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Abstract: This study develops a mathematical model for cholera transmission dynamics using the Susceptible -Asymptomatic
-Infected- Quarantined- Recovered- Bacterium formulation,incorporating both classical and Atangana-Baleanu fractional-order
derivatives. The model is expressed as a system of fractional differential equations (FDEs) to characterize the non-local memory
effects inherent in cholera transmission. The well-posedness of the model is established by proving the existence, uniqueness, and
positivity of solutions using fixed-point theory. The basic reproduction number is derived via the next-generation matrix method,
serving as a threshold parameter to determine disease persistence or eradication. Local and global stability analyses of equilibrium
states are performed using the Jacobian matrix,Metzler matrix theory, and Lyapunov function techniques. Numerical simulations
employing the Adams-Moulton scheme illustrate the influence of memory-dependent dynamics,revealing that lower fractional orders
slow the spread of infection by regulating bacterial growth and host-pathogen interactions. These results underscore the utility of
fractional-order modeling in epidemiology, suggesting that incorporating memory effects enhances the predictive capability of disease
models. Future research should focus on integrating optimal control strategies to mitigate cholera outbreaks effectively.
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1 Introduction

Cholera is an acute diarrheal disease transmitted through contaminated water, caused by the gram-negative bacterium
Vibrio cholerae,which mainly inhabits aquatic environments and affects the small intestine [1]. As the primary cause of
cholera, Vibrio cholerae results in severe diarrhea, primarily impacting populations in developing countries[2].The
disease spreads through direct contact with contaminated water or seafood, as well as through human-to-human
transmission of the bacterium[3].Cholera symptoms include the sudden onset of high fever,significant weight loss,
nausea, vomiting, irregular heartbeat, and dehydration caused by severe fluid loss [4]. Considering the transmission
mechanisms of cholera is essential for developing effective prevention and control strategies, as the disease is often
worsened by seasonal bacterial blooms, poor sanitation, and contaminated water sources [5].

Cholera represents a major global public health threat, with estimates indicating that 1.3 to 1.4 million people are
infected each year, leading to around 21,000 to 43,000 deaths globally [6]. The quick onset of the disease can cause
intense vomiting and diarrhea, which raises the risk of severe dehydration.

Mathematical models in epidemiology offer crucial insights into how diseases spread and help guide the development of
effective containment strategies.The idea of using mathematical models to understand the transmission of endemic
diseases can be traced back to Daniel Bernoulli’s 1766 study on smallpox [7].In 1927, Kermack and McKendrick made
foundational contributions that established the use of systems of differential equations to understand disease transmission
[8].Since then,numerous studies have employed mathematical modeling to analyze and predict cholera outbreaks,thereby
improving public health decision-making [9]. Recent developments in fractional calculus have led to the introduction of
fractional derivatives and integrals, which exhibit non-local characteristics, making them especially effective for
modeling biological systems [10,11,12].For example,studies have integrated memory effects into conventional
models,like the SIR model,to more accurately represent disease transmission dynamics[11].Other research has
investigated fractional differential models across different biological contexts,showcasing their effectiveness in
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representing complex systems[13]. The Atangana-Baleanu fractional derivative,in particular, has proven valuable in
studying natural phenomena by connecting the current state with all past states [14].This approach offers increased
flexibility in modeling by allowing the selection of any real number for the derivative order,which improves system
stability and provides extra parameters for numerical simulations [15]. The increasing interest in fractional-order
differential equations (FDEs) highlights their importance in modeling real-world systems with memory [16]. Recent
applications cover a variety of infectious diseases, such as tuberculosis and COVID-19, demonstrating the versatility of
fractional models in epidemiology [17].

For example, Leo [18] advanced an ML reference cholera model that can be used to overcome the existing complexities
of modeling the illness. His results shows, at an average of 87%,that the developed measures can mitigate a large number
of datasets,including environmental factors,for the timely prediction of cholera epidemics in Tanzania. In [19],a
mathematical model for cholera considering vaccination output grow to be proposed. In [20],Capasso and
Paveri-Fontana deduced a mathematical model for the 1973 cholera epidemic withinside the European Mediterranean
region.In 2017, the transmission dynamics of cholera in Yemen were investigated thru Nishiura et al [21].Lastly, a model
containing optimal intervention strategies for cholera control was formulated in [22]. Luchko and Yamamoto [23]
explored a new differential operator with a substantial kernel function. Due to the existence of flexibility in choosing the
kernel, they provide a basis for a broad range of applications [24].Changing the kernel in the general derivative leads to
the investigate of various asymptotic behaviors. Mukandavire et al explored a model with saturation effect to assess the
reproduction number of cholera outbreak in Zimbabwe from 2008 to 2009 [25].In 2011, Jin Wang and Chairat Modnak
elongate Mukandavire et al. model to cognizance at the consequences of vaccination, restoration treatment, and water
sanitation at the cholera outbreaks [26]. In 2016,Lemos-Paiao et al considered SIQRB cholera model to decrease the
number of infected individuals via treatment through quarantine [27].However,traditional integer-order models often lack
the flexibility to improve stability zones,as they are inherently local in nature.

