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Abstract: We establish recurrence relations for the single and product moments from the generalized S-distribution (GS-distribution)

of lower generalized order statistics. Characterizations for the GS-distribution are derived. The GS-distribution is a family of

distributions for continuous unimodal variables which includes distributions such as Uniform, Exponential, generalized exponential,

Logistic and beta distributions, among others. Uniform and Exponential distributions are given as applications to illustrate the results.
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1 Introduction

The density function of GS-distribution is given by

f (x) = αFλ (1−Fθ )β , α,λ ,θ ,β > 0, a < x < b, (1)

since β is positive integers, then by using binomial theorem, we get

(1−Fθ )β =
β

∑
ν=0

(
β
ν

)
(−1)νFθν =

β

∑
ν=0

ην Fθν , (2)

where

ην =

(
β
ν

)
(−1)ν . (3)

Thus

f (x) = α
β

∑
ν=0

ηνFθν+λ . (4)

The random variables X ′(r,n,m,k), 1 ≤ r ≤ n, are said to be lower generalized order statistics(lgos) if their joint
density function is given by

f1,2,...,n(x1,x2, ...,xn) = k

(
n−1

∏
i=1

γi

)(
n−1

∏
i=1

(F(xi))
mi f (xi)

)
(F(xn))

k−1 f (xn), (5)

F−1(1) > x1 > x2 > ... > xn > F−1(0), n ∈ N, m = (m1, ...,mn−1) ∈ ℜn−1, k ≥ 1, γi = k + n − i + Mi > 0, and

Mi = ∑n−1
j=i m j for all 1 ≤ i ≤ n− 1.
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The pd f of X ′
r is given by

fX ′
r
(x) =Cr−1

r

∑
i=1

ai(r)(F(x))
γi−1

f (x), 1 ≤ r ≤ n, (6)

and the joint pd f of X ′
r and X ′

s is

fX ′
r ,X

′
s
(x,y) =Cs−1

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)γi

][
r

∑
i=1

ai(r)(F(x))γi

]
f (x) f (y)

F(x)F(y)
, (7)

where x > y, 1 ≤ r < s ≤ n, X ′
i ≡ X ′(i,n,m,k), 1 ≤ i ≤ n,

Cℓ−1 =
ℓ

∏
i=1

γi, a
(r)
i (s) =

s

∏
j=r+1, j 6=i

1

γ j − γi

and ai(s) = a
(0)
i (s).

The conditional pd f of X ′
s given X ′

r, 1 ≤ r < s ≤ n, is given by

fX ′
s |X

′
r
(y|x) =

Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)γi f (y)

F(y)
, y < x. (8)

Aboutahoun and Al-otaibi. [1] presented recurrence relations between the single and the product moments for order
statistics from doubly truncated Makeham distribution and its characterizations. Al-Hussaini et al. [2] obtained recurrence
relations for moment and conditional moment generating functions of gos based on member of a doubly truncated class
of distributions and characterize members of the class based on recurrence relations for conditional moment generating
functions of gos. Athar and Islam. [3] established recurrence relations between the single and the product moments for
gos based on modified Burr XII-geometric distribution and its characterizations. Bieniek. [4] characterize distributions
by using linearity of regression of gos. Burkschat et al. [5] defined concept of gos. El-Baset. [6] established recurrence
relations between the single and the product moments for gos based on a general class of doubly truncated Marshall-Olkin
extended distributions and its characterizations. El-Baset and Mohammad. [7] discussed recurrence relations for single
moments of generalized order statistics from doubly truncated distributions. Kamps [9] and Khan and Kumar [10] defined
concept of lgos. Khan and Kumar et al. [10] established explicit expressions and some recurrence relations for single and
product moments of lgos from exponentiated Pareto distribution. Mohie El-Din and Kotb. [11,12] established recurrence
relations between the single and the product moments for gos based on a general class of distribution and doubly truncated
Burr Type XII Distribution and its characterizations. Mohie El-Din and Kotb. [13] derived recurrence relations for quotient
moments of gos. Muino et al. [14] derived GS-distribution. Samuel. [15] introduced general forms of many well-known
continuous probability distributions which are characterized by conditional expectation of some functions of gos. Saran
and Pandey. [16] established give some recurrence relations satisfied by marginal and joint moment generating functions
of gos from power function distribution.

