Appl. Math. Inf. Sci. 7, No. 1, 287-294 (2013)

Applied Mathematics & Information Sciences
An International Journal

© 2013 NSP
Natural Sciences Publishing Cor.

Soft semi-open sets and related properties in soft
topological spaces

Bin Chen

School of Mathematical Science, University of Jinan, Jinan 250022, P.R.China.

Received: 8 Jan. 2012; Revised: 4 Aug. 2012; Accepted: 6 Oct. 2012
Published online: 1 Jan. 2013

Abstract: D. Molodtsov (1999) [1] introduced the concept of a soft set as a new approach for modeling uncertainties. Xiao et al.
[7] and Pei and Miao [8] discussed the relationship between soft sets and information systems. They showed that soft sets are a class
of special information systems. So it’s important to study the structures of soft sets for information systems. Shabir and Naz(2011)
[20], studied the topological structures of soft sets. In this paper, we continue the study on soft topological spaces and investigate the
properties of soft semi-open sets, semi-closed sets, soft semi-interior and soft semi-closure. Then discuss the relationship between soft
semi-open (semi-closed) sets, soft semi-interior (semi-closure) and soft open (closed) sets, soft interior (closure) introduced in [20]. We
also define and discuss the properties of soft semi-separation axioms which are important for further research on soft topology. These
research not only can form the theoretical basis for further applications of topology on soft sets but also lead to the development of

information systems.
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1. Introduction

Soft set theory [1] was firstly introduced by Molodtsov in
1999 as a general mathematical tool for dealing with un-
certain, fuzzy, not clearly defined objects. He has shown
several applications of this theory in solving many prac-
tical problems in economics, engineering, social science,
medical science, etc. In recent years the development in
the fields of soft set theory and its application has been
taking place in a rapid pace. This is because of the general
nature of parametrization expressed by a soft set.

Later Maji et al. [2] presented some new definitions on
soft sets such as a subset, the complement of a soft set and
discussed in detail the application of soft set theory in de-
cision making problems [3]. D. Chen,et al. [4-5] and Kong
et al. [6] introduced a new definition of soft set parame-
terization reduction. Xiao et al. [7] and Pei and Miao [8]
discussed the relationship between soft sets and informa-
tion systems. Also an attempt was made by Kostek [9] to
assess sound quality based on a soft set approach. Mushrif
et al. [10] presented a novel method for the classification
of natural textures using the notions of soft set theory.

The algebraic nature of set theories dealing with un-
certainties has been studied by some authors. Aktas and
Cagman [11] compared soft sets to the related concepts of
fuzzy sets and rough sets. They also defined the notion of
soft groups and derived some properties. Feng et al. [12]
dealt with the algebraic structure of semi-rings by applying
soft set theory. The concept of a fuzzy soft group was intro-
duced by Aygunoglu and Aygun [13]. Furthermore, Inan
et al.[14] introduced and investigated the notion of fuzzy
soft rings and fuzzy soft ideals. Jun et al. [15] discussed
the applications of soft sets in an p-ideal theory of BCI-
algebras. Also in [16,17], Jun et al. studied applications of
soft sets in Hilbert algebras and ordered semigroups.

The topological structures of set theories dealing with
uncertainties were first studied by Chang [18]. Chang in-
troduced the notion of fuzzy topology and also studied
some of its basic properties. Lashin et al. [19] generalized
rough set theory in the framework of topological spaces.
Recently, Shabir and Naz [20] introduced the notion of
soft topological spaces which are defined over an initial
universe with a fixed set of parameters. They also studied
some of basic concepts of soft topological spaces. Later,
Aygunoglu et al. [21], Zorlutuna et al.[22] and Hussain et
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al.[23] continued to study the properties of soft topological
spaces. They got many important results in soft topological
spaces.

In the present study, we introduce some new concepts
in soft topological spaces such as soft semi-open sets, soft
semi-closed sets, soft semi-interior, soft semi-closure and
soft semi-separation axioms. We also study the relation-
ship between soft semi-interior, soft semi-closure and soft
interior, soft closure. These research not only can form the
theoretical basis for further applications of topology on
soft sets but also lead to the development of information
systems.

2. Preliminaries

Let U be an initial universe set and Ey be a collection of
all possible parameters with respect to U, where parame-
ters are the characteristics or properties of objects in U. We
will call By the universe set of parameters with respect to
U.