Building upon the preceding discussion, this study introduces an innovative mathematical model that employs the
general form of the Atangana-Baleanu fractional derivative to represent the dynamics of a cholera outbreak.To the best of
our knowledge,this is the first analysis applying such a fractional derivative form to cholera,thereby enhancing the
model’s flexibility through the use of various kernels and fractional orders to capture the complex behaviors of the
biological system under study. Furthermore,the SAIQR-B endemic model incorporating the Atangana-Baleanu fractional
derivative has not been previously explored.By leveraging these considerations, we propose a fractional order
mathematical model for cholera transmission dynamics focusing on the Susceptible- Asymptomatic- Infected-
Quarantined-Recovered and Bacterium(SAIQR-B)compartments.This represents the inaugural application of the
Atangana-Baleanu fractional derivative within the SAIQR-B model framework.

The remainder of this paper is structured as follows: Section 2 presents the model description and formulation; Section 3
establishes the existence and uniqueness of solutions,including positivity and boundedness within the context of the
Atangana-Baleanu fractional operator;Section 4 presents the model analysis; Section 5 details the numerical solutions
and simulations of the SAIQR-B model; and Section 6 concludes the study.

2 Cholera Model Description and Formulation

The model separated the entire population into five groups, each of which included vulnerable people. S(¢) are those
people who are healthy now but may have the illness in the future, asymptomatic individuals A(¢), individuals who are
already cholera infected but has no cholera symptoms, symptomatic individuals (), are individuals who are already
cholera infected and shows cholera disease symptoms, quarantined individuals Q(¢), are individuals who are infectious
and compulsory quarantined to get treatment based on the patients clinical results, and recovered individuals R(¢), are
individuals who are recovered from Cholera disease by treatment at a time. Moreover, B(t), is the concentration of Vibro
Cholerae bacterium in an aquatic environment is tracked as an additional compartment.

The model also assumed that the human population recruited to susceptible compartment at a rate IT and the concentration
of the environmental bacteria is described by a logistic growth model with the intrinsic growth rate r and the carrying
capacity K [21]. Infectious individuals like asymptomatic, symptomatic and quarantined individuals contribute to the
bacteria population in the environment at rate d;,0, and &3 respectively, and L is the bacteria removal rate due to water
sanitation. Susceptible individuals may become infected by Cholera infection either directly through human to human

transmission at a force of infection A; = ( w), where B is the effective contact rate and g is the transmission
coefficient for asymptomatic individuals or indirectly from environment to human by ingestion of contaminated water

by Vibrio Cholerae bacterium at a rate A, = ,ﬁ—g , where k is the concentration of Vibrios in contaminated water in the
environment, and f3, ingestion rate. Susceptible individuals progress to asymptomatic compartment with probability (1 —
p), and to the symptomatic compartment with probability p. The quarantined compartment increases with individuals who

come from asymptomatic and symptomatic compartments with a rate ¢ and w respectively. Then quarantined individuals
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are recovered as a result of cholera treatment at a rate 0. The recovered individuals who lose immunity become susceptible
at arate o. In all compartments, { is the natural death rate of individuals, but in the infectious compartment & is Cholera
disease induced death rate. All parameters in the model are non-negative. The schematic diagram of Cholera model is
shown in Fig.1.
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Fig. 1: Schematic Diagram of Cholera Model

Based on the aforementioned model assumption with the description and schematic diagram we obtain the following
version of equations.

B = — 225 — uS+oR,

D= (1-p)MAS—(@+8 +u+E)A,
4= phAS—(0+&+pu+E),

9O — pA+ ol —(0+8+u+E)0,

R =600 (Lt )R,

48 — rB(1—£)+ 8A+ 8,1 + 830 — igB.

6]

With initial condition S(0) > 0,A(¢t) > 0,1(¢) > 0,0(t) > 0,R(¢) > 0, and B(¢) > 0.

However, the classical model (1) does not include memory effects due to the existence of integer-order derivatives in the
Dynamics. To overcome this issue, here we modify the model (1) by replacing the ordinary time-derivative with Atangana-
Baleanu fractional derivative. Following these considerations, the new fractional model for the cholera dynamics is as the
following system.

SBCDOS(1) = Fi(t,S),

05°DPA(t) = B(1,4),

‘(A)BCD?I(I):F3(I7I)7 )
OECDPQ(t) = Fa(t,Q),

SBCD?R(Z) - FS(taR)a

$DPB(t) = Fy(t,B).
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where the kernels are given by

Fi(1,S) =1 — 21228 — uS+ OR,

=R(tA) =1-p)hlS—(@+8 +u+)A,

F3(t,1) = PL 28 — (0)+62+H+€)1, 3)
Fi(t,0) =0A+ ol — (0 +8&+u+E&)0,

Fs5(t,R) = 00— (L+ )R,

Fo(t,B) =rB(1—2)+ 8|A+ 81+ 80 — jgB.

With initial condition S(0) = So,A(0) = Ao, 1(0) = Ip, 0(0) = 0o, R(0) = Ry, B(0) = By. and A; = (BUFeA)) 3, — BB

where all the parameters are assumed to be non-negative, and éBCD," denotes the Atangana-Baleanu fractional derivative
of order ¢ € (0, 1] for function f(z) such that [9].

Preliminaries

In this section, we overview numerous key definitions, lemmas, and ideas which can be essential to apprehend our
suggested.

