∂/∂ µs.

The family of linear operators P(r,µ ,Dµ) and the maps w,ϑ satisfy the following conditions:
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(i)The linear operators P(r,µ ,Dµ) are uniformly strongly-elliptic in Γ , that is, there exists a constant K1 > 0 such that

(−1)nRe ∑
|m|≤2n

am(r,µ)ν
m ≥ K1| ν |2n

for every µ ∈ Γ , r ∈ I and ν ∈ R
n.

(ii)For each point r ∈ I, the functions am(r,µ) are smooth with respect to the second variable µ ∈ Ω . Further,

| am(r,µ)− am(t,µ) |≤ K | r− t |β for µ ∈ Γ , r, t ∈ I, and | m |≤ 2n.

We assume that the constants K > 0 and β ∈ (0,1) are independent in r.
(iii)The map ϑ : [0,η ] → R is continuous and w : I ×Γ → Γ is a continuous function with respect to the first variable

r ∈ I.

Let X = Lq(Γ ), 1 < q < ∞. For each r ∈ I, a family of linear operators Pq(r) (unbounded) on X is defined as:

Pq(r)v = P(r,µ ,D)v for v ∈ D(Pq(r)) = D(P) =W 2n,q(Γ )∩W
n,q
0 (Γ ).

Since C∞
0 (Γ ) ⊆ D(P), therefore, D(P) = X . Note that C∞

0 (Γ ) denotes the space of all infinite times
continuously-differentiable real-valued functions. Following [24], it is easy to verify that the linear operator Pq(r) is
closed for each r ∈ I.

Next, we define x(r)(µ) = z(r,µ) and xr = zr(s, .), i.e., (x(r + s))(µ) = z(r+ s,µ) for r ∈ I, µ ∈ Γ and s ∈ [−η ,0].
Further, H : I ×X ×C0 → X , Du : I → X and g̃ : C0 → X are defined as:

H(r,x(r),xr)(µ) =

(∫

Ω
x(r)(µ)dµ

)
x(r)(µ)+

(∫ 0

−η
ϑ(−s)xr(s)(µ)ds

)
,

(Du)(r)(µ) = ku(r)(µ) = kw(r,µ),

g̃(φ)(µ) =
1

η

∫ 0

−η
e2ξ φ(ξ )(µ)dξ

for r ∈ I and µ ∈ Γ . Also, we will define g(x0)(s)≡ g̃(x0) for x0 ∈C0, s ∈ [−η ,0] and κ(s)≡ κ0 for s ∈ [−η ,0].
Following [24], one can find a constant l1 ≥ 0 so-that the family of operators {Pq(r) + l1E}r∈I will satisfy the

conditions (P1) - (P2) provided the points (i)-(ii) holds true, where E denotes the identity operator on the Banach space
X . We select and fix such constant l1. Then, the abstract formulation of the considered dynamical system (26) will be

{
CDα

r [x(r)]+ (Pq(r)+ l1E)x(r) = h(r,x(r),xr)+Du(r), r ∈ I,

g(x0) = κ ,
(27)

where h(r,x(r),xr) = H(r,x(r),xr)+ l1x(r). Due to the definition of D(P) and the requirement that x(r) ∈ D(P) for every
r ∈ I, the boundary condition disappears. Following Minkowskii’s inequality and Schwarz inequality, we will get

‖H(r,s1,w1)−H(r,s2,s2)‖q ≤ (‖s1‖q + ‖s2‖q)‖s1 − s2‖q +ρη ‖w1 −w2‖0 ,

where ρ = sup
s∈[0,η]

ϑ(s). It is easy to verify that the hypotheses (H2) and (HH) hold true for the nonlinear map h in a closed

ball Br1
with Lh = max{2r1,M,ρη}. Further, if we consider φ(r) = 1

l2
κ0 on [−η ,0] with l2 =

1
η

∫ η

0
e−2ξ dξ 6= 0, then the

hypothesis (H1) holds.
For the case k = 0 in (26), then the operator D = 0 in (27). Also, from above discussion the hypotheses (H1) and (H2)

hold true. Therefore, one can apply the results derived in the Section 3 to establish the existence-uniqueness and regularity
of mild solution to (27).

