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Abstract: We establish recurrence relations for the single and product moments from the generalized S-distribution (GS-distribution)
of lower generalized order statistics. Characterizations for the GS-distribution are derived. The GS-distribution is a family of
distributions for continuous unimodal variables which includes distributions such as Uniform, Exponential, generalized exponential,
Logistic and beta distributions, among others. Uniform and Exponential distributions are given as applications to illustrate the results.
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1 Introduction

The density function of GS-distribution is given by
fx)=aF*(1-F"F  a,1,6,>0, a<x<b, (1)
since f3 is positive integers, then by using binomial theorem, we get
B B
(1-FP =Y (5) (—1)VF% = ZonvF"V, )
v=0 V=

where

n=(5) ®

Thus

B
fx)=a) nFoh. 4)
v=0

The random variables X'(r,n,7,k), 1 < r < n, are said to be lower generalized order statistics(Igos) if their joint
density function is given by

i=1

n—1 n—1
f12,n(X1,x2,.005%,) =k <I_I] Vi) (H(F(Xi))mif(xi)> (F (x2)) 1 £ (), )

-l 1) >x > x> 00> X, > F*'(O), n €N, m= (my,...m_1) € R k> 1 p=k+n—i+M >0, and
Mizz;?;ilmjforalllgign—l.
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The pdf of X! is given by
f) =Cra Yai(r) (F@)" ' f(x), 1<r<n, ©)
i=1

and the joint pdf of X] and X] is

Ll Yi r .

i=r+1

wherex >y, 1 <r<s<n, X/ =X'(i,n,mk), 1 <i<n,

4
. 1
Ci_1 = H}li, al(. )(s) = H —— and  a(s) = al(o)(s).
i=1 j=ril i Vi W

The conditional pdf of X/ given X/, 1 <r < s < n, is given by

X! x—Csi1 ) al (s @%M X
Fam) =G X a0 (500 ) g v ®

Aboutahoun and Al-otaibi. [1] presented recurrence relations between the single and the product moments for order
statistics from doubly truncated Makeham distribution and its characterizations. Al-Hussaini et al. [2] obtained recurrence
relations for moment and conditional moment generating functions of gos based on member of a doubly truncated class
of distributions and characterize members of the class based on recurrence relations for conditional moment generating
functions of gos. Athar and Islam. [3] established recurrence relations between the single and the product moments for
gos based on modified Burr XII-geometric distribution and its characterizations. Bieniek. [4] characterize distributions
by using linearity of regression of gos. Burkschat et al. [5] defined concept of gos. El-Baset. [6] established recurrence
relations between the single and the product moments for gos based on a general class of doubly truncated Marshall-Olkin
extended distributions and its characterizations. El-Baset and Mohammad. [7] discussed recurrence relations for single
moments of generalized order statistics from doubly truncated distributions. Kamps [9] and Khan and Kumar [10] defined
concept of Igos. Khan and Kumar et al. [10] established explicit expressions and some recurrence relations for single and
product moments of 1gos from exponentiated Pareto distribution. Mohie El-Din and Kotb. [11,12] established recurrence
relations between the single and the product moments for gos based on a general class of distribution and doubly truncated
Burr Type XII Distribution and its characterizations. Mohie El-Din and Kotb. [13] derived recurrence relations for quotient
moments of gos. Muino et al. [14] derived GS-distribution. Samuel. [15] introduced general forms of many well-known
continuous probability distributions which are characterized by conditional expectation of some functions of gos. Saran
and Pandey. [16] established give some recurrence relations satisfied by marginal and joint moment generating functions
of gos from power function distribution.