Definition 1.(/29,31]). Let f € C'(a,b), a < b ,be a function, and o € [0,1]. The Atangana-Baleanu (AB) fractional
derivative in Caputo type of order o is given by
ABC pyo G(o ) ! df o c
D; ———(t—k)°|dk 4
160 =72 [ L Eel= 12— = 0°a. @

where G(0) is the normalization function given by G(0) =1 — o+ %, characterized by G(0) = G(1) = 1, and the
Mittag-Leffler function E ;) with C the set of the complex number is given by

o0 B
Es) Xg—o m, 0,2€ C,R(c) >0.

Definition 2.7he AB fractional integral of the function f € C'(a,b) is given by [20,21,22]

IO = G+ G ), SRRk )

Lemma 1.(/24]) The AB fractional derivative and AB fractional integral of the function f € C'(a,b) satisfies the Newton-
Leibniz equality

API°(GPCDP f(1) = £(1) — f(a).

Lemma 2.(/25,26]) For two functions f,g € A'(a,b),b > a, the AB fractional derivative satisfies the following inequality:
145 DP f(£) =" DPg(e) < A || £(£) —g(1) |l

3 Basic Properties of Model

3.1 Invariant Region

In the subsequent analyses, we will show that the version plays well-posed in each epidemiologically and mathematically.
The boundedness of the solutions are performed in two parts: the human population and bacterial population. For the
human population, the first five equations of system (2) are summed to give

AECDIN(1) = IT— uN (1) — Tot — A(8y +&) (8 +&) — OS5 + &) < IT— uN (). ©)

Applying the Laplace transform of the above inequality, we have
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A ZIN@)] - A°7IN(0) < % —uZ[N()], (7)
that can be written as
),_1 lc—l
N < I1 N(O 8

LIV < 3o T gV O), ®)

applying the inverse of the Laplace transform on inequality (6) gives

(e} (e} (e} H (e} H

N(t) <Ht°Es g1 (—pt®) + Eg 1 (—ut®)N(0) = (_F +N(0)Eg,1(—ut?) + e ©)

where
k

Eap(2) = Xilo Flairs)
is Mittag-Leffler function with parameters a and b. It is clear that N(0) < % when ¢ = 0. Then, N(t) < % can be derived

from Eq 1 (—utlc)) > 0.
Next, for the bacterial population, it follows that

SBCDCB(1) < rB(1 —§)+51A+821+52Q—NBB7 (10)

thus, one has

(81+6,+83)
B(t) < i HK.

As such, the feasible region for system (2) is given by

Q= {(S,A,I,Q,R,B) €RS:0<SN(@) < (11)

3.2 Positivity of Solutions

Theorem 1.For the given initial conditions , the solutions of system (2) are positive and bounded for all t > 0.

Proof.One of the important characteristics of epidemiological models is that their solutions are both positive and bounded.
In order to ensure this, we establish that all of the state variables are non-negative for any time n > 0, which implies that
a trajectory starting with a positive initial condition will stay positive for all n > 0. Thus, system (2) gives

SBCDS(1)|S=0=IT1+aR > 0,
SBCDEA(1)|A=0=(1—p)AiA28 > 0,
SBCDCI(t)|I = 0 == phi A2l >0,
AECDPQ(1)|Q = 0= @A+ 0l >0,
0"“DPR(1)[R=0=60 >0,
SBCDPB(1)|B=0=81A+ &1+ 60 > 0.

12)

Based on analysis and discussion described above, the solutions of the system (2) remain positive and bounded.
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3.3 Existence and Uniqueness of the Solutions

In this section, existence and uniqueness of the fractional-order model (2) is deliberated. To show the existence of the
solution to model (2), we use the famous theorem referred to as the Banach fixed point theorem. For an extensive study on
fixed points and contractions, we refer the reader to [42] and the references therein. To show the existence and uniqueness
Of the solution, we continue as follows. Applying the AB fractional integral to model (2), we obtain

(1) = S(0) = G5 R (1:8) + gty Jo Fi(k $)(t )7k,
AW) ~A0) = F5R.5)+ grairey o Palk At —K)°dk,
I(t) = 1(0) = ﬁ 3(6,8) + e e Jo Pk 1) (6 — K)o~ dk,

13
0(1) — Q(0) = LS Fil1,) + grs%ry o Falk, Q)1 — k)~ dk, (19

R(1) = R(0) = & F5(1.5) + G57r7a) fo Fs(k,R)(t — k)7~ dk,
B(t)—-B(0) = ﬁFGOaS) + G(o) (o) f(; Fs(k,B)(t —k)°~'dk,

Consider the set C = D(J) x D(J) x D(J) x D(J) x D(J) where D(J) = C[0,T] is the Banach space of real-valued
continuous functions defined on an interval J = [0,7] with the corresponding norm defined by
I (S,A,1,0,R,B) ||=| , where

| S11=Supics | S@) [, A ll=Supics [ A@0) [, || 1 [|= Supics [1(2) [, || @ [|= Supics [ Q) || R |= Supies | R(2) |, || B ||=
Supres | B(t) |-

Theorem 2.(Lipschitz condition and contraction) For each of the kernels Fy, F», F3, Fy, Fs, Fs in (2), there exists M; > 0,i =
1,2,3,4,5,6 such that

1 F1(2,8) = Fa(2,81) | < My || S(1) = $1(2) |,

| Fa(t,A) = Fa(1,Av) [|< M [| A() = Av (1) |l

I F3(,0) = F3(t,h) [|[< M3 || 1) =L (1) |,

| Fa(t,Q) = Fa(t, Q1) [|< Ma || Q1) = Qi (1) ||,
| F5(2,R) = Fs(t,Ry) [|< M5 || R(2) = Ry (¢) ||,

|| Fo(1,B) = Fo(1,B1) || < M || B(t) = B1 (1) || -

and are contractions for 0 < M; < 1,i=1,2,3,4,5,6.

