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Abstract: This paper considers a non-autonomous retarded-type fractional differential equation involving Caputo derivative along with
a nonlocal condition in a general Banach space. We present a novel approach to determine the existence-uniqueness and controllability
of mild solution to the considered problem using the fixed-point technique, classical semigroup theory, and tools of fractional calculus. It
is imperative to mention that the main results are established without assuming the continuity of linear operator —A(z) and compactness
condition on semigroup. At the end, the developed theoretical results have been applied to a nonlocal fractional order retarded elliptic
evolution equation.
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1 Introduction

Fractional derivatives have enticed many scientists and researchers due to its applicability in various areas like robotics and
control, anomalous-relaxation, diffusion-processes, porous medium, phase synchronization, etc [1,2,3,4]. Indeed, some
of the proposed fractional models have been validated experimentally and shown their efficacy in modeling physical-
systems more accurately than classical ones, for instance, see [5,6,7,8] and the references therein. The key reason behind
such advancement is that the fractional derivatives are nonlocal in nature which makes fractional differential equations
(FDEs) an important one to describe memory effects in complex systems [9, 10].

The aforementioned reasons have increased a significant interest of the authors to consider the abstract formulation
of various types of FDEs and study their qualitative and quantitative characteristics. Ding et al. [11] considered a
fractional-delay system and defined its mild solution using Laplace transform and Mittag-Leffler functions. The authors
also rendered sufficient criteria on nonlinear function term to show that the nonlinear-system is controllable if the
controllability of the linear-system is assumed. In [12], the authors established the existence of mild solution for
neutral-type FDEs with state-dependent delay using the non-compact measure and Monch fixed-point theorem.
Jothimani et al. [13] investigated the controllability results for fractional integrodifferential equations with nondense
nature in Banach spaces. Employing Schauder’s fixed-point theorem, Chen et al. [14] discussed the existence and
approximate controllability of mild solutions for a class of nonlocal FDEs in Banach spaces. It is noted that the
existence-uniqueness and controllability results for the autonomous FDEs have been studied vastly (refer to the
references listed in the above-mentioned literature), however, the study for the non-autonomous FDE:s is still at initial
level. This is mainly due to difficulty in defining a proper representation of mild solution for non-autonomous FDEs. It is
worth mentioning a pioneer work by El-Borai [15] in which the author established a fundamental solution of a
non-autonomous fractional evolution equation using the theory of nonlinear analysis, classical semigroup theory and the
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probability density function. Thereafter, Fie Xiao [16] studied a nonlocal non-autonomous FDE and investigated
existence results using Sadovskii’s fixed-point theorem. In [17], the authors rendered sufficient criteria for the
controllability of a mild solution to a nonlocal fractional evolution system along with impulsive condition in a Banach
space. In [18,19,20,21], the authors studied neutral-type and Sobolev-type fractional evolution systems after introducing
proper definition of mild solutions based on the theory of resolvent operators and probability density functions. Recently,
the existence of solution of non-autonomous FDEs with integral impulse condition is investigated by Kumar et al. [22]
using the non-compact measure, fixed-point techniques, and k—set contraction.

The present article is focused on establishing the existence-uniqueness and controllability results to the following
nonlocal non-autonomous FDE in a Banach space X.

DY [x(r)] + P(r)x(r) = h(r,x(r),x,), rel=1[0,b],
g(xXn0) = K. €h)

Here, “D? denotes the o—th order Caputo’s derivative with o € (0, 1]. The maps / : X — X and g : Cp — Cp are nonlinear
with X =1 x X x Cp, where Cy = C([—1,0],X) is a space of continuous functions w : [—1,0] — X and 7 is a positive

constant. For > 0, the linear operator —P(r) : 2(P)(C X) — X (not necessarily bounded) is closed and Z(P) = X such
that Z(P) is independent of r. Moreover, —P(r) satisfies the following conditions.

(P1)For every r € I and a € C with R(a) > 0, the operator [¢E + P(r)] " exists and

K

H[aEJrP(r)]*lH St

(P2)For every 0;, 65, 63 € I, we have

[[P(61) — P(65)]P~(8)|| < K| 61— 65, 0< B <1,

where K > 0 and f are independent of 8, 6, 603, and E denotes the identity operator on X. The assumption (P1)
guarantees that —P(r) is an infinitesimal generator of an analytic semigroup {S,(s) = e ~*"")}. More details can be seen
in [23,24].

The organization of this article is as follows. The Section 2 defines preliminary facts and introduces a proper
definition of a mild solution to FDE (1). In Section 3, we shall establish the existence-uniqueness and regularity of mild
solution. Further, we consider the associated control problem to FDE (1) and derive sufficient conditions for the
complete controllability of mild solution over the interval J = [—1,b] in the Section 4. At the end, we shall apply the
developed theoretical results to an application in the Section 5.

2 Preliminaries

For o € (0, 1), the a—th order Caputo’s derivative for a function w : I — R is defined as [25]:

1 r
Cno _ . —o, / / 1
D¥w(r) = ri—a) OC)/() (r—u) *w'(u)dpn, wheneverw' € L'(I,R).

