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Abstract: Computer encryption are based mostly on primes, which are also vital for communications. The aim of this
paper is to present a new explicit strategy for creating all primes and Poulet numbers in order up to a certain number by
using the Fermat's little theorem. For this purpose, we construct a set C of odd composite numbers and transform Fermat's
little theorem from primality test of a number to a generating set O of odd primes and Poulet numbers. The set O is sieved
to separate the odd primes and the Poulet numbers. By this method, we can obtain all primes and Poulet numbers in order
up to a certain number. Also, we obtain a closed form expression which precisely gives the number of primes up to a
specific number. The pseudo-code of the proposed method is presented.
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1 Introduction

In today's society, with the rapid progress of computers,
number theory will make more prominent long strides in
the future. As a principal direction, number theory spreads
extraordinary impacts on other disciplines, and it is the
basis of many directions. Primes are viewed as one of the
primary intriguing subjects with regards to number theory
and they have various applications in different disciplines

e.g., cryptography [1].

Two integers ¢ and d are congruent modulo n, written
c=d(@mod n) if n divides c-d, or equivalently, if
d =c +somemultipleof n . In a congruence modn, the
number #n is called the modulus, n >2 [2].

Little theorem of Fermat states that if p is a prime and d is
any integer not divisible by p, then d” ' 1 is divisible by
p [2]. A Poulet number is a composite odd number 7z such
that 2" = l(modn). A composite number n€N satisfying

the congruence 2"'= l(rnodn)is called pseudoprime

number (to base 2). Also, Poulet numbers are specific kinds
of Fermat pseudoprime numbers themselves, namely to the
base 2. It is clear from little theorem of Fermat and
definition of a Poulet number that if ¢, is an odd integer

greater than one and 2%~ —] is divisible by ¢ ., then ¢, is
either an odd prime or a Poulet number.

In this article, we use Fermat's little theorem and definition
of the Poulet number in order to construct a set @ which
contains the odd primes and the Poulet numbers up to a
certain number ¢, , where g, () represents the largest
number in the set O . Generating primes by using sieving
methods is a fundamental topic in number theory. Also, we
use the intersection and difference operations defined on
the sets to sieve the primes and the Poulet numbers.
Furthermore, we determine an explicit closed form
mathematical expression which exactly gives the number of

primes up to a certain number g, €(. For the best of our

knowledge, that is the second exact formula given in
literature where the first one was given in [3].

Algorithms sieves of Eratosthenes and Sundaram are
algorithms that used to delete composite numbers from a set
of numbers that exist, these processes are quite good as
algorithms that could be applied to different processes of
cryptographic algorithms [4, 5]. Jo and Park [6] used GCD
primality test to generate primes for mobile smart devices.
Konigsberg [7] generated primes and twin primes using the
divisibility properties of binomial expressions. Little
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theorem of Fermat is used for primality test of a number in
Tarafder and Chakroborty [8]. Sah et al [9] studied the
different proofs for little theorem of Fermat and
applications implicated through the 17th -21th centuries.

The article is coordinated as follows: the suggested new

technique for creating the primes and the Poulet numbers in
order up to a certain number introduces in section 2. The
Pseudocode for the suggested method is presented in

section 3. Section 4 concludes the study.

2 A New Technique for Creating the Primes
and the Poulet Numbers

Fermat's little theorem is used to generate the primes and
the Poulet numbers in order up to a certain number.

The suggested method is composed of the following steps:
The first step: Let O be the set of the odd primes and the

Poulet numbers up to g, €(Q,where ¢, is the largest
number generated in O,

Q 2q/7]_
=4q; i —
g

is a positive integer, j=1, 2, 3, ...,m}.
j

The second step: Create the set C . where

q, —((2i +1)2)

C, =4(2i +1)(2i +2n, +1):n, =0,1,2,..., 200 1)

i1 =123,..k.
~(2i +1)’

And |C,|=V”’—‘+l, where || is the
2(2i +1)

Cardinality and | . | is the floor function.

g, —(2i +1)’

If i =k +1, we obtain
2(2i +1)

‘< 0 then stop
generating the set Ci.
k
The third step: Let C =JC, and rm) =0 NC,where
i=l

T is the set of Poulet numbers up to ¢, .

