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Abstract: In this paper, since the standard hyperbolic functions have countlessrusnodern science we present a mathematical
study concerning an extension of the Pell sine and cosine hyperbottidos. The main properties exhibited by the Pell hyperbolic
functions B], for which they can be obtained frokxFibonacci hyperbolic functions whein= 2, are reviewed. The new class of
functions, i.e., the-analogues of Pell hyperbolic functions, are introduced and defiaséeldoon the-analogues of the Pell numbers
and theg-analogue of the "Silver ratio”, where modugis a number defined between zero and the unity.A battery of properties is
demonstratedy-Pell Pythagorean TheoremgPell sum and differencep-Pell double argument-Pell half argumentg-Pell Catalan’s
identity; g-Pell Cassini’s identity and-Pell d’'Ocagne’s identity.

Keywords: Pell numbers; Pell hyperbolic functiorgicalculus;g-analogue.

1 Introduction that generalized a known expression and reduces to the
known expression in the limitq — 1. There are
g-analogues for the fractional, binomial coefficient,
derivative, integral, Fibonacci numbers and so on.

A sequence of polynomial,(q) is defined as follows:

In recent years, Fibonacci numbers and their
generalization ofk-Fibonacci numbers have had many
interesting properties and applications to almost every
fields of science and art than mathematical areas (for

instance, 1,9] and [2] et al). For example, Fibonacci 0 if n=0,
numbers and the Golden mean are popular in many R,(q) = 1 ifn=1,.
scientific disciplines, from quasi-crystals through maedel (L+9"HPr1(9) + 9" 2P_2(q) if n>2.

of DNA sequences, phyllotaxis, to the research on brain ) _

activity (e.g. EEG signals). Similarly, the Pell numbers ~ ObviouslyR,(q) is theg-analogue of the Pell numbers.
can be obtained frork-Fibonacci numbers fok = 2 [7, Arithmetic properties of-Pell numbers were_glvngI.

8]. The sequence of Pell numbers starts with 0 and 1, and  For 0<|g| <1, theg-analogue of the derivative of the
then each Pell number is the sum of twice the previougunction f (x), denoted byDq f (x) is defined as follows:

Pell number and the Pell number before that. It is f(x)— f (q¥)
interesting to emphasize that the ratio of two consecutive (Dgf) (x) = TR X # 0.
Pell numbers converges to the Silver radd [ (1—q)x

Thek-Fibonacci hyperbolic functions were introduced |f ' (0) exists, thenDq f (0) = f' (0). The g-derivative
and studied 10,11, 12, 13, 14] For these fUnCtionS, SOMe reduces to the usual derivative@s_> 1.
equalities were given like Pythagorean theorem, sum and  Before we continue, let us introduce some notation
difference, half argument etc. in the same paper. that is used in the remainder of the pap&r For any real
First formula in what we now calf-calculus were  numbera,
obtained by Euler in the eighteenth century. Many qf-1
remarkable results (like Jakobi’s triple product identity [a] = q—1"
and the theory ofg-hypergeometric functions) were
obtained in the nineteenth century. ¢hanalogue, also
called a g-extension or g-generalization, is a g -1 1
mathematical expression parameterized by a quantity n = q-1 =g "+..+a+l

In particular, ifn € Z™, it is denoted as follows:
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In this paperg-analogues of sifjh and co$yh Pell

Definition 2.([3]) Let & be Silver ratio. The functions

hyperbolic functions are defined. Some basic propertiesinPh(x) andcosPh(x) are defined as follows:

are studied of these functions. Alspanalogues of some

equalities like Pythagorean theorem, sum and difference,

half argument etc. are obtained.

Now, we introduce basic definitions which will be used

throughout the paper.

2 Pell Hyperbolic Functions

The Pell numbers are obtained from these continuous ) _
versions of thek-Fibonacci numbers which are the functions sirPh(x)

62>< o 6—2)(
sinPh(x) =~ >
(X) 75
52x+1+5—(2x+1)
cosPh(x) = _—,
(X) 75

and are called Pell hyperbolic functions.

By making a change of variablex2-1 =t in
and co$h(x) and also using

k-Fibonacci functions. These functions arise naturallyd+ &~ = /8, another representations of Pell hyperbolic
from the k-Fibonacci numbers and can be seen as a nevgine and cosine functions are, respectively, given as
type of hyperbolic functions, where the Silver ratio follows [3].

0 = 0y, or more generallyog for each real numbek,
plays an analogue role as the numbento the classical
hyperbolic function.