2 Recurrence Relation for Single Moments

Theorem 1. Let X be a r.v. has a distribution function F(x) defined on (a,b). For any measurable function ψ(x), the
recurrence relation for the single moments of lgos is

E
[
ψ

′
(X ′(r,n,m,k))

]
= α

β

∑
ν=0

ηνγrC̀r−2E
[
ψ(X ′(r− 1,n− 1, m̃, k̀))

]

− α
β

∑
ν=0

ηνγrC̀r−1E
[
ψ(X ′(r,n− 1, m̃, k̀))

]

− α
β

∑
ν=0

ην(θν +λ − 1)C̀r−1E
[
ψ(X ′(r,n− 1, m̃, k̀))

]
, (9)

where k̀ = k+mn−1 +θν +λ , `Cr−2 =
Cr−2

C⋆
r−2

, C⋆
r−1 = ∏r

i=1(γi +θν +λ − 1), ′ ≡ d
dx

and m̃ = (m1, ...,mn−2) ∈ ℜn−2.
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Proof: From Eqs. (4) and (6), we have

E
[
ψ

′
(X ′(r,n,m,k))

]
= Cr−1

r

∑
i=1

ai(r)

∫ b

a
ψ ′(x)(F(x))γi−1

f (x)dx

= αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)

∫ b

a
ψ ′(x)(F(x))γi+θν+λ−1

dx. (10)

Integrating by parts, we get

E
[
ψ

′
(X ′(r,n,m,k))

]
= −αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)(γi +θν +λ − 1)

×

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

= −αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)γi

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ην(θν +λ − 1)Cr−1

r

∑
i=1

ai(r)

×
∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx. (11)

Using ai(r− 1) = (γr − γi)ai(r) and γrCr−2 =Cr−1, we get

E

[
ψ

′
(X ′(r,n,m,k))

]
= α

β

∑
ν=0

ηνγrCr−2

r−1

∑
i=1

ai(r− 1)

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ηνγrCr−1

r

∑
i=1

ai(r)

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ην(θν +λ − 1)Cr−1

r

∑
i=1

ai(r)

×

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx, (12)

thus

E
[
ψ

′
(X ′(r,n,m,k))

]
= α

β

∑
ν=0

ηνγr
`Cr−2C⋆

r−2

r−1

∑
i=1

ai(r− 1)
∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ηνγr
`Cr−1C⋆

r−1

r

∑
i=1

ai(r)

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ην(θν +λ − 1) `Cr−1C⋆
r−1

r

∑
i=1

ai(r)

×
∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx. (13)

After simplifying, Eq. (9) is proved.

Remark 1. Put ψ(x) = xℓ in Eq. (9) satisfy the ℓ-th moment,

µ ′(ℓ−1)(r,n,m,k) =
α

ℓ

β

∑
ν=0

ην [γr
`Cr−2µ ′(ℓ)(r− 1,n− 1, m̃, k̀)

−γr
`Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)

−(θν +λ − 1) `Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)]. (14)

Similarly, put ψ(x) = exp(tx) in Eq. (9) satisfy the moment generating function.
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3 Recurrence Relation For Double Moments

Theorem 2. Let X be a r.v. has a distribution function F(x) defined on (a,b). For r ≤ s < n and any measurable function
ψ(x,y), the recurrence relation for the product moments of lgos is

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= α

β

∑
ν=0

ην γsC̀s−2E
[
ψ(X ′(r,s− 1,n− 1, m̃, k̀))

]

− α
β

∑
ν=0

ην γsC̀s−1E

[
ψ(X ′(r,s,n− 1, m̃, k̀))

]

− α
β

∑
ν=0

ην (θν +λ − 1)C̀s−1E
[
ψ(X ′(r,s,n− 1, m̃, k̀))

]
, (15)

where ′ ≡ d
dy

.