=|| (IT = 4228 — uS+ aR) — (IT — L1 1,81 — uS1 + oR) ||
( MA2S — US4+ A 4281 + uSy) H
==[ LA (81 = §) +u(S1 = 9) ||
< (A +p) [ (S1=8) |
<My || (S1=9) ],

Proof.|| F1(t,S) — Fi(t,51) ||‘|

where M| = 414, + U,
It then follows that Fj(¢,S) satisfies the Lipschitz condition with Lipschitz constant M; = A;A; + 1. Moreover, if 0 <
M, < 1, then Fi(¢,S) is a contraction. Again for second

| F2(2,8) = Fa(t, A1) |=]] (1 = p)AiAaS — (@ + 01 + u+E)A) — (1 —p)hiAaS— (@ + 81+ +E)Ay) ||
= —(@+ 8 +u+E)A)+(p+6 +u+E)A) |
=(@+6+u+8&) | (A1 —A)
<(p+8i+u+8)| (A —-A)|
My <|| (Ay —A) ||,

where M, = @+ 6, +u+£&,

It then follows that F>(z,A) satisfies the Lipschitz condition with Lipschitz constant M, = ¢ 4 &; 4+ 1 + &. Moreover, if
0 <M, < 1, then F>(t,A) is a contraction.

Similarly, we can show the existence of M;,i = 3,4,5,6, and a contraction principle for F3(t,1),Fs(t,Q),Fs5(t,R),Fs(t,B),

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 1, 135-154 (2026) / www.naturalspublishing.com/Journals.asp NS ¥ 141

0<M; < 1. Now for =1,,n=1,23,4,5,6, define the following recursive form of (13)

Sa(t) = G A (,55-1) + 5516y Jo Fi (k, Su1) (1 —Kk)° ' dlk,

A (z):l GFQ(I Apo1)+ #[()Fz(k An—1)(t —k)°'dk,

5(1) = Gy B (0, 1 1)+ﬁfoF3(k In—1)(t = k)°~ ' dk, (14)
0(t) = S-EFa(t,00 1) + graSrey Jo Falk, Qu 1) (e — )7k,

R, (1) = l—g) 5(t,Ru1) + grairiey Jo Fs (k,Rut ) (1 — k)~ dk,

Bu(1) = g5y Fo(t,Bu1) + G"” Jo Fo(k,Sn—1)(t —k)°~'dk,

with initial conditions Sy(2)S(0),A¢(z) = A(0),Io(¢) = 1(0),Qo(¢) = Q(0),Ro(¢) = R(0),By(¢) = B(0).The differences
between successive terms in (14) are expressed as follows;

Bi(1) = Su(1) = Su—1(r)

= é(%f Fi(t,Sn—1) — F1(t,S,-2))

+G(6)C;"(c) Jo(Fi(t,Su—1) — Fi(t,Sn—2))(t —k)° dk
Bon(t) = An(r) —An1(1)

— ﬁ B(t, Ay 1) —F(1,An2))

+5EwE) Jo(Ba(t,Ap—1) — Fa(t,An—2))(t —k)°dk,
By (1) = I(t) — 1 (1)

= i) (B(t,1h1) = F(t,1,-2))

+G(zr)ci" Jo(B5(t,1y—1) — Fs(t,1,—2)) (t — k)°~'dk, .
Bun (1) *Qn( )= On-1(t)

= Gg)( 4(t,0n—1) — F4(t,0n—2))

+ 5o 0(F4(t On-1)— (t 0,_2))(t —k)°~Ldk,
Bs,(t) =R, (t) —Rn—1(2)

= %(F (t,Rn— 1) Fs5(t,R, 2))

+G(U(;"( fO(FS(t,Rn 1) —F5(t,R,—2))(¢ k)G_ldk,
Be(t) *Bn( )—Bn_1(t)

= ﬁ(F (t, B 1) Fs(t,By_2))

TG a)c;" Jo(Fo(t,By—1) — Fs(t,By—2))(t —k)° 'dk.
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Taking the norm on both sides of each equation in (13), we have

| Bia(t) [I=11 Su(t) = Sn1(2) |l
= o | (Fi(t,80-1) = Fi(1,80-2)) ||

57 Jo Il (F1(2,8u-1) = Fi(t,84-2)) || (£ — k)7~ dk,
||Bz )||—||A (t) —Au_1(2) ||

)

(¢
= (6) | (F2(t,An—1) — Fo(1,An-2)) ||
++fo | (Fz(f An 1) =B (t,A,2)) || (t —k)° Ldk,
1 B3u(t) || = 2a(t) = In1(2) |
_f“)II (F3(t, 00 1) Bt,1,2)) |

NG fo | (F3(t,1,—1) — F3(t,1,-2)) || (t —k)°~dk,
()II—II On(t) = Qu-1 (1) ||
<°> | (Falt, Q1) = Fa(t,@0-2)) |
+ 56 Jo I (Fa(e, Qn 1) —

|| () ||—||R (t) =Ru—1(2) ||
= Groy I (F5(t, Ry 1) Fs t,Ry2)) ||

=02 ( e

o]
ciorrie) Jo Il (Fs(t,Ru—1) = F5(t,Ru2)) || (t — k)~ dk,
IIBs ()II—IIB (1) = Ba-1 () |
) -

) | (Fo(t,Bn-1) — Fe(t,B

n-2)) |l
Fs(t,B,—2)) || (t —k)°~'dk.