In addition, Binet's formula is well known in the
Fibonacci numbers theoryld]. In this way, Binet’s
formula allows to express theFibonacci numbers. The

characteristic equation associated with the recursive

definition of the k-Fibonacci numbers i©? = ko + 1

whereo; andoy are roots of the equation as follows. That

is, if k = 2, for the Pell sequencey; = 1—+/2 =8 and
0, = 1++/2 = & are obtainedd is known as the Silver
ratio and also denoted hyp [4].

Now, the classical Pell sequence is given as follows:

Definition 1.([4]) For any positive real number k, the
Fibonacci sequenc@Fk,n}neZ is defined recurrently by

Fin+1 = KFRcn + Fon—1 for n > dwith initial conditions
Fo=0; R1=1

Particular case of thie-Fibonacci sequence iskf= 2,
the classical Pell sequence appears

Ph=0,P.=1andP,.1 =2P,+R,_1forn> 1

For the Pell equation is lirg™ = 5. Also, the Pell
Nn—oo 'n—1
sequence, it is obtained

O =0=2+

2 1
+ 245

Definition 3.([3]) Let & be Silver ratio. The functions
sinPh(x) andcosPh(x) are defined as:

. 0*—-9o7%
sinPh(x) = 5151
O +07%

and are called Pell hyperbolic functions.

Now, equalities introduced] can naturally be related
with the g-Pell hyperbolic functions studied before.

The following correlations that are similar to the
equationcosh(x)]? — [sinh(x)]2 = 1 are valid for the Pell
hyperbolic functions:

2_1

Besides, for the Pell sequence, the Silver ratio is written a sinPh(x+y) = v/2(sinPh(x). cosPh(y)

O =0= \/1+2\/1+2\/ 1+2v1+....

Silver ratio may be written as positive root of the Pell

equation in the following form:

2k+1 5—(2k+1
5++7\%(”’ n—=2k+1
|:)n: 5k 52k

[cosPh(x)]2 — [sinPh(x)] > 1)

Equality (2.1) is called Pythagorean Theorem.
Sum and difference formulas are as follows:

cosPh(x+Yy) = v2(cosPh(x). cosPh(y)

+ sinPh(x). sinPh(y)) (2)
cosPh(x—y) = v/2(cosPh(x). cosPh(y)

— sinPh(x).sinPh(y)) 3)

+ sinPh(y).cosPh(x)) 4
sinPh(x—y) = v/2(sinPh(x). cosPh(y)

— sinPh(y).cosPh(x)) (5)

By doingx =y in (2) and(4) formulas, we have the
following equations.

=2 n=2k cosPh(2x) = v/2((cosPh(x))? + (sinPh(x))?)  (6)
where the discrete variabletakes its values from the set
0,+1, +2 +3 ... sinPh(2x) = 2v/2(sinPh(x). cosPh(x)). 7
@© 2014 NSP
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Equations mentioned above give the relationship betweeefinition 4.Let R(q) be a sequence of polynomials and
double argument and argument. Also, from equatidns

and (6) it is deduced, respectively, by summing up and Pa(a)
subtracting: Pr1(q) %,
that is,
[cosPh(x)]2 = 2\% (cosPh(Zx) + ?)
P@ _ (A+d"HR-a(@)  noPra(@ o,
Y Pr-1(Q) Pr-1(0) Pro1(a) -
1 2
[sinPh(x)]* = ENG (cosPh(Zx)2>. From now on, 53 = &AL+ Y +g"2 (n>2)
characteristic equation is obtained, where
For any integer, Catalan’s Identity can be given as in the 5 _ (140" 1 ++/(1+q0—1)2+4gn-2 and
1

following equation:

- 2
n—1 7\/f ) .
_ D@ TPHAE o g-Silver ratio

2 2
cosPh(x—r).cosPh(x+r) — (cosPh(x))? = (sinPh(r))>  which is the positive root of characteristic equation
denoted bydy, is defined as

The following results can be obtained in a similar way.

(1+g" Y + /(A +a1)2+4qn2

cosPh(x—r).cosPh(x+r) — (sinPh(x))? = (cosPh(r))? % = 2 nz2.