The fourth step: Let P be the set of primesup to ¢, €0,
then P ={2} U(Q -T (qm)).

Moreover, we can determine the number of primes up to a

certain number ¢, by using the following formula

pl=1+lel-f |

The previous method can be transformed to the next
theorem.

Theorem
Consider the set

0 21
=<q.:
g

J

is a positive integer, j=1, 2, 3, ...,m}Let P,

P and T ) be sets of the primes, the odd primes and
the Poulet numbers, respectively up to a certain number

q,, where g, is the largest number generated in Q. If
k
c=Uc,,
i=l !
. 2
q, —((21 +1) )

C. =
2(2i +1)

i

(2i +1)(2i +2n, +1):n, =0,1,2,...,
J=123,.,k.

Then P ={2}UP ") ={2}U(Q T “~")and |P| = 1+]0| -

‘T ("'")‘ where H denotes the cardinality and LJ is the

floor function.
Proof:

According to Fermat's little theorem and definition of a
Poulet number, then the set O as stated can be written as

follows

Q:P(qm)UT(qm) (1.1)

Assume that C; and C are as stated and by using [3], C can
be written as follows

(1.2)

C= {9 <c¢ £qy, :c is an odd composite number} .

From definition of O, a Poulet number and C, it is clear that

Also, from definition of a Poulet number and a prime, it is

clear that P (T ) = g, (1.4)
This implies that equation (1.1) gives
pan :Q_T(qm). (1.5)

Since P and P9 are sets of the primes and the odd
primes, respectively, then
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P:{Z}UP«;M):{Z}U(Q —T(""')). (1.6) |Q|:|Q _T(qm>|+|T<qm> =>|Q _T @) =|Q|—|T“"“)|. (1.8)
Therefore, the first demand is proved.
Since P {2} = ., then (1.6) gives By substituting from (1.8) in (1.7), we obtain

@ |P|=1+[0|-|r ). (1.9)

Il — 16\ | p@m)| _ Ll _ 7 Gm)]

Since 0 =(Q _T(qm))UT(q,,,) and (Q _T(qm))mT(q,,,):%

then

3 Pseudocode for the Suggested Method

Therefore, the second demand is proved and hence the
proof is completed.

The next algorithm gives our suggested strategy for producing primes and Poulet numbers in order.

Algorithm: The suggested strategy for producing primes and Poulet numbers in order

1: function Prime Poulet(m)

2:  forn from 3 by 2 to m do
L
3: q <
n
4: if ¢ is integer then
5: i+l
6: QOlil«n
7: end if
8: enddo
9: gm < max(Q) > gm
10: k<1
11: i<0
12:  while k> 0do
13: i—itl
(2i +1 2
N LU G N
2(2i +1)
15: enddo
16:  k«i
17:  forifrom 1 to k do
2
s J o qm (2l+])
2(2i +1)
19: for n from 0 to d do
20: x[n+1] « (2i+1)(2i+2n+1)
21 end do
22: Ce—x
23: x—1]
24: end do
25: Poulet <~ QO NC
26: p <O —Poulet

27: end function

is the limit up to which primes and Poulet

numbers are generated

D> save the generated elements x in vector C

> Poulet is the set of Poulet numbers
D> P is the set of primes
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4 Conclusions

An original precise procedure for creating the primes and
poulet numbers is proposed which has numerous
applications in many disciplines especially cryptography.
This strategy relies upon the Fermat's little theorem. It tends
to be utilized to produce all primes and poulet numbers up
to a specific number. Additionally, a closed form
expression which accurately decides the quantity of primes
up to a specific number is given.
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