+G g)r fO || (Fﬁ(t By

Furthermore, the first equality in (16) can be reduced to the following expressions;

H Bln(t) ”” Sn(t) _Snfl(t) H

< o | (Fi(t,801) = Fi(1.80-2)) ||
+G 57 Jo Il (Fi(7,8-1) — Fl(f Sn2)) || (t —k)°~'dk
< ! ng || Sn—1—S8n-2 H +G g)r le() || Sn— 1) Sn—2 H (t_k)cildk

<M || Bipy(0) | 505
As a result, we have

5 T G

1Bu0) <M || G + Grgrrra 1 B0 I

Similarly, the remaining expressions of (17) can be reduced to the following expressions:

|| Boy (1

S5

( ) < ( (6) (o) ||| B2(n 1)(’) ||a
|| B3n(t) < M3 |H ( + G(gg"(g) ||| B3(n 1)(’) ||a
|| B4n(t) <My |H ( (cg"(g) ||| B4(n 1)(’) ||a
|| BSn(t) <Ms; |H ( (Gg"(g) ||| BS(n 1)(’) ||a
| Ben(t) < Mg |H ( (6)01—"(6) il Big(n— 1)(0 -

Fy(t,0n-2)) || (t k)7~ dk,

(16)

7)

(18)

Theorem 3.The AB fractional model given in (2) has a solution if we can find Zy satisfying the inequality

-0 zy

(o) T Glor(e)

WM; < 1,i=1,2,3,4,5,6.

19)

© 2026 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 12, No. 1, 135-154 (2026) / www.naturalspublishing.com/Journals.asp %N == 143

Proof.From (15) and (16) we have

| Buae) 111 S(O) | (55 + grasiray Mil"

| Bane) <] A(0) | [(1—6) + Sl M)

| Bon(e) I1<1110) | (685 + arariey M 0
| Ban(r) <11 Q(O) 1| 1575 + Grarray I Mel"

| Bsalt) <1 RO) | (55 + gramiray) M5

| Boalt) 1111 BO) | (55 + ramirsy ) Ma]"

The existence of the solution (the existence of a fixed point) is confirmed by Theorem 2, and we have to show that the
functions S(¢),A(t),1(t),Q(t),R(t),B(t) are solutions of model (2).
Let us assume that the following are satisfied:

S(t) = S(0) = S, (1) — b1 (1),
AU) _A(O) :An(t) _bZn(t)7
I(t) —1(0) = L,(¢) — b3, (2), 1)
O(t) — 0(0) = Qn(t) — ban(t),
R(t) = R(0) = Ry (t) — bsu(1),
B(t) — B(0) = Bn(t) — ben(t)-
From (19) we obtain
|| bia(t ) 1< & 1| (Fi(¥,8n) = Fi(¥,80-1)) |
+ G(o)I[(0) fO ” (F1(}’, ) Fl(% n— 1)) H ( _k)cildkﬂ
éé;’Ml 180 = Su-1 | + 5737755 | Sn =St I
Repeating the process recurswely leads to
161a(0) I [1 = 6G(0) + grehriey ) M7 | Su—Sui |I”
which at t = Z§ yields
| 51a0) 1< [1- 6G(0) + =0 ™M [ S, — Syt 1" [ ban() | 8. @2

G(o)l (o)

Applying the limit to both sides of (20) as nReo, we see that || by,(¢) || B0 for
zg
(676 * G M < 1
Similarly, we can show that || by, () || 80, || b3, (¢) || BO, || ban(2) || BO, || bs,(2) || BO, || bex () || BO,
1- ° _
(52 + G M < 1,i=2,3,4,5,6.

Theorems 2 and 3 guarantee the existence of the solution of model (2) by the Banach fixed point theorem. The uniqueness
of the solution is proved in Theorem 4

Theorem 4.(Uniqueness of solution) The AB fractional model (2) has a unique solution, provided that

1—-0 t(T o
(G(o) +G(G)F(o))M"<1”*2’374»16- o3

Proof.Let us assume that Sy (¢),A;1(t),11(t),01(¢),R:1(¢), B (¢) are also solutions to (2). Then

Sn(t.) —Sp1(t) = %(Fl.(tasnfl) _F].(tasn72)) + W Jo(Fi(t,8,-1) — Fi(t,S0—2))(t —k)° " 'dk.
Taking the norm of both sides, we obtam

||Sf—51()||< oM ||S Sitll+s@reMi I S =Sl

Since (1 — ( oo ) + oo ) G ))) >0, we obtaln || St — S1(¢) ||= 0. Thus we have S(¢) = S (¢).