; o ; e 2 (e 2 Now, we give basic definitions called $%h(x) and
SINPh(x—r). sinPh{x-+ r) — (sinPh(x)) (sinPh(r)) cosPyh(x), respectively, where sih(x) is g-analogue of

iNnPh(x—r).sinPh — (cosPh(x))2 = — (cosPh(r))2. sine Pell hyperbolic function and in a similar way,
SINPA(x—r). sinPh(x-+1) — (cosPh(x)) (cosPh(r)) cosPyh(x) is g-analogue of cosine Pell hyperbolic

Forr=1, function.
cosPh(x— 1).cosPh(x+1) — (sinPh(x))2 =1 Definition 5.Let &, be Silver ratio, g-analogue of Silver
ratio. Then
sinPh(x— 1).sinPh(x+ 1) — (cosPh(x))? = —1 52K _ 52
; _ q q
can be obtained. These identities are called Cassini’s or SinPgh () = VA2 +4qn-2
Simson’s ldentity. Furthermore, d’Ocagne’s Identity is
given in the following: ehi 5§X+1+5q_(zx+l)
cosPh(x).cosPh(y+r) — sinPh(x+r).sinPh(y) cosRyh (x) = VA+ o2+ agn-2
= cosPh(r).cosPh(x— 8
COSPA(r). cosPh(x—y) ® We will call sinP;h(x) is g-analogue of sine Pell
. ) hyperbolic function anatosP;h(x) is analogue of cosine
cosPh(x). sinPh(y+r) — cosPh(x+r).sinPh(y) Pell hyperbolic function. Another representations
= sinPh(r).cosPh(x—y). (9) g-analogue of Pell hyperbolic sine and cosine functions

) ) ] ] are, respectively, given as follows.
Notice that by takingr = 1 in equation (8) the

following identity: Definition 6.Let & be Silver ratio, g-analogue of Silver
cosPh(x).cosPh(y+ 1) — sinPh(x+ 1).sinPh(y) ratio. Then X — 5X
= cosPh(x—y). sinPyh(x) = 5:+ 5;11’ (20)
is obtained. < x_x
sPyh(X) = %% (11)
T T st

3 g-Analogues of Pell Hyperbolic Functions sinced; + 851 = /(1+ 0 DZ+4q" 2, forn>2.

We start with the definition of-Silver ratio which will be In the sequel we present the main properties of these
used in the sequal of the paper. TheSilver ratio is  functions in a similar way in which similar properties of
positive root of characteristic equation which can bethe Pell hyperbolic functions are usually presented. For
obtained by using recurrence gfanalogues of the Pell n> 2, we have(12) which may be regarded as a version
numbers. of the Pythagorean theorem.
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Theorem 1(qg-Pell Pythagorean theorem)
4
(1+ qn—l)z + 4qn72 :
12)
ProofUsing the definitions of g-analogue of Pell
hyperbolic sine and cosine functions(d0) and(11), we
get

[cosPyh (X)]? — [sinPyh (x)]% =

[cosPyh (x)]% — [sinPyh (x)]2

2 2
N &+ 05 B % — 05"
&g+ O+
O 4 2000, 4 Oy X — O+ 2005 — 8
(8+0q )2
B 4 B 4
- (5q+5q71)2 - (1+qn—l)2+4qn—2'
Theorem 2(g-Pell Sum and Difference) LetinPyh(x)

and cosP;h(x) be two functions of g-analogue of Pell

hyperbolic function. For > 2, x,y € R

cosPyh(x+y)
n—1)2 n—2
= Vi(l+g 2) +49 (cosPyh(x) cosPyh(y)
+sinPyh(x) sinPyh (y)) (23)
cosPjh(x—y)
n—1)2 n—2
= VAR 2) +49 (cosPyh(x) cosPgh(y)
—sinPyh(x) sinPyh(y)) (14)
sinPyh(x+y)
n—1)2 n—2
_V(+g 2) AT Sinpyh (x) cospy ()
+sinPyh(y) cosPyh(x)) (15)
SinPgh(x—y)
n—1)2 n—2
= V(i+ta 2) 44 (sinPgh(x) cosPyh (y)
—sinPyh(y) cosPyh(x)). (16)
Proof(13) the correlation similar to the equation
cosPh(x + y) =

V/2(cosPh(x).cosPh(y) + sinPh(x).sinPh(y)) is valid

for the g-analogue of the Pell hyperbolic functions. We

only give the proof of the(13), because the proof of
(14)-(16) is similar.

cosPyh(x). cosPyh(y) + sinPyh(x). sinPyh(y)

_ (%ot (a4 B0\ (-4
a7 1) \ava7) T\ave 1) \a7gT
AT AT Y e Y Y o Y
B (0+851)?
_ A%+ 2

&+&)  JA+q )Zraq e

cosPyh(x+y).