2 Recurrence Relation for Single Moments

Theorem 1. Let X be a r.v. has a distribution function F(x) defined on (a,b). For any measurable function y(x), the
recurrence relation for the single moments of Igos is

’ ﬁ N N
E [w (X'(r,n,m,k))] —a ;)nvy,c,,zE [I[I(X'(rf 1n— 1,171,/())}

ﬁ BN N
— oY mnCiE [w(X (nn— L )|
v=0

B
—a Y nu(0v+A—1)CE [y(X (nn— 1, 0))] ©
v=0

where k = k+m, | +60v+A,Cry= g;:;,cpl =TI (p+ov+A—1),' =4

and m = (my,...,m,_») € R" 2.
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Proof: From Egs. (4) and (6), we have

E w’(xl(r,n,m,k))} =Cr_q i:la,-(,»)/ab v (x) (F(x))%'*lf(x)dx

B "
=G Y m Y al) [ v F)e i ax
v=0 i=1 Ja

Integrating by parts, we get

! ﬁ "
E |y (X'(r,n,m,k))} =—aC1 Y, nv Y ai(r)(+6v+A—1)
v=0 i=1
X / W) () 1042 f(a)n
B r
— 7aCr7] Z T]vzaz / ‘I/ 71+9V+A 2f( )dx
v=0 =1
; ,
-« Z Mv(Ov+A—1)Cry Zai(r)
v=0 i=1

b
< [y ()2 f (g
Using a;(r— 1) = (% — ¥;)ai(r) and %,.C,_» = C,—_1, we get

' d = b +OVEA—2
E W(X'(r,n,ﬁ,k))} = Z nvy,Cr,ZZa,-(r— 1)/ () (F ()02 () dx

- O‘va% - lZaz / w(x) (F(0)) "4 f(x)dx

—ava (Ov+2A—1)C,_ IZa,

i=1

/ wix y,+6v+)t 2 ¢(x)dx,

thus

! ﬁ N ril b
E [V (X (rnm k)] = o ¥ muGaCrs Yailr=1) [y (F)" "2 f(x)ax
v=0 i=1 a

d . - b +0V+A—2
— @ Y mnG G Yail) [ v (F)™ 2 s

—ava Ov+A—1)C_Cr 12%

=

/ ‘I/ Y,+6V+l zf(x)dx.

After simplifying, Eq. (9) is proved.
Remark 1. Put y(x) = x’ in Eq. (9) satisfy the /-th moment,
o N N
”/(471)(r7n7m7k) = ? Z Nv [Vrcr—zlll(é) (,»7 17” - 15’%7 k)
v=0

—%C;,lu/([)(r,n - l,rﬁ,l})
—(OV+A—=1)C 11/ (rn—1,m,k)].

Similarly, put w(x) = exp (zx) in Eq. (9) satisfy the moment generating function.

(10)

(11

(12)

13)

(14)
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3 Recurrence Relation For Double Moments

Theorem 2. Let X be a r.v. has a distribution function F(x) defined on (a,b). For r < s < n and any measurable function
y(x,y), the recurrence relation for the product moments of 1gos is

B
E [l[//(X (r,s,n,1m,k)) } =0 Z MY Cs—oE {W(X'(r,sf 1,n— 1,171,1}))]
v=0
ﬁ N N
- Z nV’ySCS*lE |:III(X/(F,S,I1* 15’:’v17k)):|
v=0

ﬁ N
—a Y m(OvEA-DCE WX (nsn - k)| (15)
v=0
where ' = diy'

Proof: From Egs. (4) and (7), we have

el e [/ 'vien [ £ 0 (78
i“i(r)(F( ] SIS o
i=1

F(x)F(y)
B b rx s (i+0v+A—1)
_ . 20 (ED)
“Zﬁ@‘llw“”L§u<>@w> ]
% [zr:ai(r) (F(x))@+0v+2=D) f((x))dydx. 16)
i=1 X

Integrating by parts , we get
, B b rx
E[V (X rsnimh)] = —a Y mCor [ [ i)
v=0 a Ja

y (Yi+08v+A—1)
l,Z a?’)(s)(%+9v+z_1)(@) " ]