In order to give a proper definition of a mild solution of the problem (1), first we introduce the following nonlinear
operators [15]:

v(r,0)= Oc/orvr‘x*]pa(v)exp(—r“vP(G))dv,

(p(rae) = f:l(pj(rve)a
j=

r

U() = =PWPO) = [ ()PP~ O

where pq is a probability density function defined on [0, ). Further, ¢ satisfies the following recurrence relation:

¢1(r,0) =[P(r)—P(0)]y(r—0,0) and @;,(r,0) = /er ©i(r,v)Q;(v,0)dv, for j=1,2,...
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Let C, = C([-n,r],X), r € I, denote a space of continuous functions f : [—1,r] — X. It is easy to see that C, becomes
Banach space with respect to the following norm

Ifll,:== sup [|f(s)|, for f € C,.

—N<s<r

Further, for each r € I, x, : [-1,0] — X defined as x,(s) = x(r+s) will be continuous, i.e., x, € Cy. Now, the definition of
mild solution to (1) can be defined as follows:

Let ¢ € Cp be such that g(¢) = k. Then, a continuous function x : J — X becomes a mild solution of (1) (see [15,16,
21]), if

x(r) =¢(0) +/Or y(r—0,0)U(6)P(0)9(0)d6 —l—/or y(r—0,0)h(6,x(0),x9)d0

r 0
+ / / v(r—0,0)0(0,u)h(u,x(1),xu)dudo, forrel,
0 Jo

and x(r) = ¢(r) for r € [—n,0]. In addition, if x(s) € Z(P) for each s € I, the Caputo derivative of x is continuous on the
interval (0,b) and the function x satisfies (1) on (0,5), then such function x is said to be a classical solution of (1).

If the continuous function x : [—1,b9] — X becomes a mild solution (or classical solution) of the problem (1), for
some by € (0,b), then x is referred as a local mild solution (or a local classical solution) of (1) on [—1,bg].
For establishing the existence-uniqueness and controllability results, the following lemma is required:

Lemma 1.The following results hold:

(i)The operator-valued functions y(r— 0,0) and P(r)y(r — 6,0) are continuous in the uniform operator topology in
the variables r, 8, where 0 <r < 0 —¢, r € I, for any € > 0. Moreover,

ly(r—6,0)| <K(r—6)*".

(ii)The function @(r, 0) is uniformly continuous in the uniform operator topology in r, 0 provided0 <r<0—¢g, e<r<b
for any € > 0. Moreover,
lp(r,6)] < K(r—6)P".

.
(iii)ForrGI,/ y(r—0,0)U(0)d0 is uniformly continuous in the norm of B(X) and
0
lU(6)] < K(1+6P).
(iv)For 0 < 0 < t; <ty and o € (0, 1], there exists v € (0,1] such that
Ilw(t—6,6) —y(—6,0)]| <K [(1—6)* {1+ (2 —11)"} — (2 —6)*""].

Proof1It is easy to follow the first three results from [15]. To prove the inequality in (iv), one may follow the arguments in
[26] (see pp. 437) and the following equality from [23]:

(s
v 0

Also, we employ the following lemmas to derive our main results.

He*GIP(X)V_e*%P(X) <K|6;—6,|", where u € (0,1].

Lemma 2.(Bochner’s Theorem) A measurable function S : I — X is Bochner integrable if | S | is Lebesgue integrable.

Lemma 3.(see [27]) Let B(at, B) be a Beta function. Then, for every function w € L'[0,b], we have

/.m /“(m_u)a*l(u _s)ﬁ*lw(s)dsdu - B((X,ﬁ)/m(m_s)aJrﬁle(S)ds.
Jo JO 0

3 Existence of solutions

This section presents existence-uniqueness and regularity of a mild solution to the considered FDE (1). In order to do this,
we assume the following hypotheses:
(H1)There is a continuous function ¢ : [—7n,0] — X satisfying Lipschitz condition with ¢(0) € D(P) and is such that
8(¢) = .
(H2)Let 77 C X be open. Further, for every point (r,x,y) in %, we have a neighborhood F C % of (r,x,y) such that
the function 4 becomes continuous w.r.t. to the first variable. Also, for each r € I, h(r,.,.) : X x Cy — X satisfies the
following with a positive constant L;,.

[A(ru,v) = h(r,w, p)| < Lalllu = wll+ [lv=pllo], ¥ (rnu,v), (,w,p) € F.
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3.1 Local mild solution

Theorem 1.Let the hypotheses (HI) and (H2) hold true for the functions h and g in the FDE (1). Then, corresponding to
unique ¢, the problem (1) has a unique local mild solution. Further, the local mild solution can be extended either on the

whole interval J or on an interval [—1,bimax), bmax < b < oo. In the later case, we have

lim ||x(r)|| = oo.
rTbmaxH ( )”

Proof:We select r; > 0. Using the hypothesis (H1), we introduce a map 7 : [—1,r;] — X given by:

r), ifre|—n,0|,
w(r) = { g;go)), it e {O,Tr]l].]

It is easy to verify the continuity of the segment 7, : [—1,0] — X and the function %(r,7(0), %) on the interval [0, r;]. Let

us denote
Ny = sup ||A(r,7(0),10)] .

0<r<r;

2

We consider € > 0 and r; > 0 such that the map 4 satisfies the hypothesis (H2) on the neighborhood F of (0,7(0), 1) € X

defined as
F= {(r,u,v) €X:0<r<r,|u—t0) <&, and |v—1l|, ge}.

Next, we select a positive constant by such that

ST

b0<min{r1, (veM;l) , (08M3l)°‘lﬁ},

where v € (0,1) and

My = &2 |[P(0)¢ (0)]],
M, =K 2eL,+Ny],
Mz =2M; + (] —I—KB((X,ﬁ))Mz.