Similarly, we can show that A(z) = A;(¢),1(¢t) =1,(¢),0(¢) = 01 (¢),R(t) = R (¢),B(t) = B (¢), which completes the proof
of Theorem 4.
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4 Cholera Model Analysis

4.1 Cholera Disease Free Equilibrium Point

A cholera-free equilibrium Ey = (Sy,Ao, Iy, Qo,Ro, Bo) of cholera model is a point where cholera infection is not in the
population. Hence, Setting

SBCDIS(1) =0,0BC DA(1) = 0,45€ DE1(1) = 0,55 DZ Q(t) = 0,05 DI R(t) = 0,45 DI B(t) =0,A=0,1 =0,0=0,B=0
in the cholera model (2), then computed cholera-free equilibrium is given by
IT— 22,8 —uS+aR =0,

(I-p) S —(9+8+u+E)A=0,
PLAS— (0+6+u+&)I=0,

PA+ ol —(0+3+u+8)0=0,
00— (u+a)R=0,

rB(1—2) 4+ 8iA+ 81+ 80— usB=0.

(24)

Then the system of equations (22) is simplified, which gives
H—l])LzS—‘US—FOCR:O.

By solving above equation we get,

So= 4

Therefore, our disease-free equilibrium point is Ey = (%,0, 0,0,0,0).

4.2 Endemic Equilibrium

The endemic equilibrium point E* = (§*,A*, I*, 0*, R*, B*) of cholera model is the point where the infection persists in the
Population or where rate of change of fractional derivatives vanish and it is obtained by solving the following equations:

65DPs(n) =0,
0%°DPA(N) =0,
0°CDPI(1) =0,

(25)

PCDPR(t) =
$DCB(t) =0.

IT— 22,8 —uS+aR =0,

(I-p) S —(9+8+u+E)A=0,
PMAS— (0+6+u+&)I=0,
QA+l —(0+8+u+E5)0=0,
60— (n+a)R=0,
rB(1—2) 4+ 8iA+ &1+ 80— usB=0.

Hence, the solution of preceding equation is given by

(26)

E"=($,A"I",Q".R",B"), 27)

where

Q" = (L+ )R,
I — pA A S*
003 +u+&’
B* — K(V*'"B+\/(r*ﬂB)2+4%)(51A*+621*53Q*>)>
v _ aR*+I1 2 ’ (28)
B MQ/l*er#’
R* = m,
A (0+53uE)0 ol
> .
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4.3 Basic Reproduction Number

Here, the threshold Parameter that governs the Spread of disease known as the basic reproduction number is obtained. It
is nothing but the Spectral radius of the next-generation matrix. For the purpose, the System of model (3) is rearranged
Starting with those representing newly infective classes:

SBCDPA() = (1—p)MMaS— (@ + 8 +u+E)A,
SBCDCI(t) = PMiAaS — (0 + &+ + &)1,

29
ABCDIO(1) = A + @l — (04 8 + i+ E)Q, 9
SDZB(t) =rB(1— £)+ 1A+ 8,1 + 830 — upB.
Let Z = [A,1,Q,B]” denote a vector of infectious variables,then
(1 —f))/}l/lzs (p+6+u+é)A
ABCG 7 _ B _ pMAaS N (@+&+u+E)I
0 DYZ=F(Z)-V(Z)= QA+ ol (0+8+u+8)0|”
rB(1—8)+81A+ &1+ 80 ugB
with the next-generation matrices
1
851 8 & r i i) 0 8 8
_9F2), _ 10000, av@, _ {0+, +u+E)
F—T‘EO— (pwoo ,V = az |E0_ 0 (CL) 520“ 5) 1 0 s
(0+8;+u+8)
0000 1
0 0 0 —
(uB)
which leads to s 5, s
| 3 r
oo +ure) T oreinrg T orsaee g 000
Fv-! = 0 000} then, Ro
0 000
0 000
5 & 5 o
(TR @i tereg T A . 0/1 8 8
- =0, Here, by the next generation matrix principle,
0 0 0—2 0 Y g prnetp
0 0 0 0-4

the largest eigenvalue is the basic reproduction number.
Therefore, our basic reproduction number is

9 & 5 r

Ro= (<p+61+u+é)+(w+8z+u+é) +(9+53+u+§) +E'

(30)

4.4 Local Stability of Cholera Free Equilibrium

Theorem 5.Cholera-free equilibrium E of system of equations given in (1) is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.

Proof.To show that the CFE point of our model system 3 is locally asymptotically stable, we need to show that all the
eigenvalues of Jacobian matrix J of system of Equation (3) evaluated at CFE point satisfies the condition |arg(A;)| > a 5.
Let us find the Jacobian matrix J of model system of Equation (3) at CFE point. Jacobian matrix J of (3) evaluated at DFE
point is given by

05Dy S(t) = Fi(1,8) = g1,
05DPA(1) = Fa(1,A) = g,
0BCDPI(t) = F3(1,1) = g3,
0BEDEQ(1) = Fy(1,0) = g,
0BCDPR(1) = F5(1,R) = gs,
§DPB(t) = Fs(1,B) = gs.