) e F(x)
B b o
= vCs— X,
“ Ll ], v
- O (FO) (%+8v-+A—1)
X L;l i ( )YI <F(x))
ﬁ b
- v(6 A—1)Cs X
O‘v;on v 1/ / y(x,y)
~ 0 (FO) (%+0v+A—1)
X |jr+1 i ( )<F(x)>
) Lilai(r) (Fo) e ﬁﬁjlj"((yy))dydx. (17)
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Using al(.r)(sf 1) = (}/Sfy) l(r)( ) and ¥%Cy_» = Cs_1, we get
E[V (X (rsnm k)] =« 5 1sc s [ [ e
v=0 a
(p+6v+A—1)
Z a; () (s—1) (@)
i=r+1 F()C)
at 7+9V+l 1) f(‘x)f(y) dvdx
[E FOF() ™
—a Z nv%Csfl/ / y(x,y)
v=0 a Ja
K (p+6v+r—1)
(r) F(Y))
X a; ’'(s)| ==
L;rl . )<F(x)
- y+9v+)t 1) f(x)f(Y)d
ydx
[Zl FR)F()
B
ava(-)v—kk—lel// v(x,y)
v=0
i d " y )(%+6v+ll)
i=r+1 x
% - at 7+9V+)L 1) f( )f(y) dydx, (18)
Lzl F(x)F(y)
which reduce to
/ B N b px
B[V & snmi)] = a X niGaCia [ [ vy
(p+6v+A—1)
Z a! (r) (s—1) <F()’)>
i=r+1 F(x)
zr: y+9v+)L 1) f(x)f()’) vdx
5 F()F(y)
B
Z V'ys r— lck / / x y
i r y (p+6v+r—1)
S F(x)
- y+9v+)L 1) F)f) d
ydx
[Zl ] F(x)F(y)
B b rx
Z (Bv+2A—1)Cr 1Cf1 V/xy
s r F(y) (%i+6v+A—1)
L ( o)
at 7+9V+)L 1) f(x)f(y) LI ndx (19)
[Z Foro) ™
After simplifying, Eq. (15) is proved.
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Remark 2. Put y(x,y) = x'y* in Eq. (15) satisfy the /-th moment,

u’(“")(rsnmk va% op/t )(r7s_lan_]7ﬁ17i()

7’}/5'CS\*IIJ' ( )(r,s,n— 17m5k)
—(0V+A—1)Co 1" CI (15,0 — 1,m, k).

Similarly, put y(x,y) = exp (fx+ty) in Eq. (15) satisfy the moment generating function.

4 Characterization of 1gOSs

Theorem 1. For any arbitrary continuous distribution function and for any continuous function ¢(y), then

K (r)
Cs_y a;’(s) ¥,(x
E(9" (XS 01Xy e = %) = 0" (¥) +1 : WA
(‘P ( S, 7k)| “1n,m,k ) (P ( ) Crfl = ¥ (F(x))%

where 1 =1,2,... and

)= [ 900 0)F ).

Proof:let

EWW&N@iﬂ):E@%XQmQWhﬁk:ﬂ

G Ui=r+1 (
_ Gy 0 FOY"Y 1)
=P ()/wd)(y)( (x)> 1004

Integrating by parts, we get

Cot & a(s)
Cr*l i=r+1 Yi

E(¢' (X)X =x) = ¢' (x)

) Oy 00000 (F2) ay.

=1 i=rt1 Y -

From the pdf of Eq. (6) and Eq. (7), respectively, we get

" ai(r) 1
,; % Gy’
and

J al(r)(s) " ai(r) 1
(£ (55) o
Thus

s al(r) () G
i=r+1 Yi CS*I

From Eq. (27), then Eq. (21) is proved.
We shall require the following definition (see Hwang. [8]):

(20)

ey

(22)

(23)

(24)

(25)

(26)

27)

Definition 2: (Hwang. [8]). Let L5(A) be the space of d-integrable functions on a measurable set A C R. A sequence

(fn)nen of functions in Lg(A) is called complete on Lg(A), if for all functions g € Lg(A) the condition
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J18(x) fu(x)dx =0 for all n € N implies: g(x) =0 a.e on A.