Definition 2.1([1]). A pair (F, A) is called a soft set
overUif A C Eyand F' : A — P(U), where P(U) is
the set of all subsets of U.

Definition 2.2([12]). Let U be an initial universe set
and Ey be an universe set of parameters. Let (F, A) and
(G, B) be soft sets over a common universe set U and
A,B C E.Then (F, A) is a subset of (G, B), denoted by
(F,A)C(G, B),if: (i) A C B; (iforalle € A, F(e) C
G(e).

(F, A) equals (G, B), denoted by (F, A) = (G, B), if
(F,A)C(G, B) and (G, B)C(F, A).

Definition 2.3 ([2]). A soft set (F, A) over U is called
anull soft set, denoted by (), if e € A, F(e) = 0.

Definition 2.4([2]). A soft set (F, A) over U is called
an absolute soft set, denoted by A, ife € A, F(e) = U.

Definition 2.5([2]). The union of two soft sets (F, A)
and (G, B) over acommon universe U is the soft set (H, C),
where C = AU B, and Ve € C,

F(e), ifee A—B;
H(e) = { G(e), e€ B—A;
F(e)UG(e),e € BN A.

We write (F, A) U (G, B) = (H,C).

Definition 2.6.([12]). The intersection of two soft sets
of (F,A) and (G, B) over a common universe U is the
soft set (H,C'), where C = AN B,and Ve € C, H(e) =
F(e)NG(e). We write (F, A)N (G, B) = (H,C).

Now we recall some definitions and results defined and
discussed in [20-23]. Henceforth, let X be an initial uni-
verse set and E be the fixed non-empty set of parameter
with respect to X unless otherwise specified.

Definition 2.7. For a soft set (F, A) over U, the rel-
ative complement of (F, A) is denoted by (F, A)" and is

defined by (F, A)' = (F', A), where F' : A — P(U) isa
mapping given by F' (¢) = U — F(e) forall e € A.

Definition 2.8. Let 7 be the collection of soft sets over
X, then 7 is called a soft topology on X if 7 satisfies the
following axioms:

(1), X belong to 7.

(2) The union of any number of soft sets in 7 belongs
toT.

(3) The intersection of any two soft sets in 7 belongs
toT.

The triplet (X, 7, F) is called a soft topological space
over X.

Definition 2.9. Let (X, 7, E) be a soft space over X,
then the members of 7 are said to be soft open sets in X.

Definition 2.10. Let (X, 7, F) be a soft space over X.
A soft set (F, E') over X is said to be a soft closed set in
X, if its relative complement (F, E)/ belongs to 7.

Proposition 2.1. Let (X, 7, E') be a soft space over X.
Then

(1) 0, X are soft closed sets over X.

(2) The intersection of any number of soft closed sets
is a soft closed set over X.

(3) The union of any two soft closed sets is a soft
closed set over X.

Definition 2.11 Let (X, 7, E) be a soft topological
space and (A, E) be a soft set over X.

1) The soft interior of (A, E) is the soft set

Int(A,E) = U{(O,FE) : (O,E) is soft open and
(O,E)C(A,E)}.

2) The soft closure of (A, E) is the soft set

CI(AE) = N{(F,E) : (F,E) is soft closed and
(A, E)C(F,E)}.

By property 3 for soft open sets, Int(A, E) is soft
open. It is the largest soft open set contained in (A, E).

By property 2 for soft closed sets, Cl(A, E) is soft
closed. It is the smallest soft closed set containing (A, E).

Proposition 2.2. Let (X, 7, E) be a soft topological
space and let (F, E) and (G, FE) be a soft set over X. Then

() Int(Int(F,E)) = Int(F, E)

(2)(F, E)C(G, E) implies Int(F, E)CInt(G, E)
B3)CU(CI(F, E)) = CI(F, E)

@)(F, E) (G, E) implies CI(F, E)ECl(G, E)

Definition 2.12. Let (F, E) be a soft set over X and
x € X. We say that z € (F, E) read as = belongs to the
soft set (F, E), whenever x € F(«) foralla € E.

Note that forx € X,z ¢ (F,FE)) ifz ¢ F(«) for
some o € E.