€29
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Then the Jacobian matrix evaluated at Ey becomes

—u 0 0 0 a 0
0 —(p+6+u+8&) 0 0 0 0
|10 0 —(0+&m+u+é) 0 0 0
J(Eo)= | ¢ 0 ® —(0+8+u+8&) 0 0 (32)
0 0 6 0 —(a+u) 0
0 8 & 8 0 r(1—1)—us
From equation(27) the eigenvalues are evaluated as follows:
—u—2 0 0 0 o 0
0 —-(m-4A 0 0 0 0
B 0 0 —(n)—A 0 0 0
JE) =1 o ¢ ®  —(0+8+u+E)—A 0 0 (33)
0 0 ] 0 —(ot+u)—2 0
0 8y & 8 0 - -us-2
where m=@ +6; + U +&En=0+ 6 +u+&.
The characteristic polynomial of equation (28)becomes

(1 =2)(~(p+8 +p &) ~A)(~(@+ & +utE)
~2)(=(8+ 8+ +8) = A)(—(o+ 1) = A)(r(1 = 1) — g — 1) = 0.

By factorizing the characteristic polynomial of equation,eigenvalues are as follows:
M=—pl=—(0+0+u+8),l=—-(0+&h+p+),
day=—(0+8&+u+E)As=—(a+p,ds=—((r(1 - ) - up)

. Since
A1 <0,4, <0,43 < 0,44 < 0,45 < 0,A¢ < 0 for r positive, know the sign of all eigenvalues are negative.
Therefore,our cholera-free equilibrium point is locally asymptotically stable if and only if Ry < 1.
4.5 Global Stability of Cholera Free Equilibrium
Model(3) can be rewritten in the following form:

dx

=H(X,Z
5 =G(X,2),G(X,0)=0.

The cholera -free equilibrium E(; of the preceding system is
E} = (X°,0),

where X? is the cholera-free equilibrium of the cholera-free system.
According to [19] ,to guarantee global asymptotic stability,we verify the following conditions H; and H to be satisfied:

i.Hj: for %X = H(X,0),
XY is the globally asymptotically stable equilibrium.
ii.Hy: G(X,Z)=PY — G(X,Z2),G(X,Z) > 0 for (X,Z) € Q.

Here,P = D;G(X,0) satisfy the condition of the Metzler matrix, and € is a region of feasible solutions.
Now,we state the following theorem.
Theorem 6.The cholera-free equilibrium of the cholera dynamic model is globally asymptotically stable if Ry < 1 if

conditions Hy and H, are satisfied and unstable whenever Ry > 1.

Proof.From model (3), we have
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H(X,0)=IT1—uS=H(S,0). (35)
Solving H(X,0) = 0, we obtain S = %
Hence, X = (%70).
Here, X© is the globally stable equilibrium of equation.
dX
E:H(X,O). (36)
From the infected compartments of model (3), we obtain )
(@ + 8 +u+&) 0 0 0 71747 [(I=P)AiA2S
G(X,Z) = 0 —(0+&h+u+&) 0 0 1| | PLAS
it (0] ® —(0+&+u+8E) 0 0 0
i Jl & 03 r—ug] LB %
At the cholera -free equilibrium, the preceding equation reduces to the following form: -
—(@+ 8 +u+&) 0 0 0 1TA7 o
0 —(0+&+u+é) 0 0 I
X,Z)= -10
G.2) 4 ® —(0+&H+u+g) 0 | 10] g
L 01 o 03 r—upl B] L
G(X,Z)=PY - G(X,2),
Where
—(p+&+p+8) 0 0 0
B 0 —(0+&+u+é) 0 0
P= [0) ) —(0+&%+u+é) 0 and
o 0 03 r—HUp
. 0
G(X,Z)=|0|>0,
0

Nowi,it follows that the formulated model satisfied the hypothesis conditions required as
G(X,Z)=PY - G(X,2),

where G(X,Z) > 0,VX,Z.

Therefore, Ey is globally asymptotically stable if Ry < 1.

4.6 Global Stability of Endemic Equilibrium Point (EEP)

Theorem 7.If Ry > 1,then the endemic equilibrium point E* of model (3) is globally asymptotically stable in the region
Q.

Proof.Define a Lyapunov function candidate by

F(S,A1O.R) = 5[(S—S§) + (A=A") + (I~ I") +(Q = Q") + (R— R")]*.
Then F(S,A,I,Q,R) >0 and F(S*,A*,I*,0*,R*) = 0. Moreover,

A [(S+A+T+Q+R)— (S*+A*+T" +Q* +R")| L.

Since

and

=T —uN(1) - 811 - EA— 81 - §1,650- &0,
we have

&= (NI (T —uN(1) - §A—EA— &I - &) - &0 —-E0)

— i (IT—=uN)? — (1 = pN)(§IA+EA+ &I + &1+ 030 +£Q) < 0.

Note that at the EEP we have N < %

Hence,it follows that ‘fl—f <0and % =0ifandonlyif S=S*A=A"1=1",0=Q",R=R".
Therefore the largest closed and bounded invariant set in

{(S,A,1,Q,R,B) € Q : F =0}
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is the set
(E":E" = ($"A".I',Q".R",B")}.

By LaSalle’s invariance principle the unique equilibrium point E* is globally asymptotically stable when Ry > 0 in the
region Q.