Theorem 3. Let X be a r.v. has a distribution function F(y) defined on (a,b). For any measurable function y(y), the
conditional expectation of Igos is given by

E {1,/(x’(s,n,m,k))|x’(r,n,m,k) :x} -
B
a Z nVF(x)(eijlil)’yxcrfl,s72E {III(X/(S* 1,n,m,l\<))|X/(r,n,m,k)}
v=0

B .
—a ) nF) Oy, B [w(x’(s,n,m,k))|x’(r,n,m,k)}
v=0

B
— o Y (v A= DF) O AE i (WX (5. )X (o 7). (28)
v=0

. G, . G,
where G, ;2 = o T and Cy_ 51 = & ]1
r— r—

Proof: From Egs. (4) and (8), we have

5 : . ;
= Z nvg;71 Z al(’)(s)‘/a W/(y) (%) F(y)(GVJr)Lfl)dy

v=0 —Li=r+1
Cs—1

B s X
=a X nF @ IEE Y a) [vw (@

(i+6v+A—-1)
Cr i=r+1 F(x)>

dy. (29)

Integrating by parts, we get

E |y (X' (s,,7.00) X' 1, 77,) = x|
p

= Y e F@) O G Y G ey A1)
v=0 Cr1:57
¥ F)\ A0 r(y)
<[ vor (79) 7o)
B oGy s . X F() (}’i+6v+lfl)f()
_ ) (@vA—1) Es—1l a(s)y v JW)
OcvgonvF() Crfl,.:;l i ()Y/a w(y)(F(x)) F(y)d
d G- v 0
— o Yy F) @Al Vg (s)(ov+A— 1)
v=0 O
X F(y) (}’i+6v+lfl)f(y)
<[ v (75) Fo ™ (30)
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Using al(r) (s—1)=(p—"7)a l(r) () and %,Cs_n = Cy_1, we get

E [l[// (X' (s,n,m,k))|X' (r,n,m, k) = x}

5 X (y+6v+A—1)
e S e Lon(5) T e

r=1j=p41

s X (p+6v+r—1)
- aZn F(x)! AUy, gj’l ) aﬁ’)(s)/a () (%) %dy

=1 j=r+1
oY @O ey a- S T 6
=0 Cr1 270
X F(y) (y+6v+A—1) f(y)
X /a v(y) (m) mdy, 1)

then

E [W/(X'(s,n,m,kmx'(nn,m,k) _ }

Do - @ (%+9v+l4)®
LA 1/1W<y’(F<x>) Ol

B
=a Z nvF(x)(BVJrlil)%Crfl,s 2
v=0 r—1 i=r+1

r—1 i=r+1

4 (h+6v+a—1
- 0"gonvF(x)(ev+l71)%-Cr71,s lc* Z a; () / () (%) %dy

x N

4 C
— avgonvp(x)(ﬂwrl—l)(gv_i_l_]) s IC* ~1 Z al(r)(s)

r—1 i=r+1
x F)\ 40 r(y)
[ vo (79) o

X

After simplifying, Eq. (28) is proved.

Theorem 4. For 1 <r <n— 1 and for any measurable function y(x), a random variable X has a distribution function
with cdf given by Eq. (4) iff Eq. (9) holds.