By setting x =y in the (13) and (15), we have the
following corollary.

Corollary 1.(g-Pell Double Argument)

VA A e i

cosPyh(2x) = 5

x ((coquh(x))2+(sianh(x))2> 17)
sinPyh (2x)
= /(a2 4gr-2 (sinRyh () cosh () (18)

From(17) and(12), we obtain the following corollary.

Corollary 2.(g-Pell Half Argument) For > 2

1

2 _
[cosPyh(x)]” = N

(cosPyh(2x)

2
+ \/(1+qn1)2+4qn2> (19)
[Sianh(X)]z = \/(1_~_qn]1-)2+4qn2 (Coquh(2X>
2
. \/(anl)ZHq“). (20)

ProofSimilarly, we only give proof the identity(19),
because the proof of the identi20) is similar. We start
with the identity(17)

1 + qnfl)Z + 4qn72

cosPyh (2x) = VI 5 ((cosPyh(x))?
+ (sinPyh (x))?)
cosPyh (2x) = VLt qnié)z A (cosPyh (x))?
RIS q”_;)z A (sinRyh ()%
VAL P o (o)
= cosPyh(2x)
ERV{ER: qnz)z A (sinRyh ()
(cosPyh(x))2 = e qnf)z T (cosPyh (2x)
— (sinPyh(x))?)
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Using the formulg12)
2
(COSth(X))Z = \/(1+qn—l)2+4qn—2 COSth(Zx)
4
— (cosPyh (%)% +
( a ( )) \/(l_|_qnfl)2_|_4qn72
1

2
+
VA+ a2+ 4gn 2

It is necessary that we givg-Catalan’s recurrence to
obtaing-Catalan’s identity ofy-Pell hyperbolic functions.
However, forn € N andr € Z we first recall Catalan’s
identity for Pell numbers stated i@][

PrrPrir — P2 = (—1)™1TpR2,

Lemma 1g-Catalan’s identity for the g-Pell numbers is
given by

Por (@) Posr (@) — P(q) = (1) "P(q).

For the g-Pell hyperbolic functions we have the following

result:

Theorem 3(g-Pell Catalan’s Identity)
cosPyh (x— ) cosPyh (x4 1) — (cosPyh (x))? = (sinPyh (r))>.
(21)

ProofBy definitions (10) and (11) of g-Pell hyperbolic
functions

COSPyh (X — 1) cosPyh (x+1) — (cosPyh(x))?
6c>l<7r +6q*(X*V) 6a<+r +5q7(x+r> 6()1<+6&X 2
&+t &G+at | \&+at

2% 52 2 —2X _ 52X _2x
:6q +085 7 05 +0 T -8 -2
712
(&)
(a5
&+ "
S — 5T
(%—%") N2

(1+qn—1)2+4qn—2’ =

= (sianh(r))z.

2

The following identities can be obtained in a similar
way.

Corollary 3.

cosPyh (X — ) cosPyh (x+ ) — (sinPyh (x))?

= (cosPyh(r))? (22)

sinPgh(x—r)sinPyh(x+r) — (sianh(x))2

= - (sianh(r))2 (23)
sinPyh (x— r) sinPyh (x+ 1) — (cosPyh (x))?
= — (cosPyh(r))%. (24)

From Lemma 1, by setting = 1 into g-Catalan’s
identity, it is straightforwardly obtained-Cassini’'s or
Simson’s identity for the-Pell numbers:

Pr_1(0)Phea(a) — P(q) = (—1)"

The corresponding identity for thg-Pell hyperbolic
functions is as follows:

Proposition 1(g-Pell Cassini's or Simson’s Identity)

cosPyh (x— 1) cosPyh (x+ 1) — (sinPyh (%)) = 1,

SinPyh(x—1) sinPyh (x+1) — (coquh(x))2 =-1
ProofSettingr = 1 in (22) and(24), we have
cosPyh (x— 1) cosPyh (x+ 1) — (sinPyh (x))% = 1
and
sinPyh (x— 1) sinPyh (x+ 1) — (cosPyh (x))? = 1.