Definition 2.13. Let © € X, then (z, E) denotes the
soft set over X for which z(«) = {«}, forall « € E.
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3. Soft semi-open sets and soft semi-closed
sets

Definition 3.1. A soft set (A, F) in a soft topological space
(X, 7, F) will be termed soft semi-open (writen S.S.O) if
and only if there exists a soft open set (O, E) such that
(O,E)C(A, E)CCI(O, E).

From the Definition of soft semi-open set, we have the
following Remark.

Remark 3.1. Every soft open set in a soft topological
space (X, 7, E) is S.S.0.

Now we give an example to show that the converse of
above remark does not hold.

Example 3.1. Let X = {hy,ho,hs}, E = {e1,ea}
and 7 = {0,.X,(F\,E), (Fs, E), (F3, E), ..., (Fr, E)} where
(F1,E),(Fy, E), (F3,E), ..., (Fr, E) are soft sets over X,

defined as follows

Fi(e1) = {h1, ha}, Fi(e2) = {h1, ha},

Fy(er) = {ha}, Fa(ez) = {1, hs},
Fy(e1) = {ha, ha}, Fs(e2) = {1},
Fy(er) = {ha}, Fulez) = {},
Fs(e1) = {h1, ha}, F5(e) = X,

Fg(el) = X, F(j(@z) = {hl,hz},

Fr(e1) = {ha, ha}, Fr(e2) = {h1, hs},

Then 7 defines a soft topology on X and hence (X, 7,
E) is a soft topological space over X. A soft set (G, F) in
(X, 7, E) is defined as follows:

G(el) = {hg,hg},G(@Q) = {hl,hg}.

Then, for the soft open set (F3, E), we have (Fj,
Because Cl(F3, E) = X, we have (F3, E)C (G, E)CCI(Fs,
Then the soft set (G, E) is S.S.O in the soft topological
space (X, 7, F) but not soft open since (G, E) & .

Theorem 3.1. A soft subset (A, E) in a soft topologi-
cal space (X, 7, F) is S.S.0 if and only if
(A, E)CCI(Int(A, E)).

Proof. Sufficiency. Let (A, E)CCl(Int(A, E)). Then
for (O, E) = Int(A, E), we have (O, E)C(

Necessity. Let (4, E) be S.5.0. Then (O, E)C

Cl(0, E) for some soft open set (O, E). But (O, E)C

Int(A, E)and Cl(O, E)CCI(Int(A, E)). Hen

CClU(O,E)CCIl(Int(A, E)).

E(A, E)CCI(O, E).

ce (A, E) calspace (X, T,

Theorem 3.2. Let {(A,, E)}oca be a collection of
S.S.0sets in (X, 7, E). Then |, c 5 (Aa, E) is S.S.0.

Proof. For each o € A, we have a soft open set (O,,, E)
such that (O, E)C(Aq, E)CCU(Oy, E). Then ¢ 5
Ega, gg ClUaea(Aa, E)YCUgen CUOG, E)YCCI ye n

Theorem 3.3. Let (A, E) be S.S.0 in a soft topological
space (X, 7, E) and suppose (4, E)C(B, E)CCI(A, E).
Then (B, E) is S.S.0.

Proof. There exists a soft open set (O, E') such that
(O,E)C(A,E)CCI(O, E). Then (O, F)C(B, E). But

Cl(A, E)CCI(O, E) and thus (B, E)CCI(O, E). Hence
(0, E)&(B, E)ECI(O, E) and (B, E) is S.S.0.

Definition 3.2. A soft set (B, E) in a soft topological
space (X, 7, E) will be termed soft semi-closed (writen
S.S.C) if its relative complement is soft semi-open, e.g.,there
exists a soft closed set (F, E) such that Int(F, E)C(B, E)C

(F’ E).

Remark 3.2. Every soft closed set in a soft topological
space (X, 7, E) is S.S.C.

Now we give an example to show that the converse of
above remark does not hold.

Example 3.2. The soft topological space (X, 7, E)
is the same as in Example 3.1. Then (B, E) = (G, E)
where we have B(e1) = {h1}, B(ea) = {hg} is soft semi-
closed since (G, E) is S.S.0 in Example 3.1. Since all the
soft closed sets in (X, 7, ) are F = {§,X,(Hy, E), (Hs, E),
(Hg, E), ceny (f[77 E)} where (Hl, E), (HQ, E), (H3, E)
., (H7, E) are as follows:

Hi(e1) = {hs}, Hi(e2) = {hs},
Hj(e1) = {h1, ha}, Ha(e2) = {ha},

Hs(e1) = {h1}, Hz(e2) = {h2, hs},

Hy(er) = {h1, hs}, Hi(ez) = {ha, hs},

E)E(G, E).
E).