Further, we specify a map .% defined on the space G, by .#x = X, where % equals ¢ on the interval [—n,0] and
T r
5() =0(0)+ [ w(r—0.0)U(O)PO)9(0)d0+ [ y(r—0.0)h(6.x(6).x0)d0

r r@
+ /0 /O w(r—6,0)9(6, 1)h(1,x(1),x,)dude, for r € [0,by).
Following the hypothesis (H2) along with the equations (2) and (3), we get
([A(r,x(r),x ) || < lh(rx(r), ) = h(r,7(0), To)[| + N1 < 2€Ly, + Ny
The above inequality along with the hypothesis (H2) and Lemma 1 imply

[w(r—6,0)U(8)P(0)9(0)|| < K*(r—6)*~"(1+6F)[|P(0)9(0)],
[ w(r—6,6)h(6,x(6),x9)|| < K(r—6)*""[2eL, +Ni],
|w(r—6,0)0(0, w)h(n,x(n),x.)|| < K>(r—0)%'(6 — n)P~' 2eL, +Ny].

The derived inequalities in (8), the Lemmas 3 and 1, and the equation (5) give the following:
[ vt~ 6.6)U(6)P(0)9 (0)1d0 < My (1-+ boP)
-
[ 1wtr—0.0)a(6.x(8).x0)|d6 < Maby”,
0

r 0
| [ 1w =0.0)0(8.tae (1) x0)]| diede < KB(ot, B)baby™*P.

3)

“)

)

(6)

(N

®)

©)
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Hence, the above result along with the Lemma 2 imply the existence of all integral terms in the equation (6) in Bochner’s
sense.

Next, we prove that .#x € G, for every x € Cp,. To do this, we consider x € Gy, and 6;,6, € [0,bg] with 6; < 65.
Then, the inequality (7) and the Lemma 1 imply

B

| Zx(6:) — Zx(6))| < [Ml(l +92ﬁ)+Mz (1 +%b0>] [3(6,—61)*+bg (6, —61)7].

Now, it is easy to follow from the above inequality that .Z#x € Cp,.

We introduce a set I = {x € Gy, : x(r) = ¢(r) for r € [-1,0] and [|x(r) — ¢(0)|| < € for r € [0,b9] }. One may
deduce that the defined set 1" is a nonempty, closed and bounded subset of Cy,. Further, it is easy to observe from the
definition of the map .% and the inequalities in the equations (4), (5) and (8) that .#x € T for every x € 1. Our aim is to
show that the nonlinear map .% : ' — Y is contraction. For proving this, we let x, y € Y. Then, for every point r € [0,b],

175) - 30l < [ 1wt 0.0)72@) a0+ [ [ yir—0,0)0(0,)7(w)] duaao

with 7 (u) = h(u,x(1),xy) — h(u,y(p),yu). Then, from the Lemma 1 and the equations (2) - (5) along with the
hypothesis (H2), we get
|7 x(r) = Fy(r)| < vllx = lly, -

Therefore, the derived inequality along with the fact that ||.%x(r) — Zy(r)| = 0, for r € [-7,0] show that % : T — T
defines a contraction map. And hence, the nonlinear map .% has a fixed-point, say x, in ¥ due to Banach Contraction
Principle and that x will be such that it equals ¢ on the interval [—7,0] and

0)+ [ Wir—0.0)U(8)P(0)6(0)d0 + [ y(r—0.6)(6.x(6).x0)d0

r r0
+// W(r—6,0)p(6, 1)h(1,x(1),xu)dud6,  for r € [0,bo). (10)
0 JO

The obtained x will be a mild solution of FDE (1) on Jy = [—7,bo].
The derived mild solution x can be extended to a larger interval [—1, by + 6] with § > 0 as follows. We let x(r+bg) =
w(r), where the X —valued function w(r) denotes a mild solution of the following nonlocal FDE

{CDS‘[W( Al+P(r)w(r) = h(r-+ bo.w(r).w,). an

g (Wn-pp0) = K.

The segment w, is X —valued given by w,(s) = w(r+s) for s € [-1 — by, 0]. Also, g : Co — Cy is a nonlinear map with
Co = C([—n — by,0],X). We introduce the following map

- O (r—+bop), —1n — by, —bo],
¢(r){x((r+b§)), iiLZO,of !

It is easy to verify that the function @ : [-1 — by,0] — X is Lipschitz continuous and satisfies the condition & (é) =K.
Also, the hypothesis (H2) holds true for the nonlinear map % due to the definition of w. Hence, one may follow the similar
arguments to show the existence of a solution w € C([—1n — bg,bo + 8],X) to (11). Finally, the following function £ will
become a mild solution to FDE (1) on the larger interval [—1,b + 6]:

5 x(r), re|— ;b ’
(r) = {W((r)—bo), re {bo?bo(-)i]@]-

Proceed in the similar way to extend the solution x on larger intervals. One may obtain either the solution x on the whole
interval J or on the interval [—1, bmax ), Where bmax < b < oo. In the later case, we will show that

max

li = oo,
tim (7|

Assume that the above result does not hold true. Then, one can find a sequence r;, T bmax such that ||x(r,)|| < M for each
n € N. Hence, the mild solution x : [—1,7,] — X can be extended to [—1, r,, + 6] by following the above arguments, where
6 > 0 does not depend on r,,. This contradicts the definition of bp,y. Therefore, our claim.