Proof: From Eqs. (4) and (7), we have

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= Cs−1

∫ b

a

∫ x

a
ψ ′(x,y)

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)γi

]

×

[
r

∑
i=1

ai(r)(F(x))
γi

]
f (x) f (y)

F(x)F(y)
dydx

= α
β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ ′(x,y)

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x)

F(x)
dydx. (16)

Integrating by parts , we get

E

[
ψ

′
(X ′(r,s,n,m,k))

]
= −α

β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)(γi +θν +λ − 1)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

= −α
β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)γi

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην (θν +λ − 1)Cs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx. (17)
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Using a
(r)
i (s− 1) = (γs − γi)a

(r)
i (s) and γsCs−2 =Cs−1, we get

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= α

β

∑
ν=0

ην γsCs−2

∫ b

a

∫ x

a
ψ(x,y)

×

[
s−1

∑
i=r+1

a
(r)
i (s− 1)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην γsCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην (θν +λ − 1)Cs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx, (18)

which reduce to

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= α

β

∑
ν=0

ην γs
`Cr−2C⋆

r−2

∫ b

a

∫ x

a
ψ(x,y)

×

[
s−1

∑
i=r+1

a
(r)
i (s− 1)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην γs
`Cr−1C⋆

r−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην (θν +λ − 1) `Cr−1C⋆
r−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx. (19)

After simplifying, Eq. (15) is proved.
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Remark 2. Put ψ(x,y) = xℓyτ in Eq. (15) satisfy the ℓ-th moment,

µ ′(ℓ,τ−1)(r,s,n,m,k) =
α

τ

β

∑
ν=0

ην [γs
`Cs−2µ ′(ℓ,τ)(r,s− 1,n− 1, m̃, k̀)

−γs
`Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)

−(θν +λ − 1) `Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)]. (20)

Similarly, put ψ(x,y) = exp(tx+ ty) in Eq. (15) satisfy the moment generating function.

4 Characterization of lgOSs

Theorem 1. For any arbitrary continuous distribution function and for any continuous function φ(y), then

E(φ ι (X ′
s,n,m̃,k)|X

′
r,n,m̃,k = x) = φ ι (x)+ ι

Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

γi

Ψi,ι(x)

(F(x))γi
, (21)

where ι = 1,2, ... and

Ψi,ι(x) =

∫ x

−∞
φ

′
(y)φ ι−1(y)(F(y))γi dy. (22)

Proof:let

E(φ ι (X ′
s)|X

′
r = x) = E(φ ι (X ′

s,n,m̃,k)|X
′
r,n,m̃,k = x)

=
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

−∞
φ ι (y)

(
F(y)

F(x)

)γi f (y)

F(y)
dy

=
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

−∞
φ ι (y)

(
F(y)

F(x)

)(γi−1)
f (y)

F(x)
dy. (23)

Integrating by parts, we get

E(φ ι (X ′
s)|X

′
r = x) = φ ι (x)

Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

γi

− ι
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

γi

∫ x

−∞
φ

′
(y)φ ι−1(y)

(
F(y)

F(x)

)γi

dy. (24)

From the pd f of Eq. (6) and Eq. (7), respectively, we get

r

∑
i=1

ai(r)

γi

=
1

Cr−1

, (25)

and
(

s

∑
i=r+1

a
(r)
i (s)

γi

)(
r

∑
i=1

ai(r)

γi

)
=

1

Cs−1

. (26)

Thus

s

∑
i=r+1

a
(r)
i (s)

γi

=
Cr−1

Cs−1

. (27)

From Eq. (27), then Eq. (21) is proved.
We shall require the following definition (see Hwang. [8]):
Definition 2: (Hwang. [8]). Let Lδ (A) be the space of δ -integrable functions on a measurable set A ⊂ R. A sequence
( fn)n∈N of functions in Lδ (A) is called complete on Lδ (A), if for all functions g ∈ Lδ (A) the condition

c© 2021 NSP

Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Lett. 8, No. 2, 97-109 (2021) / www.naturalspublishing.com/Journals.asp 103

∫
A g(x) fn(x)dx = 0 for all n ∈ N implies: g(x) = 0 a.e on A.

Theorem 3. Let X be a r.v. has a distribution function F(y) defined on (a,b). For any measurable function ψ(y), the
conditional expectation of lgos is given by

E
[
ψ

′
(X ′(s,n,m,k))|X ′(r,n,m,k) = x

]
=

α
β

∑
ν=0

ηνF(x)(θν+λ−1)γsC̀r−1,s−2E
[
ψ(X ′(s− 1,n,m, k̀))|X ′(r,n,m,k)

]

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)γsC̀r−1,s−1E
[
ψ(X ′(s,n,m, k̀))|X ′(r,n,m,k)

]

− α
β

∑
ν=0

ην(θν +λ − 1)F(x)(θν+λ−1)C̀r−1,s−1E
[
ψ(X ′(s,n,m, k̀))|X ′(r,n,m,k)

]
, (28)

where C̀r−1,s−2 =
C̀s−2

C̀r−1
and C̀r−1,s−1 =

C̀s−1

C̀r−1
.