Hs(e1) = {hs}, Hs(e2) =0,

Heg(e1) =0, Ho(e2) = {hs},

Hr(e1) = {h1}, Hr(e2) = {h2},
and (B, E) ¢ F.So (B, E) is a soft semi-closed set

but not a soft closed set.

Theorem 3.4. A soft subset (B, E) in a soft topologi-
E) is S.S.Cif and only if Int(Cl(B, E))
C(B,E).
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Proof. Sufficiency. Let Int(Cl(B, E))C(B, E). Then
for (F, E) = Cl(B, E), we have Int(F, E)C(B, E)C(F, E).
Necessity. Let (B, E) be S.S.C. Then Ini(F, E)Q(B E
C(F, E) for some soft closed set (F, ). But Cl(B, E)C
Cl(F,E) = (F,E) and Int(Cl(B, E))CInt(F, E).
Hence Int(Cl(B, E))CInt(F, E)C(B, E).

Theorem 3.5. Let {(B,, E)}aca be a collection of
S.S.Csetsin (X, 7, E). Then [, 4 (Ba, E) is S.S.C.

Proof. For each o« € A, we have a soft closed set
(F,, E) such that Int(F,, E)C(Ba, E)C(F,, E). Then
Int(Npen(Fa, E))CNaen INt(Fa, E)YC Nyen(Ba, E)

CNpea(Fa, E). Because (|, cp(Fo, E) = (F,E)
is soft closed set by Prop 2.1(2), then [ ,c A (Ba, E) is
S.S.C.

Theorem 3.6. Let (B, E) be S.S.C in a soft topological
space (X, 7, F) and suppose Int(B, E)C(A, E)C(B, E).
Then (4, F) is S.S.C.

Proof. There exists a soft closed set (F), E) such that
Int(F, E)C(B, E)C(F, E). Then (A, E)C(F, E). But

Int(Int(F,E)) = Int(F, E)CInt(B, E) and thus

Int(F, E)C(A, E). Hence Int(F, E)Q(A E)C(F,E)
and (A, E) is S.S.C.

Now for any soft set in a soft topological space, we
define the following sets.

Definition 3.3 Let (X, 7, E) be a soft topological space
and (A, E) be a soft set over X.

1) The soft semi-interior of (A, F) is the soft set

Ints(A, E) = U{(O,E) : (O, E) is soft semi-open
and (O, E)C(4, E)}.

2) The soft semi-closure of (A, F) is the soft set

Cls(AE) = {(F,E) : (F,E) is soft semi-closed
and (A, E)C(F, E)}.

By Theorem 3.2 and 3.5, we have Intg(A, E) is soft
semi-open and Clg(A, E) is soft semi-closed.

~

acA

Example 3.3. Let the soft topological space (X, 7, E)
and the soft set (G, F) be the same as in Example 3.1, we
can get Ints(G, F) = (G, E).

Example 3.4. Let the soft topological space (X, 7, E)
and the soft set (B, E) be the same as in Example 3.2, we
can get Clg(B,E) = (B, E).

From the definitions of soft semi-interior and soft semi-
closure, we have the following theorem.

Theorem 3.7. Let (X, 7, E') be a soft topological space
and (A, E) be a soft set over X. We have

Int(A, E)CInts(A, E)C (A, E)CCls(A, E)CCI(A, E).

Proof. By Remark 3.1, Remark 3.2 and Definition 3.3.
In the following discussion, we use (4, E)",(A, E)~,

(A, E)oand (A, E)_ instead of Int(A, E), CI(A, E), Ints(A,E)E) and (F, E) =

and Clg(A, E) for short.

Theorem 3.8. Let (X, 7, E) be a soft topological space
and (A, E) be a soft set over X. Then

(D((A,E)-) = ((A,E))o

@((A, E)o) = (A, B))-

(3)(A7 E)O = (((Aa ) )*)

Proof.(1) (A, E)_) = (N{(F,E) : (F,E) is soft
semi-closed and ( E)E(F,E)})

= U{(F E) : E) is soft seml closed and

is soft semi-open and (F, F) C(A, E)}

= ((4,E) )o.

(2) can be proved similarly.