Moreover, it is easy to observe from the definition of the mild solution to FDE (1) that it will be unique corresponding
to unique ¢.
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3.2 Local classical solution

Theorem 2./n addition to the assumptions in Theorem 1, we suppose that the function h in FDE (1) is Holder continuous
w.r.t. to r on the interval I. Then, corresponding to unique ¢, the FDE (1) has a unique local classical solution.

ProofLet ¢ € Cy. It is easy to observe from the Theorem 1 that the problem (1) has a unique local mild solution, say x,
on an interval Jy = [—n,by] for some 0 < by < b. We will show that this mild solution x is indeed a classical solution
whenever the function / is Holder continuous w.r.t. to r on the interval /.
Note that x € Cp,. Following hypothesis (H2), one can deduce that the function % is bounded on the interval [0,b9)].
Therefore, we set
Ny = sup ||A(r,x(r),x.)]. (12)

0<r<by

Further, for 0 < 6; < 6, < by, the Lemma 1 along with the equality (12) imply that

KN,

B

Suppose that (6, — 0,)? = max{(6, — 6,)%, (6, — 6;)"}. The above inequality guarantees that there is a positive constant
N3, independent of 8, and 6,, such that

Ix(82) —x(81) ]| < o [K(1-+ BB [P0)9(0)]| + Na+ 5 2bf | [3(6: — 61)* + 5§ (6 — 61)7.

[x(61) —x(62)]| < N3(68— 61)7.
This establishes that the function x is Holder continuous on the interval [0,b¢]. Moreover, the function 4 is also Holder

continuous on the interval [0, bg]. Hence, one can find the constants k > 0 and g; € (0, 1] such that for every 0 < 63 <
01,6, < by, we have

[(61) (62 | < kI 6 — 6 |

with h(u) = h(u,x(u),xy ). Following [15,26], there exists a unique classical solution w € Cy, of the following FDE

13)

EDE[w(r)] +P(r)w(r) = E(r), r>0
W(r) = ¢(r)a re [—77,0]7

where the function w is such that
w(r) :d)(O)Jr/Orw(r—6,9)U(6)P(0)¢(0)d0+/Orl//(r—Q,O)E(O)de
r r0 -
+ / / w(r—6,0)9(0,1)i(1)dude, for r € [0,bo]
0 Jo

and w equals ¢ on the interval [—n,0]. It is easy to verify that x equals w on the interval [—1,bg] which implies the
regularity of the mild solution x of (1) on the interval Jy. Moreover, the similar procedure can be followed, as in Theorem
1, to show the uniqueness of x corresponding to unique ¢.

3.3 Global solution

Theorem 3.Let the X —valued nonlinear map h is defined on [0,00) x X x Cy. Further, we suppose that the hypotheses
(HI) - (H2) and the conditions (P1) - (P2) hold true for each b < «. Moreover, let either one of the following assumptions
is true.

(i)There is a nonnegative real-valued continuous function wy defined on the interval [—1,0) such that ||x(r)|| < wo(r)
for every point r in the interval of existence of x.
(ii)There exists two locally integrable and nonnegative real-valued functions wy and wy defined on [0,00) such that

[A(rusv) | < wi(r){[lull =+ [vllo] +wa(r), ¥ r€[0,e0),u € X,v e Co,

where wy is an increasing function.
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Then, corresponding to unique ¢ € Cy, the problem (1) has a unique global solution x € C([—1,0),X).

Proof. Theorem 1 guarantees the existence of a unique local mild solution to the problem (1), say x, on the interval [—1, D]
for 0 < b < oo.

In the case when the condition (i) is true, then the local mild solution x can be extended to the whole interval by
following the similar process as mentioned in the Theorem 1.

We assume that the condition (ii) holds true. Then, we introduce the following real-valued function @ defined on
[0, 00).

K? -
() = o1l + "o 1“1+ P [POSO) |+ K [ [(r=6)% + KB(aB)(r— )7~ | wa(6)dp.
It is easy to prove the continuity of the function . Also, we have

sup_[x(n)ll =_sup_llo()l = [[9llo < ®(r).
—n<r<0

—n<r<

Further, from the Lemmas 3 and 1, for each r > 0, we get

)l < @) +2K [ [(r— )% + KBl B)(r— 6)% | wi (0)v(6)d

with v(r) = ( sup |x(s)|> . Note that both the maps @ and v are increasing. Hence, for each 6 € [0, r], we have
—N<s<r

*(O)] < D) +2K [ (7= 0)% + KB(aB)(r— )%~ wi(6)v(6)db.
The derived inequality along with the assumption that the function wy is increasing imply the following estimate.

sup [1(8)] < @(r)+ 2K (r) [ [(r— )%+ KB(at, )~ 0)~" | (o).

0<6<r
Therefore, from above discussion, we get
W) <2000+ 2Km1 (1) [ [(r= 8+ KBl B)(r— )P 1| w(6)ab.
Finally, as an application to the generalized Gronwall inequality with singularity [28], we get
v(r) < 2(r) [Ea (2Kwi (P (0)r%) + Eq.p (2K23(a, B)wi (I (ot + ﬁ)r‘”ﬁ)} .

The above inequality implies that the condition (i) holds true. Therefore, the problem (1) has a unique global solution.