5 Numerical Results and Discussion

5.1 Numerical Results

In this Section, the principle Purpose is to Provide the Solution to the realistic version above, the use of the Adams-
Moulton Numerical technique of the Atangana-Baleanu fractional integration, even as the values of this component are
given withinside the paper [26].

The parameters presented in Table 1 are used in the simulation of solutions of SAIQR-B model and are either assumed or
taken from the literature.

Table 1: Model Parameters Descriptions and Value

Symbols parameters Initial values | Reference
I recruitment rate 0.0002 Assumed
13 Cholera induced death rate 0.654 Assumed
) Rate of recovery using the available cholera treatment from Q(¢) 0.437 Assumed
o Rate of contribution from Q(t) to B(t) 0.365 Assumed
Bi Ingestion rate 0.235 Estimated
r Intrinsic growth rate 0.0002 Estimated
0 Rate of infected individuals join Q(r) class -0.125 Assumed
B Transmission rate -0.136 Assumed
o Rate of contribution from /(¢) to B(t) -0.459 Estimated
Up Bacteria removal rate -0.812 Estimated

ABCDzo-Szf] (S(tj)vA(tj)’I(tj)vQ(tj)vR(tJ)vB(t])’t)v
éBcD?A:fZ(S(t])vA(tj)al(tj)aQ(tj)vR(tj)’B(t])vt)v
ABCDOI = f3(S(t)),A(t)),1(t;), 0(t;),R(t;), B(t)),1), 37)
07°DP O = fa(S(t)),A(t;),1(t)), O(1;),R(t;). B(1;),1),
ABCDGR fS(S( /)vA(tj)J([j)vQ(U)vR(tj)aB([j)at)v
ABCDGB fﬁ(S( /)’A(tj)J([j)vQ(U)vR(tj)aB([j)at)v

where 0 < 0 < 1 and ¢ > 1. Suppose one finds that the interval of the solution to the problem is [0,1]. The interval [0,1]

is divided into N subintervals, each of which has length h = § . The nodes are ¢; = jh where j =0,1,2,...,N, and
tj+1 =tj+h. Thus, the generalized formula is
S(tj11) = S(1) + G i + 5y Lv—o(N + 1) 77 — (N)' =0 i,
A(tjs1) :A(tj) i "fz+ o) L= o(NH)1 °—(N)'f
1(tj1) =1(1) + f3+ ):N o(N+1)70 ( ) S,
0ltje1) = 0l1) + 4 fi - ¥ o(N+ D7 ()17 9
R(tj+1) =R(tj) + = Gf5+ ):N oN+ 1) —(N)! =95,
B(tj1) = B(t)) + 5 fo + 5o ):N o(N+1)'77 = (N)! = s,
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where f; = (S(lj)7A(lj),I(lj), Q(l‘j),R(l‘j),B(l‘j)7 ),i=1,2,...,6.

Figure 2, based on the parameters in Table 1, visually demonstrates the local asymptotic stability of the disease-free
equilibrium. The figure clearly shows the compartments S, A, I, Q, R, and B from top to bottom at t=50days, with the
population labels indicating the corresponding numbers of individuals and bacteria.

In Figure 3, the effect of memory is illustrated by examining its impact on the growth of Vibrio cholerae in the
environment. The stronger the memory effect, the greater the inhibition of bacterial growth. Higher Values of the
fractional derivative show a more pronounced impact on the suppression of V. cholerae.

Figure 4 highlights the influence of the fractional derivative order on cholera recovery. The stronger the memory effect,
the greater the number of individuals who recover from cholera with immunity. Additionally, as the fractional derivative
order increases, the number of cholera-infected individuals decreases. The memory effect thus plays a crucial role in
reducing the number of individuals who become infected with cholera.
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6 Conclusions

In this study, we developed and analyzed a SAIQR-B epidemic model incorporating the Atangana-Baleanu fractional
derivative to explore the dynamics of cholera transmission. We carefully articulated the model assumptions and formulated
a deterministic framework using systems of fractional-order differential equations. The model was analytically examined,
and our analysis demonstrated that the solution to the fractional-order model remains bounded and non-negative within a
positively invariant region. We also identified equilibrium points and calculated the basic reproduction number. Stability
analyses of both the disease-free and endemic equilibrium points provided valuable insights into the local and global
behavior of the system.

Using MATLAB simulations, we investigated the impact of memory effects on the cholera epidemic, particularly
focusing on asymptomatic, infected, quarantined individuals, and the bacterium population under different fractional
derivative orders. The findings from the simulations indicate that reducing the fractional derivative order from 1 results in
a decline in the trajectory curves, leading to a slower reduction in the number of asymptomatic, infected, quarantined, and
bacterium cases. As the fractional order decreases, the spread of the epidemic slows, and the peak number of cases in the
susceptible and recovered compartments is reduced. Moreover, the results highlight the significant influence of memory
on disease dynamics. Our comparison across various compartments suggests that decreasing the fractional derivative order
could be an effective strategy for mitigating cholera outbreaks within communities.

The complex nature of cholera dynamics calls for further research, both biologically and mathematically. While
modern fractional-order models, such as the one presented in this study, offer enhanced predictive capabilities over
classical models, there remains substantial potential for further refinement. Despite those advancements, our findings
strongly suggest that models incorporating fractional derivatives provide a more robust framework for understanding and
controlling cholera transmission compared to those using ordinary derivatives.
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