(3) By part (2).

Theorem 3.9. Let (X, 7,
and let (F,

(DD

()(F,

E) be a soft topological space
E) and (G, E) be soft sets over X. Then
Pand X_ = X
) is S.S.Cif and only if (F, E) =

OUEE)__ = (F.E)-

A)(F, E)C(G, E) implies (F, E)_

(S)(F.E) N (G. E))_C(F. E)

Proof. (1)is obvious.

(QIf (F, F) is S.S.C, then (F, E) is itself a soft semi-
closed set over X which contains (F, E). So (F, E) is
the smallest soft semi-closed set containing (F, E') and
(F,E) = (F.E)_.

Conversely suppose that (F, E) = (F, E)_
is a soft semi-closed set, so (F, E) is S.S.C.

(3)Since (F, E)_ is a soft semi-closed set therefore by
part (2) we have (F, E)__ = (F, E)_.

(4)Suppose that (F, E)C(G, E). Then every soft semi-
closed super set of (G, E) will also contain (F, E). This
means every soft semi-closed super set of (G, E) is also
a soft semi-closed super set of (F, E'). Hence the soft in-
tersection of soft semi-closed super sets of (F, F) is con-
tained in the soft intersection of soft semi-closed super sets
of (G, E). Thus (F,E)_C(G, E)_.

(5)Since ((F, E)N(G, E))C(F, E) and ((F, E)N(G, E))

C(G,E).Soby part (4) (F, EYN(G,E))_C(F,E)_
and ((F, E)N(G,E))_C(G, E)_.Thus ((F, E)N(G, E)) -

C(F,E)_N(G,E)_.

Theorem 3.10. Let (X, 7, E) be a soft topological
space and let (F, ) and (G, E) be soft sets over X . Then

FE (F,E)_
E

E(G,E)_
N(G,E)-

.Since (F, E)_

(0o =0 and Xo = X

(2)(F, E) is S.8.0 if and only if (F, E) = (F, E)o
G)F E)oo = (F, B)o ]

@ (F,E)C(G, E) implies (F, E)oC(G, E)o
O)F,E)o U (G, E)oC((F,E)U (G, E))o

Proof. (1)is obvious.

(2) If (F, E) is a soft semi-open set over X then (F, E)
is itself a soft semi-open set over X which contains (F, F).
So (F, E)y is the largest soft semi-open set contained in
(Fa E)O

Conversely, suppose that (F, E) = (F, E)q. Since (F, E)q
is a soft semi-open set, so (F, E) is a soft semi-open set
over X.

(3)Since (F, E)y is a soft semi-open set therefore by
part (2) we have (F, E)gp = (F, E)o.
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(4)Suppose that (F, E)C (G, E). Since (F, E)oC(F, E)
C(G, E). (F, E)g is asoft semi-open subset of (G, E),
so by definition of (G, F)o, (F, E)oC(G, E)o.
(5)Since (F, E)C((F, E)U(G, E)) and (G, E)C((F, F)
(G7 E)) Soby (4), (F7 E)Oé((Fa E)U(Ga E))O and (G’ E)O
)

E((F, E)U(G, E))o. So that (F, E)oU(G, E)oC ((F, E)U

(G, E))o, since ((F, E)U(G, E))o is a soft semi-open set.

Theorem 3.11. Let (X, 7, E) be a soft topological
space and let (A4, E') be a soft set over X. Then

(D((AvE)O)O = ((A7E)O)O = (AaE)O

(A, E)7)- = (A E)-)” = (4 E)”

Proof. (1) Because (A, E)? is soft open, we have (4, E)°

is soft semi-open by Remark 3.1. So we can get ((A, E)%)¢ =

(A, E)° by Theorem 3.10(2).

By Theorem 3.7, we have (A, E)°C(A4, E)oC(A, E),
then we can get (A, E)°C((4, E)o)° C(A, E)° and so
(A, E)o)° = (A, E)°. This completes the proof.

(2) Because (A, E)~ is soft closed, we have (A, E)~

is soft semi-closed by Remark 3.2. So we can get ((A4, E) ) _

= (A, E)~ by Theorem 3.9(2).

By Theorem 3.7, we have (A, E)C(A, E)_C(A,E)~,
then we can get (A, F)~"C((4,FE)_)~ C(A,E)~ and so
((A, E)-)~ = (A, E)~. This completes the proof.