Proof: The necessary part is proved in Theorem (1). To prove the sufficient part, let Eq.(9) holds, then we obtain

, B r—1 b
E[y X nmi)| =a ) me ¥ alr—1) / w(x) (F(x) 0722 £(x)dx
v=0 i=1 a
4 - b +OVHA—2
—a Y mnC L) [ v ()T par

f(xva (Ov+A—1)C,_ 'Z“l

/ w %+9V+)L Zf( )dx (32)
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Since a;(r— 1) = (% — %)ai(r), then we obtain

, B r b
E[V X (rnm0)] = oG ¥ me Y ey [ o) (F@)TO 2 flwya
v=0 i=1 a

B r
-« Z Mv(OV+A—=1)Cry Y ai(r)
v=0 i=1

=

b
8 / W(x) (F ()72 f(x)dx
B r
=—aCr1 ) v Y, ai(r)(h+6v+A—1)
v=0 i=1

b
< W) ()02 p(xga (33)
a
Integrating by parts, we get

Ely (X'(r,n,m,k))} =Cr_ i:lai(r) /ab l[/J(x) (F(x))%*lf(x)dx

B r b
= aCt Yo Yai) [ v/ (PG (34)
v=0 =1 va
After simplifying we obtain

r b B
Cpl;ai(r) l / W (x)(F(x))%" (f(x)—az oy (F(x))‘””ﬂ ~0. (35

Using Definition 1, we get

Thus, the theorem is proved.

Theorem 5. For 1 < r < s <n—1 and for any measurable function y(x,y), a random variable X has a distribution
function with cdf given by Eq. (4) iff Eq. (15) holds.

@© 2021 NSP
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Proof: The necessary part is proved in Theorem (2). To prove the sufficient part, let Eq. (15) holds, then we obtain
r B b rx
E [W (X (V,S,I’l,m,k))} = Z nst—I/ / W(xvy)
v=0
" F (i+6v+A-1)
Z a;’(s—1) ﬁ
F(x)

i=r+1
) Lif‘"(’) (F(x))+0v+2=D ?Eﬁ?ﬁéﬁ dydx

B b x
—a) nv%CH/ / y(x,y)
v=0 Ja Ja

s " F(y) (y+6v+A—1)
. [ L ) <m>

i=r+1

[Z al V,+6v+l 1)

FSO)
FF() ™™

b rx

— ava(evﬁ—l—l)Cs,l/ v(x,y)
v=0

s (p+6v+A—1)
x lZ a,‘-’)(s)( y ]
.x

i=r+1

[Z al V,+6v+l 1)

dydx. (36)
y)

Using a\” (s — 1) = (15 — p)a” (s), we get
, B b rx
E[V (X rsnimh)] = —a Y mCor [ [ i)
v=0 a Ja

s . F (i+6v+A-1)
[5G

i=r+1

P
% lzal y,+6v+/1 1)

1

i=1
B
—a)

My (OV+ A —1) slf/wxy
v=0

K (%+9V+ﬂ, 1)
(r) y
“ >
i=r+1 x

y [Z Jsover | S0F0) f
i=1

F(x)F(y)

(+6v+A-1)
lZa’ y,+9v+11)<1;L)yc)) ]

fx)f(y) .
FF ()™

i=r+1 ( )
[Z Jr+ovia- gg;?%))dydx_ 3
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Integrating by parts, we get

E l///(X'(r,s,n,m,k))} =Cs_ ]/ / v (x,y)

Xlim@ﬂﬂ e

*aZnVCS 1/ [ vey [Z @’ (ng)mwww]

)

dydx
)

$aw(EY]
f)f
VF

i=r+1
x ia,.(r)(F(x))W"V”*” @dydx. (38)
i=1 F(x)

After simplifying we obtain

[[veni| Lo ()

i=r+1

r B
x lZ ai(r) (F(x))”“] (f(y) —aY n (F(y))"“) dydx = 0. (39)
i=1 v=0

By using Definition 1, Eq. (39) reduce to

B
_O‘ZTIV (F(Y))6v+l 0,= f(y _O‘Zrlv 6v+l.
v=0

Thus, the theorem is proved.