Proof: From Eqs. (4) and (8), we have

E

[
ψ

′
(X ′(s,n,m,k))|X ′(r,n,m,k) = x

]

= α
β

∑
ν=0

ην
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

a
ψ ′(y)

(
F(y)

F(x)

)γi

F(y)(θν+λ−1)dy

= α
β

∑
ν=0

ηνF(x)(θν+λ−1)Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

a
ψ ′(y)

(
F(y)

F(x)

)(γi+θν+λ−1)

dy. (29)

Integrating by parts, we get

E
[
ψ

′
(X ′(s,n,m,k))|X ′(r,n,m,k) = x

]

= −α
β

∑
ν=0

ην F(x)(θν+λ−1)Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)(γi +θν +λ − 1)

×

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

= −α
β

∑
ν=0

ην F(x)(θν+λ−1)Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)γi

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)(θν +λ − 1)

×
∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy. (30)
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Using a
(r)
i (s− 1) = (γs − γi)a

(r)
i (s) and γsCs−2 =Cs−1, we get

E
[
ψ

′
(X ′(s,n,m,k))|X ′(r,n,m,k) = x

]

= α
β

∑
ν=0

ηνF(x)(θν+λ−1)Cs−1

Cr−1

s−1

∑
i=r+1

a
(r)
i (s− 1)

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)γs
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)(θν +λ − 1)
Cs−1

Cr−1

s

∑
i=r+1

a
(r)
i (s)

×

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy, (31)

then

E
[
ψ

′
(X ′(s,n,m,k))|X ′(r,n,m,k) = x

]

= α
β

∑
ν=0

ηνF(x)(θν+λ−1)γsC̀r−1,s−2

C⋆
s−2

C⋆
r−1

s−1

∑
i=r+1

a
(r)
i (s− 1)

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)γsC̀r−1,s−1

C⋆
s−1

C⋆
r−1

s

∑
i=r+1

a
(r)
i (s)

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy

− α
β

∑
ν=0

ηνF(x)(θν+λ−1)(θν +λ − 1)C̀r−1,s−1

C⋆
s−1

C⋆
r−1

s

∑
i=r+1

a
(r)
i (s)

×

∫ x

a
ψ(y)

(
F(y)

F(x)

)(γi+θν+λ−1)
f (y)

F(y)
dy.

After simplifying, Eq. (28) is proved.

Theorem 4. For 1 ≤ r ≤ n− 1 and for any measurable function ψ(x), a random variable X has a distribution function
with cd f given by Eq. (4) iff Eq. (9) holds.

Proof: The necessary part is proved in Theorem (1). To prove the sufficient part, let Eq.(9) holds, then we obtain

E
[
ψ

′
(X ′(r,n,m,k))

]
= α

β

∑
ν=0

ηνCr−1

r−1

∑
i=1

ai(r− 1)

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ηνγrCr−1

r

∑
i=1

ai(r)

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ην(θν +λ − 1)Cr−1

r

∑
i=1

ai(r)

×
∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx (32)
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Since ai(r− 1) = (γr − γi)ai(r), then we obtain

E
[
ψ

′
(X ′(r,n,m,k))

]
= −αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)γi

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

− α
β

∑
ν=0

ην(θν +λ − 1)Cr−1

r

∑
i=1

ai(r)

×

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx

= −αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)(γi +θν +λ − 1)

×

∫ b

a
ψ(x)(F(x))γi+θν+λ−2

f (x)dx. (33)

Integrating by parts, we get

E
[
ψ

′
(X ′(r,n,m,k))

]
= Cr−1

r

∑
i=1

ai(r)

∫ b

a
ψ ′(x)(F(x))γi−1

f (x)dx

= αCr−1

β

∑
ν=0

ην

r

∑
i=1

ai(r)

∫ b

a
ψ ′(x)(F(x))γi+θν+λ−1

dx. (34)

After simplifying we obtain

Cr−1

r

∑
i=1

ai(r)

[∫ b

a
ψ ′(x)(F(x))γi−1

(
f (x)−α

β

∑
ν=0

ην (F(x))
θν+λ

)]
= 0. (35)

Using Definition 1, we get

(
f (x)−α

β

∑
ν=0

ην (F(x))
θν+λ

)
= 0,⇒ f (x) = α

β

∑
ν=0

ην (F(x))θν+λ
.