4 Fractional control problem

In this section, we aimed to study the following fractional dynamical system associated with (1) :

{CD? ()] + P(r)x(r) = h(r,x(r),x,) + Du(r), rel=10,b],

(14)
g(xX—n0) = K,

where the admissible control function u € L[, Y] with Y as a Banach space and D : L*[I,Y] — L'[I,X] is a bounded linear
operator. That is, there exists M > 0 such that ||D|| < M.

A proper definition of mild solution of (14) can be given by following the Section 2. Let ¢ : [-7n,0] — X be a
continuous function such that g(¢) = k. Then, for each u € L?[1,Y], a mild solution of the fractional dynamical system
(14) is a continuous function x* : [—1,b] — X such that x* = ¢ on the interval [—n,0] and

(r) =6(0)+ /0 W(r—6,0)U(0)P(0)6(0)d0 + /0 w(r—6,0)(h(0,x(8),x0) + Du(6))d6

10
+/0/0 y(r—0,0)e(0,u)(h(p,x(u),xy)+Du(u))dudd  forrel.
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The fractional dynamical system (14) is said to be completely controllable on 7 if, for every point x; € X and the function
¢ € Cp such that g(¢) = K, there exists a control function u € L2[I, Y] such that the mild solution, say x“, of (14) reaches
xjatr=b,ie., x"(b) =x.

We assume the following hypothesis on nonlinear function / to establish the controllability result:

(HH)The nonlinear map 4 is continuous w.r.t. to the first variable. Also, there exist a constant ¢; € (0,a) N (0,3) and a
il
function Ly, (.) € L% [I,R™"] such that

[A(r,vr,wi) = h(rve, wa) | < La(r){[[ve = val[ + [lwr = wallo);

for each (r,vi,wy), (r,va,wa) €I x X x Cp.

On applying Holder’s inequality, we get

b
/ [(b — )%y KB, B) (b — 9)“*3*'} L,(6)d6 < M, (15)
Jo
o bm+] 17Ql bp+] 17Ql o - +ﬁ .
where My = L, ([m—ﬂ} + {IHI} ) ”LhHLq] 1R+)’m7 ql,p Land m, p € (—1,0). For brevity,
~ 7 B =
let N = Kb® [é + %} K = 2KMj, and Ms = |x], + |6 -

Theorem 4.Let the hypotheses (HI) and (HH), and the following assumptions hold true.
(Q1)The linear operator Q : L*[1,Y] — X defined as

Qu—/o w(b—0,0)Du(0 d6+/ / (b—6,0)0(8, 1)Du(i)dud, for u € L[1,Y),

gives rise to a bijective operator é (L2 [1,Y]/KerQ — X having bounded inverse. That is, there exists a positive
’FQZI H < Ms.

(Q2)The following set is assumed to be relatively compact in the Banach space X for each bounded subsets W of X, for
arbitrary I € (0,r) and positive constant 0.

constant M3 such that

Aes(r {/ l/ F(v,1,0)h(0,x(0),x¢ )dvd6 + / l/ / F (v,1,0)@ (8, t)h(1t, x(11), x)dvdpd, xGW}

where, F (v,r,0) = av(r—0)* ' py(v)exp (—(r— 0)*vP(8)).

Then the fractional dynamical system (14) is completely controllable on I zfl? [1 +1/\\U\2M3} < 1.

Proof.Following hypothesis (H1), there is a continuous function ¢ : [—1,0] — X satisfying g(¢) = k. Now, we introduce
a function 7 on the interval [—n,b] as follows:

r), ifre|—n,0],
T(r):{ggo)), ifrg.n |

One can verify that the segment 7, € Cy and the map /(r, 7(0), 7y) is continuous for every r € I. Let us denote

K1 = sup||h(r,7(0),7)] . (16)

rel

We define the admissible control function u, : I — Y for x € C}, as follows:
~ b b
u(r) =0~ [ ~0(0)— [ (b—0,0)U(8)P(0)9(0)d0— | w(b—6,0)h(6.x(6).0)d8

b r6
- [ ‘I/(b9a9)‘P(97ﬂ)h(livx(li)vxu)dﬂde}7 forre 1. (17
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We define the operator 3 as Sx = X for x € Cp,, where X equals ¢ on the interval [—1,0] and

x(r)=9(0) +/0r y(r—0,0)U(6)P(0)p(0)do +/Or y(r—0,0)(h(6,x(0),x9)+ Du,(6))d6
[ "W 0,0)0(0, 1) (1 x(1), 1) + Dus())dudO, forr el (18)
Following the hypothesis (HH) and the equality in (16), for every point 6 € I, we get
17(6,x(6),x0)[| < [|7(6,x(6),x9) — h(6,7(0),7)|| + K1 < 2Ly(6)Ms + K. (19
The above inequality and Lemma 1 along with the hypothesis (HH), for each r, 0 € I, imply that

[y (r—6,0)U(8)P(0)9(0)]| < K*(r—0)*~"(1+6P)||P(0)9(0)|,
w(r—6,0)h(8,x(0),x0)| < K[2Ly(0)Ms +K;](r—6)*",
| w(r—6,0)p(0, 1u)h(,x(1),xu)|| < K*[2Ly(1)Ms + K] (r—0)*7 (6 — n)P .

