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Abstract: In this paper we define and study the concepts of prime bi-k-ideals, strongly prime bi-k-ideals, semiprime bi-k-ideals,
irreducible bi-k-ideals and strongly irreducible bi-k-ideals of a ternary semiring using [2], [3], [7] and [8]. We generalize the concepts
of fully idempotent semiring introduced by Ahsan [1] to a fully bi-k-idempotent ternary semiring using [2] and [7]. We also prove that
if the set of bi-k-ideals of a ternary semiringS is totally ordered under the set inclusion, thenS is fully bi-k-idempotent if and only if
each bi-k-ideal ofS is prime.
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1 Introduction

In 2003, Dutta and Kar [4] introduced the notion of a
ternary semiring which generalizes the notion of ternary
ring. Later in 2005, they introduced the notions of prime
ideal, semiprime ideal, irreducible ideal of a ternary
semiring in [5] and [6]. In 2005, Kar [8] introduced the
notions of quasi-ideal and bi-ideal in ternary semirings
and study some properties of these two ideals. Then the
notions of quasi-k-ideals and bi-k-ideals of a ternary
semiring were introduced by Dubey [3] in 2011. The
concepts of prime, strongly prime, semiprime, irreducible
and strongly irreducible bi-ideals of a ternary semiring
and their properties has been given in [2] by Bashir,
Mehmood and Kamran in 2013. In 2014, Jagtap [7]
defined prime, strongly prime, semiprime, irreducible and
strongly irreduciblek-bi-ideals of a gamma semiring and
also study some of their properties. In 2016, Pawar and
Wani [9] introduced the notion of fullk-ideal of a ternary
semiring and proved that the set of all fullk-ideals of a
ternary semiring is a complete lattice which is also
modular. Also in 2017, they defined the notions of
essential ideal, semi essential ideal, weak essential ideal
of a ternary semiring and study their properties in [10].

In the present paper we define and study the concepts
of prime, semiprime and irreducible bi-k-ideals of a
ternary semiring using [2], [3], [7] and [8]. Also we
generalize the concepts of fully idempotent semiring

introduced by Ahsan [1] to a fully bi-k-idempotent
ternary semiring using [2] and [7].

2 Preliminary Definitions

Definition 1. [4] A non-empty set S together with a
binary operation, called addition and a ternary
multiplication, denoted by juxtaposition, is said to be a
ternary semiring if S is an additive commutative
semigroup satisfying the following conditions:

(i) (abc)de= a(bcd)e= ab(cde)(Associative Law)
(ii) (a+b)cd= acd+bcd (Right Distributive Law)
(iii) a (b+ c)d= abd+acd (Lateral Distributive Law)
(iv) ab(c+d) = abc+abd (Left Distributive Law) for all

a,b,c,d,e∈ T.

Example 1.[4] Let Z−
0 be the set of all negative integers

with zero. Then with the usual binary addition and ternary
multiplication,Z−

0 forms a ternary semiring.

Definition 2. [4] An additive subsemigroup T of a ternary
semiring S is called a ternary subsemiring if t1t2t3 ∈ T for
all t1, t2, t3 ∈ T.

Definition 3. [4] An additive subsemigroup I of a ternary
semiring S is called

(i) A left ideal of S if SSI⊆ I
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(ii) A lateral ideal of S if SIS⊆ I
(iii) A right ideal of S if ISS⊆ I
(iv) A two sided ideal of S if I is both left and right ideal

of S
(v) An ideal of S if I is a left, a right and a laterl ideal of

S.

Definition 4. [4] A right ideal I of a ternary semiring S is
said to be a right k-ideal if for a∈ I ,a+b∈ I ,b∈ S imply
b∈ I.

Similarly we can define a leftk-ideal and a lateralk-
ideal of a ternary semiringS. If an idealI is right, lateral
and leftk-ideal, thenI is called ask-ideal ofS.

Proposition 1. [4] The intersection of an arbitrary
collection of k-ideals of a ternary semiring S is again a
k-ideal of S.

Definition 5. [4] Let A be an ideal of a ternary semiring
S. Then the k-closure of A, denoted byA, is define byA=
{a∈ S: a+b= cfor someb, c∈ A}.