Thus, the theorem is proved.

Theorem 5. For 1 ≤ r < s ≤ n− 1 and for any measurable function ψ(x,y), a random variable X has a distribution
function with cd f given by Eq. (4) iff Eq. (15) holds.
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Proof: The necessary part is proved in Theorem (2). To prove the sufficient part, let Eq. (15) holds, then we obtain

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= α

β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s−1

∑
i=r+1

a
(r)
i (s− 1)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην γsCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην (θν +λ − 1)Cs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx. (36)

Using a
(r)
i (s− 1) = (γs − γi)a

(r)
i (s), we get

E

[
ψ

′
(X ′(r,s,n,m,k))

]
= −α

β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)γi

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

− α
β

∑
ν=0

ην (θν +λ − 1)Cs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx

= −α
β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ(x,y)

×

[
s

∑
i=r+1

a
(r)
i (s)(γi +θν +λ − 1)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x) f (y)

F(x)F(y)
dydx. (37)
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Integrating by parts, we get

E
[
ψ

′
(X ′(r,s,n,m,k))

]
= Cs−1

∫ b

a

∫ x

a
ψ ′(x,y)

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)γi

]

×

[
r

∑
i=1

ai(r)(F(x))
γi

]
f (x) f (y)

F(x)F(y)
dydx

= α
β

∑
ν=0

ηνCs−1

∫ b

a

∫ x

a
ψ ′(x,y)

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)(γi+θν+λ−1)
]

×

[
r

∑
i=1

ai(r)(F(x))
(γi+θν+λ−1)

]
f (x)

F(x)
dydx. (38)

After simplifying we obtain

∫ b

a

∫ x

a
ψ ′(x,y)

f (x)

F(x)

[
s

∑
i=r+1

a
(r)
i (s)

(
F(y)

F(x)

)γi−1
]

×

[
r

∑
i=1

ai(r)(F(x))γi−1

](
f (y)−α

β

∑
ν=0

ην (F(y))
θν+λ

)
dydx = 0. (39)

By using Definition 1, Eq. (39) reduce to

f (y)−α
β

∑
ν=0

ην (F(y))
θν+λ = 0,⇒ f (y) = α

β

∑
ν=0

ην (F(y))θν+λ
.

Thus, the theorem is proved.

5 Applications

1.Uniform(a,b)

We have α = 1
b−a

, λ = 0, θ = 1, β = 0, C⋆
r−1 = ∏r

i=1(γi +ν − 1) and k̀ = k+mn−1 +ν . Then the relations (14) and
(20) reduce, respectively, to

µ ′(ℓ−1)(r,n,m,k) =
1

ℓ(b− a)

β

∑
ν=0

ην [γr
`Cr−2µ ′(ℓ)(r− 1,n− 1, m̃, k̀)

− γr
`Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)

− (ν − 1) `Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)], (40)

and

µ ′(ℓ,τ−1)(r,s,n,m,k) =
1

τ(b− a)

β

∑
ν=0

ην [γs
`Cs−2µ ′(ℓ,τ)(r,s− 1,n− 1, m̃, k̀)

− γs
`Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)

− (ν − 1) `Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)]. (41)

In the case of oOSs (m1 = ...= mn−1 = 0, k = 1, C⋆
r−1 = ∏r

i=1(n− i+ν) and γr = n− r+ 1 ), the relations (40) and
(41) reduce, respectively, to

µ
′(ℓ−1)
r:n =

1

ℓ(b− a)

β

∑
ν=0

ην [(n− r+ 1) `Cr−2µ
′(ℓ)
r−1:n+ν − (n− r+ 1) `Cr−1µ

′(ℓ)
r:n+ν

− (ν − 1) `Cr−1µ
′(ℓ)
r:n+ν ],
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and

µ
′(ℓ,τ−1)
r,s:n =

1

τ(b− a)

β

∑
ν=0

ην [(n− s+ 1) `Cs−2µ
′(ℓ,τ)
r,s−1:n+ν

− (n− s+ 1) `Cs−1µ
′(ℓ,τ)
r,s:n+ν

− (ν − 1) `Cs−1µ
′(ℓ,τ)
r,s:n+ν ].