Using above derived inequalities, the equation (15) and Lemma 3, we get

- 2
[ 1wtr=6.0)0(0)P0)0(0)1d0 < 571+ [PO)OO)].

baK]JrZM Lypmt1)(1=q1)

o 3 (m+1)(l*q1) ’

bRk, o LypPt1)(1=a1)
a+ﬁ+ > (p+1)0-a0) '

Now, for every point r € I and the function x € Cj, we get the following estimate

/or”wrf 0,0)h(0,x(0),xq)||d6 <K

./O'r/oe w(r—6.0)¢(6, u)h(u,x(1),x,)||dud6 < K*%(a,B)

luex(r)[| < M3l ||+ ao + K |1l (20)

with ag = (1+K) ||}, + %zb"‘ (1468 ||P(0)9(0)||+NK,. Using the inequality (20), the assumption (Q1) and the Lemma
1, it is easy to deduce that

r Kb* =
| (= 0.0)Du,(8)[[ 46 < = babts ]| + a0 + K ], .

2p0+p

oo Kb
[ 1= 0.0)0(0.1Duc(u)dudo < T

The above result along with the Lemma 2 imply that all of the integral terms in the equations (17) and (18) are Bochner
integrable.

We will show that the operator S assumes the values in Gy, i.e., 3(Cp) C Cp. To do this, we let x € C,. Then, the
continuity of 3x on the interval [—1,0] follows from hypothesis (H1). Further, the continuity of the nonlinear map #, the
nonlinear operators ¥, ¢ and the linear operator D follows from the hypothesis (HH), the assumption (Q1) and the Lemma
1. This implies the continuity of 3x on the interval [0,5]. Hence, Sx € C,. Moreover, for each point r € I, we have

MoMs (e, B) [ | + a0 + K [, |

K? S B o -
ISx(r)ll <ll9llo + 61 +bP)||P(0)¢(0)|| + NK; + KMs -+ NMM5(||x; || +ao + K |[x[|,)

= aoMs + (Mo — 1) ||t ||+ KMs | x|,

with Mg = 1+ NMMs;. Now, we select r| > W and define a set B, :={x € Cp, : x(0) = ¢(0
- 6
It is easy to see that the set B, is closed, bounded and convex subset of C, for each r; > 0 and 3(B,, )

~

and x|, < r1}.
B,

N
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Next, we define two operators 31,3, on C, such that S1x(r) = ¢(r) and S2x(r) = 0 for each r € [—n,0], and for every
pointr € I,

(31x)(r) =¢/(0) +/0 w(r—6,0)U(6)P(0)¢(0)d6 +/0’ W(r— 6.8)Du(6)d6
+ /0/09 v(r—0,0)9(0,1)Du.(11)dude, o

r r 0
(32x)(r):/0 l[/(r—9,9)h(9,x(9),x9)d9+./0/0 W(r—6,0)9(8, 1w)h(1,x(1), xu)dud. (22)

The definitions of operators 3,3, imply that (3x)(r) = (3,x)(r) + (S2x)(r) for r € [-7,b]. Also, for the functions x,y
in B,, and the point r € I, we get

1(S1x+Say) ()| < aoMs + (Mg — 1) |lx1]| + KMsr.

Note that ry > “MetMe-Ulal which implies agMs + (Ms — 1) 1| < r1(1 — CMg). Also, (S1x+S2y)(0) = 9(0).
- 6

Therefore, it is easy to follow from above inequality that 3 x4 S,y € B,, for every functions x,y € B,,.
Next, we show that the operator 3, is contraction. For proving this, let x, y € B, and r € I. The hypothesis (HH)
along with the Lemmas 3 and 1 give

(|x(r) — uy(r)|| < 2KMuMs3|lx—y|, = KM3 ||x—y||,, forrel. (23)
Therefore, from the definition of 31, the inequality (23), and the Lemmas 3 and 1, we have

1S 1x(r) — S1y(r)|| < NMM:3K ||x —yl|,,, for every r € I.

Also, ||(31x)(r) — (31y)(r)|| = 0 for r € [—n,0]. Further, the condition K {1 +IVA7IM3} < 1 implies that NMM3K < 1,

therefore, 3; defines a contraction map on B, .
Now, we establish that the operator 3 is completely continuous on the set B, . In particular, we show that:

(i)The operator 3 is continuous on B, ,
(i))32 (B, ) C Gy is equicontinuous and
(ii1)32 (B, )(r) is relatively compact for each r € I.

To prove the fact in (i), we select a sequence {x(”)} from the set B,, such that X — x with x € B,,. From the hypothesis
(HH) along with the Lemma 1, we have:

w(— gt ) h(, " (), )—HV( JOR(,x(R),xg),  ae pEl
y(.—6,0)p(60,u)h(u,x" (1), <">>w<— < Wh(p,x(p),xe),  ae el
Hy/(.fe,e)(h(e,x<">(e),x§,”>) h(0,x(8), xg)H<4rK( 9)%"1L,(8) € L'(I,R"),

v = 0.0)0(6. 1) (M, x (1) 24") = h(p,x(a1) 30) ) | < 4rKPL4(6)(.— €)% (6~ )P~ € L' (1, R*),

Following the Lebesgue dominated convergence theorem, one may show that

I

./o.r/o6 HW(ri 0,6)¢(6,1) (h(“’x(n)(”)’xitn)) *h(u,x(u),x#)) H dudd — 0 asn — oo,

w(r—6,6) (h(e,xW(e),xg")) —h(G,x(G),xg)) Hd(—) 0 asn — oo,

Hence, the above result and the hypothesis (HH) imply the following

ngx(n) ,32be <sup [/r

rel

v(r—6.6) (h(6.x" (6).x5") ~h(6.x(6).x0) ) | 46

+ // |wir—6.0)0 Gu)<h(u,x(")(u),x,(f))h(u,x(u),xﬂ))dede}HOasn%oo.
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This implies the continuity of 3, on B,,. In order to prove the fact in (ii), we let 0 < r < r+¢€ < b and x € B,,. Then, we
« Sox)(r+e) =B (r) =L + b+ L+, 24)
where

y(r+e—6,0)— y(r—6,0)]h(6,x(6),x0)d0,

[ it e—0.0) — ylr—0,0) 0(6.1)h(u.x(1) v)dude.