Definition 6. [4] A ternary semiring S is said to be
regular if for each element a in S there exists an element x
in S such that a= axa. If the element x is unique and
satisfies x= xax, then S is called an inverse ternary
semiring. An element x is called the inverse of a.

Definition 7. [4] An element a in a ternary semiring S is
called an idempotent if aaa= a that is a3 = a. And if each
element of S is idempotent, then S is called an idempotent
ternary semiring.

Definition 8. [5] A proper ideal P of a ternary semiring
S is called a prime ideal of S if ABC⊆ P implies A⊆ P or
B⊆ P or C⊆ P for any three ideals A,B,C of S.

Definition 9. [6] A proper ideal Q of a ternary semiring
S is called a semiprime ideal of S if I3 ⊆ Q implies I⊆ Q
for any ideal I of S.

Definition 10. [6] A proper ideal I of a ternary semiring
S is said to be strongly irreducible if for ideals H and K of
S, H∩K ⊆ I implies that H⊆ I or K ⊆ I.

Definition 11. [8] A ternary subsemiring B of a ternary
semiring S is called a bi-ideal of S, if BSBSB⊆ B.

Definition 12. [3] A ternary subsemiring B of a ternary
semiring S is called a bi-k-ideal of S, ifBSBSB⊆ B.

Definition 13. [2] A bi-ideal B of a ternary semiring S
is called a prime bi-ideal of S, if B1B2B3 ⊆ B implies that
B1 ⊆ B or B2 ⊆ B or B3 ⊆ B for any bi-ideals B1,B2,B3 of
S.

Definition 14. [2] A bi-ideal B of a ternary semiring S is
called a strongly prime bi-ideal of S, if B1B2B3∩B2B3B1∩
B3B1B2 ⊆ B implies that B1 ⊆ B or B2 ⊆ B or B3 ⊆ B for
any bi-ideals B1,B2,B3 of S.

Definition 15. [2] A bi-ideal B of a ternary semiring S
is called a semiprime bi-ideal of S, if B3

1 ⊆ B implies that
B1 ⊆ B for any bi-ideal B1 of S.

Proposition 2. [2] The intersection of any family of prime
bi-ideals of a ternary semiring S is a semiprime bi-ideal of
S.

Definition 16. [2] A bi-ideal B of a ternary semiring S
is called an irreducible bi-ideal of S, if B1∩B2∩B3 = B
implies that B1 = B or B2 = B or B3 = B for any bi-ideals
B1,B2,B3 of S.

Definition 17. [2] A bi-ideal B of a ternary semiring S is
called a strongly irreducible bi-ideal of S, if B1∩B2∩B3 ⊆
B implies that B1 ⊆B or B2 ⊆B or B3 ⊆B for any bi-ideals
B1,B2,B3 of S.

3 Prime, Strongly Prime and Semiprime
Bi-k-ideals of a Ternary Semiring

Definition 18. A bi-k-ideal B of a ternary semiring S is
called a prime bi-k-ideal of S, ifB1B2B3 ⊆ B implies that
B1 ⊆ B or B2 ⊆ B or B3 ⊆ B for any bi-k-ideals B1,B2,B3
of S.

Definition 19. A bi-k-ideal B of a ternary semiring S is
called a strongly prime bi-k-ideal of S, if
B1B2B3 ∩B2B3B1 ∩B3B1B2 ⊆ B implies that B1 ⊆ B or
B2 ⊆ B or B3 ⊆ B for any bi-k-ideals B1,B2,B3 of S.

Definition 20. A bi-k-ideal B of a ternary semiring S is
called a semiprime bi-k-ideal of S, ifB1B1B1 = B3

1 ⊆ B
implies that B1 ⊆ B for any bi-k-ideal B1 of S.

Proposition 3. Every strongly prime bi-k-ideal of a
ternary semiring S is a prime bi-k-ideal of S.

Proposition 4. Every prime bi-k-ideal of a ternary
semiring S is a semiprime bi-k-ideal of S.

Remark. A prime bi-k-ideal of a ternary semiring is not
necessarily a strongly prime bi-k-ideal and a semiprime
bi-k-ideal of ternary semiring is not necessarily a prime
bi-k-ideal.