In the case of k-th record values (m =−1, k ≥ 2−ν, γr = k and `Cr−1 = ( k
k+ν−1

)r), the relations (40) and (41) reduce,
respectively, to

µ
′(ℓ−1)
r:k =

1

ℓ(b− a)

β

∑
ν=0

ην [k

(
k

k+ν − 1

)r−1

µ
′(ℓ)
r−1:k+ν−1 − k

(
k

k+ν − 1

)r

µ
′(ℓ)
r:k+ν−1

− (ν − 1)

(
k

k+ν − 1

)r

µ
′(ℓ)
r:k+ν−1],

and

µ
′(ℓ,τ−1)
r,s:k =

1

τ(b− a)

β

∑
ν=0

ην [k

(
k

k+ν − 1

)s−1

µ
′(ℓ,τ)
r,s−1:k+ν−1

− k

(
k

k+ν − 1

)s

µ
′(ℓ,τ)
r,s:k+ν−1

− (ν − 1)

(
k

k+ν − 1

)s

µ
′(ℓ,τ)
r,s:k+ν−1].

2.Exponential(γ)

We have α = γ , λ = 0, θ = 1, β = 1, C⋆
r−1 = ∏r

i=1(γi +ν −1) and k̀ = k+mn−1 +ν . Then the relations (14) and (20)
reduce, respectively, to

µ ′(ℓ−1)(r,n,m,k) =
γ

ℓ

β

∑
ν=0

ην [γr
`Cr−2µ ′(ℓ)(r− 1,n− 1, m̃, k̀)

−γr
`Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)

−(ν − 1) `Cr−1µ ′(ℓ)(r,n− 1, m̃, k̀)], (42)

and

µ ′(ℓ,τ−1)(r,s,n,m,k) =
γ

τ

β

∑
ν=0

ην [γs
`Cs−2µ ′(ℓ,τ)(r,s− 1,n− 1, m̃, k̀)

−γs
`Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)

−(ν − 1) `Cs−1µ ′(ℓ,τ)(r,s,n− 1, m̃, k̀)]. (43)

In the case of oOSs, the relations (42) and (43) reduce, respectively, to

µ
′(ℓ−1)
r:n =

γ

ℓ

β

∑
ν=0

ην [(n− r+ 1) `Cr−2µ
′(ℓ)
r−1:n+ν − (n− r+ 1) `Cr−1µ

′(ℓ)
r:n+ν

− (ν − 1) `Cr−1µ
′(ℓ)
r:n+ν ],

and

µ
′(ℓ,τ−1)
r,s:n =

γ

τ

β

∑
ν=0

ην [(n− s+ 1) `Cs−2µ
′(ℓ,τ)
r,s−1:n+ν

− (n− s+ 1) `Cs−1µ
′(ℓ,τ)
r,s:n+ν

− (ν − 1) `Cs−1µ
′(ℓ,τ)
r,s:n+ν ].
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In the case of k-th records, the relations (42) and (43), reduce, respectively, to

µ
′(ℓ−1)
r:k =

γ

ℓ

β

∑
ν=0

ην [k

(
k

k+ν − 1

)r−1

µ
′(ℓ)
r−1:k+ν−1 − k

(
k

k+ν − 1

)r

µ
′(ℓ)
r:k+ν−1

− (ν − 1)

(
k

k+ν − 1

)r

µ
′(ℓ)
r:k+ν−1],

and

µ
′(ℓ,τ−1)
r,s:k =

γ

τ

β

∑
ν=0

ην [k

(
k

k+ν − 1

)s−1

µ
′(ℓ,τ)
r,s−1:k+ν−1

− k

(
k

k+ν − 1

)s

µ
′(ℓ,τ)
r,s:k+ν−1

− (ν − 1)

(
k

k+ν − 1

)s

µ
′(ℓ,τ)
r,s:k+ν−1].

6 Conclusion

In this paper, we set up recurrence relations for the single and product moments from the generalized S-distribution (GS-
distribution) of lower generalized order statistics. Characterizations for the GS-distribution are obtained. We use these
relations in many inference applications such as best linear unbiased estimation.
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