0
r+€
y(r+€—0,0)h(0,x(0),x9)d0,

flang)
I

S
I
T

I

r

r+& 6
= [ [ wrte—0,0)p(6.1h(u.x(n).x)dude.

Fori=1,2,3,4, we will prove that ;|| — 0 whenever € — 0. From the hypothesis (HH), the Lemma 1, and the inequality
in (19), we get

Ily(r+e—6,6) —w(r—6,0)]h(6,x(8).xq)| <K [(r—6)*"(1+€") —(r+e—6)*""][2Ly(6)[r1 +|9llo] +Ki],
[[w(r+e—6.0)—y(r—0.0)]@(0,1)h(k,x(1),xy)
<KH[(r=0)"""(1+€) = (r+e—0)*"] (0 — )P 2L (1) [r1 + [19]lo] + K],
ly(r+e—6,0)h(6,x(6),xq)|| < K(r+&—6)*""[2Ly(0)[r1 + [1]lo] + Ki],
[y (r+e—6,0)p(6. w)h(k,x(t),xu)|| < K*(r+e—0)%" (6 — )P~ 2L ()[r1 + [ 0]]o] + Ki]
Also, for each 6 € (0,r) and r € I, the Holder’s inequality along with the hypothesis (HH) imply

Lyplmi+1){1-q1)

[°]
- WP L (wdu<=2— " .—m
A ( :u“) h(IJ') [US (m1+])(]7q]) 7

with m; = % € (—1,0). Therefore, from the hypothesis (HH), the Lemma 1, and the fact that | a® — b° |< (b—a)® for

0 <o <1,0<a<b,we can deduce the following estimates:

Li{(2etmt))(1=a1) 4 gvplm+1)(1-a1)}
(m—+ 1)(1*%)

K
14 SZK(rHrIId)Io)l + Kb +2e7),

2M bPK
A §K2(28a+b0687/) [ 7(r1 + H¢HO) + 1

a af |’
ng(m+1)(1*fil) Ke®%
<
31l < 2K+ 10llo) | Ty | + K
K’e” bPKy
1a]| < 2Ms(ri+ (|9 lo) + B

It is easy to follow from the above inequalities that ||I;|| — 0 as € — 0, for i = 1,2, 3,4. Hence, the equation (24) implies
that || (S2x)(r+ €) — (S2x)(r)|] — 0 whenever € — 0, which establishes (ii).

Finally, we prove the fact in (iii). In particular, we show that the set IT(r) := {(32x)(r) : x € B,, } is relatively compact
in the Banach space X for each r € I. It is easy to check that IT(0) is a compact set. For the case r € (0,b], we define the
set IT 9 (r) = {(32,,9x)(r) : x € B,, } for arbitrary [ € (0,r), a positive constant ¥ and the function x € B,,, where 35 yx
is given by

r—I oo r—1 0 poo
32,,719x(r):/0 /19ﬂ(v,r,9)h(9,x(9),x9)dvd9+/0 /O/ﬁﬂ(v,r,6)(p(6,u)h(y,x(y),xu)dvd/.tde.

From the assumption (Q2), it follows that, for arbitrary / € (0,r) and the positive constant 1, the set (32 9x)(r) is
relatively compact since B,, C C;, is bounded. Also, we have

(32x)(r) = (S24,0%)(r) = A1 + A2+ A3 + Ay, (25)
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where
A :/Orilfoﬁﬂ(v,r,e)h(e (6),x6)dvd0,
r—1 0 (O
m= [ /O F(v.1,0)9(8, W)h(t, x(1), xy )dvdud®

A4f/r l/ / F(v,1,0)9(6, 1)h(,x(1), x)dvd 1.

The Holder’s inequality along with the Lemma 1 imply

v LbmtH-a)\ g pe
il < ok ( [*vpata) 2<r1+|¢||0><(m+1)<1q1) |
v 2b“ K b +B
el < ak? ( [“patviar) [7M7<r1+|¢||0>+ e ]

« Lll(mﬂ)(l*lﬂ) K 1%
sl < ak ([ vputia ) z<n+|¢||o><(m+l)(lm e
- 21 K bB1*
il < ak? ( [“vpatiay) [7M7(r1+|¢||0)+ h ]

The derived inequalities imply that, for i = 1,2,3,4,, ||A;|] — 0 whenever /,9% — 0. This further implies that
[|(32x)(r) = (32,1,6x)(r)|| — O whenever {, — 0. Therefore, we deduce that the relatively compact sets IT; 5 (r)
approximates the set II(r) arbitrarily which will establish the fact in (iii), i.e., the set (3,B,,)(r) C X is relatively
compact in the Banach space X for each r € I. Hence, the defined operator 3, is completely continuous. Then, the
Krasnoselskii’s fixed-point theorem implies that the operator 3 has a fixed-point, say x*, in the set B,,. Further, the
definition of the operator 3 implies that x* will be a mild solution of the fractional dynamical system (14). Also, x* is
such that x*(b) = x;. Therefore, the fractional dynamical system (14) is completely controllable on 1.