Proposition 5. The intersection of any family of prime bi-
k-ideals (semiprime bi-k-ideals) of a ternary semiring S is
a semiprime bi-k-ideal of S.

Corollary 1. If B1,B2,B3 be any prime bi-k-ideals of a
regular ternary semiring S, then B1B2B3 is a semiprime
bi-k-ideal of S if and only ifB1B2B3 = B1B2B3.
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4 Irreducible and Strongly Irreducible
Bi-k-ideals of a Ternary Semiring

Definition 21. A bi-k-ideal B of a ternary semiring S is
called an irreducible bi-k-ideal of S, if B1 ∩B2 ∩B3 = B
implies that B1 = B or B2 = B or B3 = B for any bi-k-
ideals B1,B2,B3 of S.

Definition 22. A bi-k-ideal B of a ternary semiring S is
called a strongly irreducible bi-k-ideal of S, if B1 ∩B2 ∩
B3 ⊆ B implies that B1 ⊆ B or B2 ⊆ B or B3 ⊆ B for any
bi-k-ideals B1,B2,B3 of S.

Proposition 6. Every strongly irreducible semiprime bi-k-
ideal of a ternary semiring S is a strongly prime bi-k-ideal
of S.

Proposition 7. Let B be any bi-k-ideal of a ternary
semiring S such that a∈ S and a6∈ B. Then there exists an
irreducible bi-k-ideal I of S such that B⊆ I and a 6∈ I.

Proposition 8. Any proper bi-k-ideal B of a ternary
semiring S is the intersection of all irreducible bi-k-ideals
of S containing B.

Proposition 9. A prime bi-k-ideal of S is either a prime
right k-ideal or a prime lateral k-ideal or a prime left k-
ideal of S.

Proposition 10. A bi-k-ideal B of S is prime if and only if
for a right k-ideal R, a lateral k-ideal M and a left k-ideal
L of S,RML⊆ B implies R⊆ B or M ⊆ B or L⊆ B.

Proof. Suppose that a bi-k-idealB of S is prime. LetR be
a right k-ideal, M be a lateralk-ideal andL be a left
k-ideal ofSsuch thatRML⊆ B. ThereforeR,M andL are
itself bi-k-ideals ofS. HenceR⊆ B or M ⊆ B or L ⊆ B.
Conversely, we have to show that a bi-k-ideal B of S is
prime in S. Let B1,B2,B3 be any three bi-k-ideals ofS
such thatB1B2B3 ⊆ B. For any b1 ∈ B1,b2 ∈ B2 and
b3 ∈ B3,(b1)r ⊆ B1,(b2)m ⊆ B2 and (b3)l ⊆ B3, where
(b1)r ,(b2)m and (b3)l denotes the rightk-ideal, lateral
k-ideal and left k-ideal generated byb1,b2 and b3

respectively. Therefore(b1)r (b2)m (b3)l ⊆ B1B2B3 ⊆ B.
So by assumption(b1)r ⊆ B or (b2)m ⊆ B or (b3)l ⊆ B.
Thus eitherb1 ∈ B or b2 ∈ B or b3 ∈ B implies either
B1 ⊆ B or B2 ⊆ B or B3 ⊆ B. Hence B is a prime
bi-k-ideal ofS.

Theorem 1. Let S be a ternary semiring. Then the
following statements are equivalent:

1. The set of bi-k-ideals of S is a totally ordered under
the set inclusion.

2. Each bi-k-ideal of S is strongly irreducible.
3. Each bi-k-ideal of S is irreducible.

Proof. (1)⇒ (2): Let the set of bi-k-ideals ofSbe a totally
ordered under the set inclusion. ConsiderB be any bi-k-
ideal ofS. Let B1,B2,B3 be any three bi-k-ideals ofSsuch

thatB1∩B2∩B3 ⊆ B. But by assumption, eitherB1∩B2∩
B3 = B1 or B1∩B2∩B3 = B2 or B1∩B2∩B3 = B3. Thus
eitherB1 ⊆ B or B2 ⊆ B or B3 ⊆ B. HenceB is strongly
irreducible bi-k-ideal ofS.