4. Soft Semi-Separation Axioms

Definition 4.1. Let (X, 7, E) be a soft topological space
over X and z,y € X such that x # y. If there exist soft
semi-open sets (F, E) and (G, E) such that x € (F,E)
andy ¢ (F,E)ory € (G,E) and z ¢ (G, FE), then
(X, 7, E) is called a soft Sy-space.

Not all soft topological spaces are soft Sy-spaces as
shown by the following example:

Example 4.1. Let X = {hy,h2}, E = {e1,e2} and
7 = {0,X}. Then (X, 7, E) is not a soft Sp-space because
for hy, ho € X, there only exists one soft semi-open set X
such that Ay, hy € X.

Definition 4.2. Let (X, 7, E) be a soft topological space
over X and z,y € X such that x # y. If there exist soft
semi-open sets (F, F) and (G, E) such that x € (F, F),
y¢ (F,E)andy € (G,E),z ¢ (G, E), then (X, 7, E) is
called a soft S7-space.

Theorem 4.1. Let (X, 7, E') be a soft topological space
over X. If (z, E) is a soft semi-closed set in (X, 7, F) for
each x € X then (X, 7, E) is a soft S;-space.

Proof. Suppose that for each z € X, (z, F) is a soft
semi-closed set in (X, 7, E), then (x, E)  is a soft semi-
open set in (X, 7, E). Let z,y € X such that z # y.
For z € X, (z, E) is a soft semi-open set such that y €
(2,E) and 2 & (z,E)". Similarly (y, E)" is such that
z € (y,BE) andy & (y,E). Thus (X, 7, E) is a soft
S1-space over X.

U

Lemma 4.1. Let (F, E) be a soft set over X and = €
X. Then:

(Dx € (F, E) if and only if (z, E)C(F, E)

Qif (z, )N (F,E) =0, thenz ¢ (F, E).

Theorem 4.2. Let (X, 7, E') be a soft topological space
over X and z € X. If X is a soft .S;-space, then for each
soft semi-open set (F, E) with x € (F, E):

(1) (z, B)C 1\ (F, E)

(2)forall z # z, z € N(F, E).

Proof. (1) Since z € N(F, E), by Lemma 4.1, it is
obvious that (z, F)C N (F, E).

(2) Let z # x for z, z € X; then there exist soft semi-
opensets (H, E) suchthatz € (H,E)and z & (H, E). So
z ¢ H(a) for some o € E, and we have z € NaecpF ().
Consequently, z ¢ N(F, E).

Definition 4.3. Let (X, 7, E) be a soft topological space
over X and z,y € X such that x # y. If there exist soft
semi-open sets (F, E) and (G, E) such that z € (F, E),
y € (G,E) and (F,E)N (G,E) = (, then (X, T, E) is
called a soft S3-space.

Example 4.2. Let X = {hy,hs}, E = {ej,e2} and
7 be the soft discrete topology on X. Then (X, 7, E) is a
soft Sy-space.

Theorem 4.3. Let (X, 7, E) be a soft topological space
over X and z € X.If (X, 7, E) is a soft Sy-space, then
(z, E) = N(F, E) for each soft semi-open set (F, E) with
x € (F,E).

Proof. Vo € X if y # x. Because (X, 7, F) is a
soft Sa-space, there exist soft semi-open sets (H, E) and
(G,E)suchthatz € (H,E)andy € (G, E)and (H, E)N
(G,E) =0 and so (H,E) N (y,E) = (. Thus (z, FE) =
N(F, E) for each soft semi-open set (F, E') withx € (F, E).
This completes the proof.

Theorem 4.4. (1) Every soft Si-space is a soft Sp-
space.
(2) Every soft Sa-space is a soft S;-space.

Proof. Let (X, 7, E) be a soft topological space over
X and z,y € X such that z # y.

() If (X, 7, F) is a soft Sy-space then there exist soft
semi-open sets (F, E) and (G, E) such that z € (F, E),
y¢ (F,E)andy € (G,E), v ¢ (G, E). Obviously then
we have z € (F,E),y ¢ (F,E)ory € (G,E), z ¢
(G, E). Thus (X, 7, E) is a soft Sp-space.

QIf (X, 7, E) is a soft Sy-space then there exist soft
semi-open sets (F, E) and (G, E) such that z € (F, E),
y € (G,F) and (F,E) N (G,E) = 0. Since (F,E) N
(G,E)=0,s0x ¢ (G,E),y & (F,E). Hence (X, 7, E)
is a soft S;-space.