5 Application

Consider the following nonlocal fractional retarded dynamical system:

€o%z(r,u) + P(r,i, Dp)z(r, 1) = F(r,i,2,2,) +kw(ru), in I x T,
Dijz(r,u) = 0,[m[<n, onIx I,

-0 (26)
L[ e =), per,
J-n

where 17,k > 0 be constants, €9¢ is the o—th order Caputo’s derivative with a € (0,1], I = [0,b], I" denotes a bounded
domain whose boundary dI" is smooth in R”, n € N, and

Fraz) = ( [ crman) o+ [ ﬂ(rs)z(s,mds) ,

r=n
P(r,u,Dy) : Z am(r,)D
|m|<2n
n
with m = (my,ma,.....my), m; € RT for i = 1,2,....n, known as multi-index. Also, | m |= Zmi and
i=1
wt =ty for o= (Ui, Mo, ..., bn) € R Further, Dy = (Dy,D»,....,D,), where each Dy = d /9 ;.

The family of linear operators P(r, 1t,D,) and the maps w, ¥ satisfy the following conditions:
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(i)The linear operators P(r, i, D) are uniformly strongly-elliptic in I", that is, there exists a constant K; > 0 such that

(=1)'Re Y au(ru)v" >Ki|v " foreveryueT, relandveR".
|m|<2n

(ii)For each point r € I, the functions a,,(r, i) are smooth with respect to the second variable u € Q. Further,
| am(r,pt) —am(t,p0) |[<K|r—t P forpeT, rtel, and |m|<2n.

We assume that the constants K > 0 and 8 € (0, 1) are independent in r.
(iii))The map ¢ : [0,n] — R is continuous and w : I x I' — I" is a continuous function with respect to the first variable
rel.

LetX =L(I"), 1 < g < oo. For each r € I, a family of linear operators P,(r) (unbounded) on X is defined as:
Py(r)v=P(r,u,D)v forv € D(P,(r)) = D(P)=W"4(I"')nW, ().

Since Cy(I') € D(P), therefore, D(P) = X. Note that C7(I') denotes the space of all infinite times
continuously-differentiable real-valued functions. Following [24], it is easy to verify that the linear operator P,(r) is
closed foreach r € I

Next, we define x(r)(1t) = z(r,it) and x, = z,(s,.), i.e., (x(r+s)) (1) = z(r+s,u) forr€ I, w € I and s € [—1n,0].
Further, H: I x X xCy — X, Du:I — X and g : Cy — X are defined as:

A0 w) = ( [ 00 o)+ ([ oCm)was)

s
(D)) () = r) 1) = o 1),
2(0)) =+ [ o(e)a
qow=5/ w

forr € Iand u € I'. Also, we will define g(x)(s) = g(xo) for xo € Cp, s € [-1,0] and k(s) = xp for s € [-7,0].

Following [24], one can find a constant /; > 0 so-that the family of operators {P,(r) + [,E},c; will satisfy the
conditions (P1) - (P2) provided the points (i)-(ii) holds true, where E denotes the identity operator on the Banach space
X. We select and fix such constant /1. Then, the abstract formulation of the considered dynamical system (26) will be

27)

DY [x(r)] + (Py(r)+LE)x(r) = h(r,x(r),x,) +Du(r), rel,
g(x0) =K,

where h(r,x(r),x,) = H(r,x(r),x;) + [1x(r). Due to the definition of D(P) and the requirement that x(r) € D(P) for every
r € I, the boundary condition disappears. Following Minkowskii’s inequality and Schwarz inequality, we will get

[H (rs1,w1) = H(r,52,82) g < (Is1lly + lIs2ll) lls1 = sall + 1w —wallo.

where p = sup O(s). Itis easy to verify that the hypotheses (H2) and (HH) hold true for the nonlinear map 4 in a closed
s€[0,n]
n
ball B, with L, = max{2r;,M,pn}. Further, if we consider ¢(r) = %Ko on [—n,0] with [ = % / ¢ 25dE +£0, then the
Jo

hypothesis (H1) holds.

For the case k = 0 in (26), then the operator D = 0 in (27). Also, from above discussion the hypotheses (H1) and (H2)
hold true. Therefore, one can apply the results derived in the Section 3 to establish the existence-uniqueness and regularity
of mild solution to (27). N

In the case when k > 0, we have ||D|| = k = M. Moreover, the linear operator Q is defined as

b 0
(Qu)(u)Zk[/obw(b—Gﬂ)W(G,u)dGJr/o / w(b—9,9><p<9,€>w<5,u>d€de},foruefz,

which shall satisfy the assumption (Q1) mentioned in the Theorem 4. Further, we make the assumption that the set A; (r),

defined as in assumption (Q2) of the Theorem 4, is relatively compact in X with r € I. Now the constants N ,My and K
can be computed. Then, the Theorem 4 can be applied to establish the controllability of mild solution of (26) provided

E |:1+1/\\7MM3:| < 1.
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