(2) ⇒ (3): Let each bi-k-ideal of S be a strongly
irreducible. ConsiderB be any bi-k-ideal of S. Let
B1,B2,B3 be any three bi-k-ideals of S such that
B1 ∩ B2 ∩ B3 = B. This implies B ⊆ B1,B ⊆ B2 and
B ⊆ B3. But by assumption, eitherB1 ⊆ B or B2 ⊆ B or
B3 ⊆ B. Therefore eitherB1 = B or B2 = B or B3 = B.
HenceB is an irreducible bi-k-ideal ofS.

(3) ⇒ (1): Let each bi-k-ideal ofS be an irreducible.
Let B1,B2 be any two bi-k-ideals ofS. Then by proposition
5, B1 ∩B2 is irreducible bi-k-ideal of S. Now sinceB1 ∩
B2∩S= B1∩B2 impliesB1 = B1∩B2 or B2 = B1∩B2 or
S=B1∩B2 implies eitherB1 ⊆B2 orB2 ⊆B1 orB1=B2=
S. This shows that the set of bi-k-ideals ofS is a totally
ordered under the set inclusion.

5 Fully bi-k-idempotent Ternary Semiring

In this section we generalize the concepts of fully
idempotent semiring introduced by Ahsan in [1] to a fully
bi-k-idempotent ternary semiring using [2] and [7].

Definition 23. A ternary semiring S is said to be fully bi-
k-idempotent if every bi-k-ideal of S is k-idempotent. That
is S is said to be fully bi-k-idempotent if for any bi-k-ideal
B of S,B3 = BBB= B.

Theorem 2. Let S be a ternary semiring. Then the
following statements are equivalent:

1. S is fully bi-k-idempotent.
2.B1B2B3∩B2B3B1∩B3B1B2 =B1∩B2∩B3 for any bi-

k-ideals B1,B2,B3 of S.
3. Each bi-k-ideal of S is semiprime.
4. Each proper bi-k-ideal of S is the intersection of

irreducible semiprime bi-k-ideals of S which contain
it.

Proof. (1)⇒ (2): Let B1,B2,B3 be any three bi-k-ideals of
S. Then by proposition5, B1∩B2∩B3 is also a bi-k-ideal
of S. By assumption, we have

B1∩B2∩B3 = (B1∩B2∩B3)3

= (B1∩B2∩B3)(B1∩B2∩B3)(B1∩B2∩B3)

⊆ B1B2B3.

Similarly,
B1∩B2∩B3 ⊆ B2B3B1

and
B1∩B2∩B3 ⊆ B3B1B2.

Therefore

B1∩B2∩B3 ⊆ B1B2B3∩B2B3B1∩B3B1B2.
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Now B1B2B3,B2B3B1 andB3B1B2 are bi-k-ideals ofS. So
by proposition5, B1B2B3∩B2B3B1∩B3B1B2 is also a bi-
k-ideal ofS. Therefore by assumption,

B1B2B3∩B2B3B1∩B3B1B2 = (B1B2B3∩B2B3B1∩B3B1B2)3

⊆ (B1B2B3)(B3B1B2)(B2B3B1)

⊆ (B1SS)(SB1S)(SSB1)

= B1(SSS)B1(SSS)B1

= B1SB1SB1

⊆ B1.

Similarly,

B1B2B3∩B2B3B1∩B3B1B2 ⊆ B2

and
B1B2B3∩B2B3B1∩B3B1B2 ⊆ B3.

Thus

B1B2B3∩B2B3B1∩B3B1B2 ⊆ B1∩B2∩B3.

Hence

B1B2B3∩B2B3B1∩B3B1B2 = B1∩B2∩B3.

(2) ⇒ (3): Let B be any bi-k-ideal of S. Suppose for

any bi-k-idealB1 of S, B3
1 = B1B1B1 ⊆ B. By assumption,

we have

B1 = B1∩B1∩B1

= B1B1B1∩B1B1B1∩B1B1B1

= B1B1B1

⊆ B.

Hence each bi-k-ideal ofS is semiprime.
(3) ⇒ (4): Let B be any proper bi-k-ideal of S.