In the case when k > 0, we have ‖D‖= k = M̂. Moreover, the linear operator Q is defined as

(Qu)(µ) = k

[∫ b

0
ψ(b−θ ,θ )w(θ ,µ)dθ +

∫ b

0

∫ θ

0
ψ(b−θ ,θ )ϕ(θ ,ξ )w(ξ ,µ)dξ dθ

]
, for µ ∈ Ω ,

which shall satisfy the assumption (Q1) mentioned in the Theorem 4. Further, we make the assumption that the set Λl,ϑ (r),

defined as in assumption (Q2) of the Theorem 4, is relatively compact in X with r ∈ I. Now the constants N̂,M4 and K̂

can be computed. Then, the Theorem 4 can be applied to establish the controllability of mild solution of (26) provided

K̂
[
1+ N̂M̂M3

]
< 1.
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[8] A. Ricardo, M. C. Artur, C. Brito da Cruz, M. Natália and M. T.T. Monteiro, An epidemiological MSEIR model described by the

Caputo fractional derivative, Int. J. Dynam. Contr. 7(2), 776–784 (2019).

[9] I. Podlubny, Fractional differential equations, Academic Press, Inc., San Diego, CA, 1999.

[10] V. E. Tarasov, Fractional dynamics, Springer, Heidelberg; Higher Education Press, Beijing, 2010.

[11] X. L. Ding and J.J. Nieto, Controllability of nonlinear fractional delay dynamical systems with prescribed controls, Nonlin. Anal.

Model. Contr. 23(1), 1–18 (2018).

[12] N. Valliammal, C. Ravichandran, Z. Hammouch and M. Baskonus, A new investigation on fractional-ordered neutral differential

systems with state-dependent delay, Int. J. Nonlin. Sci. Numer. Sim. 20(7-8), 803–809 (2019).

[13] K. Jothimani, K. Kaliraj, Z. Hammouch and C. Ravichandran, New results on controllability in the framework of fractional

integrodifferential equations with nondense domain, Eur. Phys. J. Plus 134(441), (2019).

[14] P. Chen, X. Zhang, Y. Li, Existence and approximate controllability of fractional evolution equations with nonlocal conditions via

resolvent operators. Fract. Calc. Appl. Anal. 23(1), 268–291 (2020)

[15] M. M. El-Borai, The fundamental solutions for fractional evolution equations of parabolic type, J. Appl. Math. Stoch. Anal. 11(3),

197–211 (2004).

[16] F. Xiao, Nonlocal Cauchy problem for nonautonomous fractional evolution equations, Adv. Differ. Equ. 483816, 1–17 (2011).

[17] A. Debbouche and D. Baleanu, Controllability of fractional evolution nonlocal impulsive quasilinear delay integro-differential

systems, Comput. Math. Appl. 62(3), 1442–1450 (2011).

[18] M. Sharma and S. Dubey, Controllability of Sobolev type Nonlinear Nonlocal Fractional Functional Integro-differential Equations,

Prog. Fract. Diff. App. 1(4), 281 – 293 (2015).

[19] M. Sharma and S. Dubey, Controllability of nonlocal fractional functional differential equations of neutral type, Int. J. Dyn. Sys.

Diff. Equ. 5(4), 302 – 321 (2015).

[20] M. Sharma and S. Dubey, Analysis of fractional functional differential equations of neutral type with nonlocal conditions, Diff.

Equ. Dyn. Sys. 25, 499 – 517 (2017).

[21] M. Sharma and S. Dubey, Existence of solutions to Sobolev type nonlocal nonlinear functional integrodifferential equations

involving Caputo derivative, Differ. Equ. Dyn. Sys., (2019).

[22] A. Kumar, H.V.S. Chauhan, C. Ravichandran, et al., Existence of solutions of non-autonomous fractional differential equations

with integral impulse condition, Adv. Differ. Equ. 2020(434), (2020).

[23] A. Friedman, Partial differential equations, Holt, Rinehart and Winston, Inc., New York-Montreal, Que.-London, 1969.

[24] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, New York, 1983.

[25] K. Diethelm, The analysis of fractional differential equations, Springer-Verlag, Berlin, 2010.

[26] M. M. El-Borai, Some probability densities and fundamental solutions of fractional evolution equations, Chaos Soliton. Fract.

14(3), 433–440 (2002).

[27] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives, Gordon and Breach Science Publishers,

Yverdon, 1993.

[28] H. Ye, J. Gao and Y. Ding, A generalized Gronwall inequality and its application to a fractional differential equation, J. Math.

Anal. App. 328(2), 1075–1081 (2007).

c© 2023 NSP

Natural Sciences Publishing Cor.


	Introduction
	Preliminaries
	Existence of solutions
	Fractional control problem
	Application