Example 4.3. Let X = {hi,ho}, E = {e1,e2} and
T = {@,X,(Fl, E), (FQ, E), (F3, E)} where (Fl, E), (FQ, E),
(F3, E) are soft sets over X ,defined as follows

Fi(e1) = X, Fi(e2) = {ha},
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Fy(er) = {h}, F2(e2) = X,

F3(e1) = {h1}, F3(e2) = {ha},

Then 7 defines a soft topology on X and hence (X, 7,
E) is a soft topological space over X. Also (X, 7, E) is
a soft S1-space over X but not a soft Se-space because
h1,he € X and there do not exist any soft semi-open
sets (F, F) and (G, E) in X such that hy € (F,E), hy €
(G,E)and (F,E)N (G, E) = .

Example 4.4. Let X = {hy,h2}, E = {e1,e2} and
7 = {0,X,(Fy, E)} where (Fy, E) is a soft set over X,
defined as follows: Fy(e1) = X, Fi(es) = {ha}. Then
7 defines a soft topology on X and hence (X, 7, E) is a
soft topological space over X. Also (X, 7, E) is a soft Sp-
space over X but not a soft S;-space because hq, hy € X
and there do not exist any soft semi-open sets (F, E') and
(G,E)in X suchthat hy € (F,E),he & (F,E) and hy €
(G7 E>7h1 g (Ga E)

Definition 4.4. Let (X, 7, ) be a soft topological space
over X, (G, E) be a soft semi-closed set in X and x € X
such that © ¢ (G, E). If there exist soft semi-open sets
(F1, E)and (Fy, E) suchthatx € (F1, E), (G, E)C(F3, E)
and (F1, E)((Fy, E) = 0, then (X, 7, E) is called a soft
semi-regular space.

Lemma 4.2. Let (X, 7, E) be a soft topological space
over X, (G, E) be a soft semi-closed set in X and x € X
such that x ¢ (G, E). If (X, 7, E) is a soft semi-regular
space, then there exist soft semi-open set (F, E) such that
x € (F,E)and (F,E)(G,E) = 0.

Theorem 4.5. Let (X, 7, F) be a soft topological space
over X and x € X.If (X, 7, E) is a soft semi-regular
space, then:

(1) For a soft semi-closed set (G, E), z ¢ (G,E) if
and only if (z, E) N (G, E) = 0.

(2) For a soft semi-open set (F, E), x ¢ (F, F) if and
only if (z, E) N (F, E) = 0.

Proof. (1) Let ¢ (G, E). By Lemma 4.2, there ex-
ists a soft semi-open set (F, F) such that z € (F,FE)
and (F,E) (G, E) = 0. Since (z, E)C(F, E), we have
(z, E)N(G,E) = 0.

The converse is obtained by Lemma 4.1(2).

(2) Let z ¢ (F, E). Then there are two cases: (i) © &
F(a) forall & € F and (ii) ¢ ¢ F(a) and z € F(p) for
some o, 5 € E.

In case (i) it is obvious that (z, E) N (F, E) = (). In the
other case, x € F,(a) and x ¢ F,(ﬁ) for some o, 3 € E
and so (F,E) is a soft semi-closed set such that z ¢
(F,E) ,by (1), (z, E) N (F,E) = 0.So (2, E)C(F, E)
but this contradicts ¢ F(«) for some @ € E. Conse-
quently, we have (z, E) N (F, E) = {.

The converse is obvious.

Theorem 4.6. Let (X, 7, E) be a soft topological space
over X and x € X. Then the following are equivalent:

(1) (X, 7, E) is a soft semi-regular space.

(2) For each soft semi-closed set (G, F) such that (2, E)N
(G, E) = 0, there exist soft semi-open sets (F;, E) and
(Fy, E) such that (z, E)C(F1, E), (G,E)C(F3, F) and
(F17E) ﬂ(FQaE) = (Z)

Proof. The proof is obvious, obtained by Theorem 4.5(1)
and Lemma 4.1(1).

Theorem 4.7. Let (X, 7, E) be a soft topological space
over X and x € X. If (X, 7, E) is a soft semi-regular
space, then:

(1) For a soft semi-open set (F, E), x € (F, E) if and
only if z € F(«) for some « € E.