5 Applications
1.Uniform(a,b)

Wehave a=;-,1=0,0=1,=0,C_, =T (%+v—1) and k = k+m,_; + v. Then the relations (14) and
(20) reduce, respectively, to

[,L/([fl)(r,n,m,k) g(b] " Z My [1Cre zu()(r—],n— 1,1’71,]\()
G = 1Y
— (v=DCr 1O (r,n—1,m,k)], (40)
and
y'(“*l)(r s,n,m,k) = ZB: nv[%Cslzﬂ’“’f)(r s—1n—1,m,k)
I T (b —a) = o
— yYCS\,lu'(Z’T)(r,s,n — 1,]71,/\()
— (v=1)Co "D (r5,n— 1,m,k)). 41)
In the case of 00Ss (m) =...=m,1 =0,k=1,C;_; =[I;_;(n—i+V) and %, =n—r+ 1), the relations (40) and

(41) reduce, respectively, to

1(6—1) l
“r(n b a) va —r+1)C r*2“;£)1:n+v (n—r+1)C— ll'Lr(n)Jrv

- (V - 1)Cr*1ur:(nlLV]7
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and

1(l,t—1)

r,s:in

L,
—s+ 1 S*ZI'L;,(sfl):n+v

- (”_S+]) s— lﬂr(s;zJ)rv
1L
(vi 1) S§— l”r(s rz‘:)tv]

In the case of k-th record values (m = —1,k>2—vVv, ¥ =k and Cri = (k
respectively, to

+(§7] )"), the relations (40) and (41) reduce,

r—1 r
11y k 10) k 1)
Wy = (k+v1) url:k+v1_k(m) Hrictv—1
k " 1"
—(v—1) (m) I'Lr:(k)+v—1]’
and
B s—1
-y 1 k 1(6,7)
Mg =~ = T(—a) vz::o nvlk (m) Hys—tietv—1
k Yo
—k (m l'Lr,s:’k/:»vfl
k ' 1,
- (V - 1) (m) urfv:ka)»vfl]'
2.Exponential(y)

Wehave =7, 4=0,0=1,=1.C;_,=[I_,;(p+v—1) and k = k+m,_; + v. Then the relations (14) and (20)
reduce, respectively, to

B
D (rn,m k 7%2 VRGO (r—1,n—1,m,k)
O (rn— 1,7, )
—(v=1)Co 'O (r,n—1,m,k)], (42)
and
y B N
NI(Z’Til)(V,S,n,m,k):;Zn [% §— zll( )(r,s—l,n—l,ﬁl,k)
v=0

_%‘ §— IN( )(r,s,n—l,rﬁ,l\c)
~(v=1)C D rson— 1,m, k). (43)
In the case of 00Ss, the relations (42) and (43) reduce, respectively, to

B
o N NN
N;:(n D= % ZO nwlin—r+ 1)Cr,2u:£)]:n+v —(n—r+ l)Crfll'L;:(n)Jrv
V=
~ l
—(v— 1)Cr,1li;;(,,)+v],
and
=1y _ Y 4 TR0,
Hys:n ; Z nv[(n—s+ ])CS*Zur,sfl:thv
v=0
— (n=s+ DG

~ l,
- (V - I)Cvflﬂ;,(s:hfw)tv]-
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In the case of k-th records, the relations (42) and (43), reduce, respectively, to

r—1 r
i n_Y 10) k 1(0)
Zn" (k+v 1) “rl:k+v1_k(k+v1) Mgyt

k "
—(v—1) (m) Hyiiy—1)s

and

o) _ Y kN e
rvk Z n" k+ v—1 I'Lr,s71:k+v71
k (%)
—k <k+v— 1> 'LLr,S:kvLVfl

k * 1(4,7)
- (v=1) (m) Hyicy—1]-

6 Conclusion

In this paper, we set up recurrence relations for the single and product moments from the generalized S-distribution (GS-
distribution) of lower generalized order statistics. Characterizations for the GS-distribution are obtained. We use these
relations in many inference applications such as best linear unbiased estimation.
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