It is necessary that we givgd’'Ocagne’s recurrence
to obtain g-d’Ocagne’s identity ofqg-Pell hyperbolic
functions. However, fomn € N, and m > n we first
provide d’Ocagne’s identity for Pell numbers stated in

(2.
PmPnJrl - Pm+1pn = (71)an7n_

g-d’Ocagne’s identity for the-Pell number is
Pn(9)Ph+1(a) — Py 2(a)Pa(9) = (—1)"Pm-n(q)
Theorem 4(g-Pell d’Ocagne’s Identity)

cosPyh(x) cosPyh (y+r) — sinPyh(x4-r) sinPyh (y)

= cosPyh(r) cosPsh(x—y) (25)
cosPyh(x) sinPyh (y+r) — cosPyh(x+r) sinPyh (y)
= sinPyh(r) cosPyh(x—y) (26)
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ProofWe only give proof the identity25), because the
proof of the identity(26) is similar.

cosPyh(x) cosPgh (y+r) — sinPyh (x4 r) sinPyh (y)
_(Ea (area
BCEC AN

_<5é” W”)(d% 6&)
VAT

6a<—y—r _|_5q—x+y+r _|_5C>1<—y+r +5q—x+y—r

(&y+a1)°
__@W%”+dﬁ*%+ﬁ%%”+@“”b
(&+at)’
O+ 04 Xy+6qu
8 t8y )( &+t )
(350" (& y+5q )
(G + &)

(5(5 _|_5(;r) (5a<—y+5q*(X*Y))
= (1+qn—1)2+4qn—2 )
= cosPyh(r)cosPgh(x—y).

n>2

Notice that by setting = 1 in equation(25), we obtain the
following identity.

Corollary 4.

cosPyh(x) cosPyh(y+1)
—sinPyh(x+ 1) sinPyh(y) = cosPyh(x—y).

4 Conclusion

Pell Hyperbolic Functions
[cosPh(x)]? — [sinPh(x)]? = 3
cosPh(x+Y) = v/2(cosPh(x) cosPh(y)
+sinPh(x) sinPh(y))

cosPh(x —y) = v/2(cosPh(x) cosPh(y)
—sinPh(x) sinPh(y))

sinPh(x+y) = v/2(sinPh(x) cosPh(y)
+sinPh(y) cosPh(x))

sinPh(x—y) = v/2(sinPh(x) cosPh(y)
—sinPh(y) cosPh(x))

cosPh(2x) = v/2([cosPh(x)]? + [sinPh(x)]?)
sinPh(2x) = 21/2(sinPh(x). cosPh(x))

Some identities given throughout the paper by
benefitting from the formulas above have been listed as
follows:

g-Pell Hyperbolic Functions (fon > 2)

[cosPyh (x)]? — [sinPyh (x)]% = m
cosPjh(x+y) = M(Cos&h(x) cosPyh(y)

(
+SIan (X) sinPgh(y))
cosPyh (x—y) — L e ?
— sinPgh (x SinPy(y))
sinPgh (x+y) = V(e 1) a2
+sinPyh(y) cosPyh (x))
sinpy (x—y) — VL) v e
—sinRyh (y) cosPyh (x))
Jore e

2

(cosPyh(x) cosPyh(y)

(sinPyh(x) cosPyh(y)

(sinPyh(x) cosPyh(y)

cosPh(2x) =
+ (sianh(x))2>
sinPyh(2x) = \/(1+ q"1)? + 4gn-2 (sinPyh (x) cosPyh (X))

cosPyh(x))?

New g-Pell hyperbolic functions have been introduced
and studied here. These new functions are naturally
related with thek-Fibonacci sequences. Several properties

The formulas of classical hyperbolic and Pell hyperbolic ¢ these functions have been deduced and related with

identities that are already present:

Classical Hyperbolic Functions
[cosh{x)]? — [sinh(x)]> = 1
cosh{x+Y) = cosh(x) cosh(y) + sinh(x) sinh(y)

Pell hyperbolic functions and}-analogues of them. In
addition, the g-Pell hyperbolic functions are used to
introduce the so-called Silver Ratio which extend the
Golden Ratio.

coshx —y) = coshx) coshy) — sinh(x) sinh(y)

sinh(x+Yy) = sinh(x) cosh(y) + sinh(y) cosh(x)

sinh(x—y) = sinh(x) cosr(y) — sinh(y) cosh(x) Acknowledgement

cosh(2x) = [cosh{x)]? + [sinh(x)]? _ _ .

SiNh(2X) = 2. sinh(x) CosH(x) The authors would like to express their appreciation to the

' referees for their valuable suggestions and corrections
which help to better presentation of this paper. This work
is supported by Suleyman Demirel University with
Project 2860-YL-11.
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