(2) For a soft semi-open set (F, E), (F, E) = J{(z, E) :
x € F(a)} for some o € E.

Proof. (1) Assume that for some @ € E, z € F(a) and
x ¢ (F, E). Then by Theorem 4.52), (z, E) N (F, E) =
(). By the assumption, this is a contradiction and so z €
(F, E).

The converse is obvious.

(2) Tt follows from (1) and = € (F, E) if and only if
(z, E)C(F,E).

Theorem 4.8. Let (X, 7, F) be a soft topological space
over X.If (X, 7, E) is a soft semi-regular space, then the
following are equivalent:

(1) (X, 7, E) is a soft S -space.

(2) For z,y € X such that z # y, there exist soft semi-
open sets (F, E) and (G, E) such that (x, E)C(F, FE) and
(y,E) N (F,E) = 0, and (y, E)Z(G, E) and (z, E) 0
(G,E)=0.

Proof. It is obvious that z € (F,E) if and only if
(z,E)C(F,E), and by Theorem 4.5, z ¢ (F, FE) if and
only if (z, E) N (F, E) = (). Hence we have that the above
statements are equivalent.

Definition 4.5. Let (X, 7, E) be a soft topological space
over X. Then (X, 7, E) is said to be a soft S3-space if it
is a soft semi-regular and soft S -space.

Theorem 4.9. Let (X, 7, F) be a soft topological space
over X. If (X, 7, E) is a soft S3-space, then for each z €
X, (z, E) is soft semi-closed.

Proof. We show that (z, E)  is soft semi-open. For
eachy € U — {z}, since (X, 7, E) is a soft semi-regular
and Si-space, by Theorem 4.8, there exists a soft semi-
open set (F,, E) such that (y, E)C(F),, E) and (z,E) N
(Fy, E) = 0.S0U,ep— 2y (Fy, E)C(x, E)". For the other
inclusion, let U, ey, (Fy, E) = (H, E) where H(a) =
UyeUf{x} F,(a) for all @ € E. Moreover, from the defi-
nition of the relative complement and Definition 2.13, we
know that (z, E) = (', E), where 2 (o) = U — {x}
for each « € E. Now, for each y € U — {z} and for
each o € B, 2'(a) = U~ {2} = Upey_y{y} =
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Uyer— 23 ¥(@) € Uyer— oy Fy(@) = H(a). By Defi-
nition 2.2, this/ implies that (z, E)' C Uyer—(a) (Fy: B,
and so (z,E) = Uyep_ (4 (Fy, E). Since (Fy, E) is
soft semi-open for each y € U — {z} and by Theorem
3.2 (z, E)  is soft semi-open, consequently, (z, E) is soft
semi-closed.

Theorem 4.10. A soft Ss-space is soft S2-space.

Proof. Let (X, 7, F) be any soft S3-space. For 2,y €
X such that x # y, by the above Theorem 4.9, (y, E)
is soft semi-closed and = ¢ (y, E). From the soft semi-

regularity, there exist soft semi-open sets (F, E) and (Fy, E)

suchthatz € (F1, E),y € (y, E)C(Fy, E) and (F1, E)()
(F», E) = 0. Hence (X, 7, E) is Sa-space.

5. Conclusion

Topology is an important and major area of mathematics
and it can give many relationships between other scien-
tific areas and mathematical models. Recently, many sci-
entists have studied the soft set theory, which is initiated
by Molodtsov and easily applied to many problems having
uncertainties from social life.

In the present work, we have continued to study the
properties of soft topological spaces. We introduce soft
semi-interior, soft semi-closure and soft Soft semi-separation
axioms and have established several interesting properties.

In our future work, we will go on studying the proper-
ties of soft semi-open sets and soft semi-closed sets such
as hereditary of them. And will discuss some theorems on
the equivalence of soft semi-separate spaces. Since the au-
thors introduced topological structures on fuzzy soft sets
[24-26], the semi-topological properties introduced in this
paper can be generalized in the fuzzy soft sets and will
be useful in the fuzzy systems. Because there exists com-
pact connections between soft sets and information sys-
tems [7,8], we can use the results deducted from the stud-
ies on soft topological space to improve these kinds of con-
nections.

We hope that the findings in this paper will help re-
searcher enhance and promote the further study on soft
topology to carry out a general framework for their ap-
plications in practical life.
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