Therefore by proposition8, B is the intersection of all
irreducible bi-k-ideals ofS containingB. By assumption,
each bi-k-ideal of S is semiprime. Hence each proper
bi-k-ideal ofS is the intersection of irreducible semiprime
bi-k-ideals ofSwhich contain it.

(4) ⇒ (1): Let B be any bi-k-ideal of S. If B3 = S,
thenS⊆ B3 impliesB ⊆ S⊆ B3. Also B3 ⊆ S. Therefore
B3 = B, for each bi-k-ideal B of S. Now if B3 is proper
bi-k-ideal ofS, that isB3 6= S. Then by assumption,B3 is
the intersection of irreducible semiprime bi-k-ideals ofS
which contain it. That is
B3 = ∩{Bi : Bi is irreducible semiprime bi-k-ideal of S}.
As eachBi is a semiprime bi-k-ideal ofS, B⊆ Bi , for all i.
ThereforeB ⊆ ∩Bi = B3. Also B3 ⊆ B. Thus B3 = B.
HenceS is fully bi-k-idempotent.

Theorem 3. If a ternary semiring S is fully
bi-k-idempotent, then a bi-k-ideal B of S is strongly
irreducible if and only if B is strongly prime.

Proof. Let Sbe a fully bi-k-idempotent ternary semiring.
ConsiderB be a strongly irreducible bi-k-ideal of S. Let
B1,B2,B3 be any three bi-k-ideals ofSsuch thatB1B2B3∩
B2B3B1∩B3B1B2 ⊆ B. By theorem2, B1B2B3∩B2B3B1∩
B3B1B2 = B1∩B2∩B3. ThusB1∩B2∩B3 ⊆ B. But B is a
strongly irreducible bi-k-ideal ofS. Therefore eitherB1 ⊆
B or B2 ⊆ B or B3 ⊆ B. HenceB is strongly prime bi-k-
ideal ofS. Conversely suppose thatB be a strongly prime
bi-k-ideal of a fully bi-k-idempotent ternary semiringS.
Let B1,B2,B3 be any three bi-k-ideals ofSsuch thatB1∩
B2∩B3 ⊆ B. By theorem2, B1B2B3∩B2B3B1∩B3B1B2 =
B1∩B2∩B3 ⊆ B. As B is strongly prime bi-k-ideal of S,
we have eitherB1 ⊆ B or B2 ⊆ B or B3 ⊆ B. HenceB is
strongly irreducible bi-k-ideal ofS.

Theorem 4. Each bi-k-ideal of a ternary semiring S is
strongly prime if and only if S is fully bi-k-idempotent and
the set of bi-k-ideals of S is totally ordered under the set
inclusion.

Proof. Suppose that each bi-k-ideal of a ternary semiring
S is strongly prime bi-k-ideal. Then each bi-k-ideal ofS is
a semiprime bi-k-ideal. Therefore by theorem2, S is fully
bi-k-idempotent. Now, letB1 andB2 be any two bi-k-ideals
of S. Then by theorem2, we haveB1 ∩B2 = B1 ∩B2 ∩
S= B1B2S∩B2SB1 ∩SB1B2 = B1 ∩ B2 ⊆ B1 ∩B2. Also
by assumption,B1 ∩B2 is strongly prime bi-k-ideal of S.
Therefore eitherB1 ⊆ B1∩B2 or B2 ⊆ B1∩B2 or S⊆ B1∩
B2. ThusB1 ⊆ B2 or B2 ⊆ B1. Hence the set of bi-k-ideals
of S is totally ordered under the set inclusion. Conversely,
suppose thatS be a fully bi-k-idempotent and the set of
bi-k-ideals ofS is totally ordered under the set inclusion.
Let B be any bi-k-ideal ofSand letB1,B2,B3 be any three
bi-k-ideals ofSsuch thatB1B2B3∩B2B3B1∩B3B1B2 ⊆ B.
By theorem2, we have

B1∩B2∩B3 = B1B2B3∩B2B3B1∩B3B1B2 ⊆ B (1)

Since the set of bi-k-ideals ofS is totally ordered under
the set inclusion, so forB1,B2,B3 we have following six
possibilities:

(i) B1 ⊆ B2 ⊆ B3
(ii) B1 ⊆ B3 ⊆ B2
(iii) B2 ⊆ B3 ⊆ B1
(iv) B2 ⊆ B1 ⊆ B3
(v) B3 ⊆ B1 ⊆ B2
(vi) B3 ⊆ B2 ⊆ B1

In these cases we have

(i) B1∩B2∩B3 = B1
(ii) B1∩B2∩B3 = B1
(iii) B1∩B2∩B3 = B2
(iv) B1∩B2∩B3 = B2
(v) B1∩B2∩B3 = B3
(vi) B1∩B2∩B3 = B3

Thus equation1 gives eitherB1 ⊆ B or B2 ⊆ B or B3 ⊆
B. HenceB is strongly prime bi-k-ideal ofS.
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Theorem 5. If the set of bi-k-ideals of a ternary semiring
S is totally ordered under the set inclusion, then S is fully
bi-k-idempotent if and only if each bi-k-ideal of S is prime.

Proof. Let the set of bi-k-ideals of a ternary semiringS
is totally ordered under the set inclusion and suppose that
S be a fully bi-k-idempotent. LetB be any arbitrary bi-k-
ideal ofS. And let B1,B2,B3 be any three bi-k-ideals ofS
such thatB1B2B3 ⊆ B. Then by assumption, forB1,B2,B3
we have the following six possibilities:

(i) B1 ⊆ B2 ⊆ B3
(ii) B1 ⊆ B3 ⊆ B2
(iii) B2 ⊆ B3 ⊆ B1
(iv) B2 ⊆ B1 ⊆ B3
(v) B3 ⊆ B1 ⊆ B2
(vi) B3 ⊆ B2 ⊆ B1

From i) and ii), we haveB3
1 = B1B1B1 ⊆ B1B2B3 ⊆ B

implies B1 ⊆ B, implies B1 ⊆ B, asB is bi-k-ideal of S.
Similarly, we haveB2 ⊆ B or B3 ⊆ B. HenceB is prime
bi-k-ideal ofS. Conversely, suppose that each bi-k-ideal of
S is prime, so by proposition , it is semiprime bi-k-ideal of
S. Therefore by theorem2, S is fully bi-k-idempotent.

Theorem 6. If the set of bi-k-ideals of a ternary semiring S
is totally ordered under the set inclusion, then the concepts
of primeness and strongly primeness coincide.

Proof. Suppose thatB be any arbitrary bi-k-ideal ofS. Let
B1,B2,B3 be any three bi-k-ideals of S such that
B1B2B3 ∩ B2B3B1 ∩ B3B1B2 ⊆ B. Since the set of
bi-k-ideals of a ternary semiringS is totally ordered under
the set inclusion, then forB1,B2,B3 we have the
following six possibilities:

(i) B1 ⊆ B2 ⊆ B3
(ii) B1 ⊆ B3 ⊆ B2
(iii) B2 ⊆ B3 ⊆ B1
(iv) B2 ⊆ B1 ⊆ B3
(v) B3 ⊆ B1 ⊆ B2
(vi) B3 ⊆ B2 ⊆ B1

From i) and ii), we haveB3
1 = B3

1∩B3
1∩B3

1 ⊆B1B2B3∩

B2B3B1∩B3B1B2 ⊆ B, impliesB1 ⊆ B, asB is bi-k-ideal
of S. Similarly, we haveB2 ⊆ B or B3 ⊆ B. HenceB is
strongly prime bi-k-ideal of S. Conversely, suppose that
B is strongly prime bi-k-ideal of S. Let B1,B2,B3 be any
three bi-k-ideals ofS such thatB1B2B3 ⊆ B. This implies
B1B2B3∩B2B3B1∩B3B1B2 ⊆ B, implies eitherB1 ⊆ B or
B2 ⊆ B or B3 ⊆ B. HenceB is prime bi-k-ideal ofS.

6 Conclusion

In this paper we have defined prime bi-k-ideal, strongly
prime bi-k-ideal, semiprime bi-k-ideal, irreducible
bi-k-ideal and strongly irreducible bi-k-ideal of a ternary
semiring. Also we generalized the concepts of fully
idempotent semiring to a fully bi-k-idempotent ternary
semiring.
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