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Abstract: Semi-quantum or full-quantum electromagnetically indlutansparency has been fully studied for three-level ationas
weak field approximation method, where probe field is verykgethan the coupling field. The weak field approximation isvadid in
full-quantum model where the number of coupling photon®isse large. In the present article, the master equatiortédnteraction
of two-mode photons with a three-lev&Hype atom are exactly solved and the exact dispersion aswtptiion spectra for the probe
beam photons are also obtained analytically. The resulissoéxact scheme are compared with the correspondinggésitte weak
field approximation method in full-quantum and semi-cleasimodels.
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1 Introduction dispersion spectra are obtained for a probe fields which
are not generally weaker than the coupling field. It is
r§hown that the EIT obtained for the probe fields is either
weaker or stronger than that of the coupling field. In
contrast to the semi-classical model, the EIT is also

btained in the full-quantum model where the coupling

eld is very weak and contained a few numbers of
photons. It is also shown that the EIT appeared even for a
acuum coupling field.

Electromagnetically induced transparency (EIT) has bee
theoretically introduced by O. Kocharovskayd [and
experimentally observed, by S. E. Harris et &,3].
Recently, many authors have been interested in studyin
EIT and its applications 4,5,6,7,8]. EIT is widely
studied for different systems, e.g. Y\ and cascade
three-level atoms and many other atoms with more level
[9,10]. Many alkali atoms, e.g., Rydberg Rubidium atom,
have been also experimentally applied for the generation
of EIT [11,12]. Properties of the electromagnetic fields 2 Proposed Setup
interacting with a three-level-type atom were studied in
the semi-classicall]2,3,13,14] and full-quantum 15  Suppose an ensemble of -type three-level cold circular
16] models by a weak field approximation (WFA) Rydberg atoms trapped in a quantum cavity, pumped into
method. The EIT with the quantized fields in opto-cavity the high quantum number excited levels (e.g.,
mechanics is another example for the full-quantumn = 49,n = 50 andn = 51), interacting (resonantly or
approach which is studied by S. Huang and G. S. Agarwahon-resonantly) with the classical (or quantized) couplin
[16]. Electromagnetic fieldsl[7]. There are many other alkali

In this paper, a full-quantum model of EIT is atoms which are possible to apply in these experimental
investigated for an ensemble Aftype three-level atoms, setups, e.g.: Cesiuni@], Sodium [L9 and so on. In this
in which the probe and coupling fields are quantize.case, an ensemble of cold three-level atoms is prepared by
Interaction of a A-type three-level atom with the an optical pumping initially in the stati®). The quantum
quantized electromagnetic fields is investigated using thecavity is filled with the three-level cold atoms as well as
Jaynes-Cummings model. In this case, the exact mastahe n, number of coupling photons which are strongly
equations are investigated and solved in a steady-stateoupled with the quantum cavity electrodynamics. The
without any WFA. An exact form of absorption and probe photons are individually injected into the absomptiv
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@ (b) Application of Eq.(2) intops = |@){Y| gives the total
|an-1n> density operator:

Mirror . R
Mo N . P = Paala,n —1,m)(@n —1,mn)
v, P 0 Pmb:lhomn + ppblb, Nz, n2) (b, Ny, Ny
Y b1 Cavity + Peclc,n—1np+1)(c,ny—1,n2+ 1]
+ (Pabla,m — 1,n2)(b, Ny, ny|

o Linst L Mo + Pacla,ng—1,m)(a,n; —1,m+1]
[ + Pocb,ng,no){c,ng —1,np+1]+C.C.), 3)

Fig. 1: Fig. 1. (Color online) (a) AA-type three-level atom Where pij = Gi(t)C;(t). The exact dynamical equations
interacting with two electromagnetic fields with frequessci; (master equatlonsj are given by:

andv,. The red spot is an ensemble of atoms trapped and stronglyx ~ . ~

coupled with the quantum cavity. The quantized probe preton P38 — (Y2 + Y2)Paa+ i91v/M1(Pab — Poa)

are passed through the cavity and counted by D1 after iritenac +ig2v/N2 + 1(Pea— Pac), 4)

with the ensemble of atoms. Pob="YaPaa+ YsPec T 91y/M1(Pab — Pa), ()
Pec=YoPaa— YsPcc+ i921/ N2+ 1(Pac — Pea); (6)
Pab=—3(Vi+ 2i/1)Pap+ig1y/M(Pob— Pac)

atoms in the cavity. Absorption of the probe photons is +igoy/a + Lo, @

controlled by the number of coupling photons. The . N S . .
quantum cavity illustrated in Fig. 1b, is made of Pac= —35(¥1+2i42)Pac+ig1v/N1Ppc

superconductor mirrors to reduce the cavity loss and the N S Y T S
absorption of the probe photons could be measured by the +?2 Mot L(pec paf")’ . . ®)
detector D1. Poc= —3(¥8— 2i(A2— A1))Poc+ 91/ N1Pac

—ig2v/N2 + 1ppa. )

) Master equations are obtained frgm= % V,p] +L(ps)
3 Master Equations where
L(Ps) = —3 (04ij Gij ps — 20-i psO.ij + PsT+ij O-ij)
is the Lindblad relaxation term and
Suppose that, in cavity quantum electrodynamics, the(ij} e {{ab},{ac},{bc}}.&ij = |i)(j|, 6 ij = |j)(i| and
quantized probe and coupling fields (photons) interactfj; are spontaneous transition rates between the states
with a three-levelA-type atom (see Fig. 1a). The andj. ys = I, yo = Macandys = [ are also spontaneous
interaction Hamiltonian of the system in the interaction decay rates. To obtain master equations (4)-(9), the
picture is given by: rotating frame transformations: fap = pPane 21,
- . . Pac = Pace™ 4 and e, = pepe 4241 are applied.
V = —hgi[0ap1€21 + &l opae 21 In this article, a few numbers of photons are
_ A ot | AT . —idgt investigated for the probe and coupling fields. Hereatfter,
Mgp0acdoe™ +80ca8 ™7, @) the phrase "the weak field” would med&the number of
probe photons is very smaller than the number of
coupling photons” Therefore, the weak field
approximation (WFA) is used where the number of
coupling photons are very larger than the number of probe
photons; e.gny, > 100. It is assumed that a probe beam is
; 2 train of individual photons so that atoms are interacted
detuning betwgen the f(equenqy of probe (coupling) an ith one photon at each moment; thus, the detector would
the correspondln.g _a.tomlc transition frequenc;_/. ) only measure absorption of one photon at each moment.
Assume the initial state of total system is given by Therefore the number of probe photons would be set to
lb,n1,n2). By an atom-field interaction, absorption of one gne for all examples. Clearly it violates the WFA.
probe photon changes the state [&on —1,nz) and a In WFA, the density matrix elements in Egs. (4)-(9)
coupling ~ photon  emission, change it into g6 expanded up to the first order of electric field
c,n1—1,m2+1). Therefore, a time evolution of initial  mpjitude. In this case, the population of atomic levels

whereg; andg? are interaction strength of the probe and
coupling fields, respectivelyal(élr) and a‘z(é;) are
annihilation (creation) operators for the probe and
coupling photons, respectivelygij = |i)(j| is atomic
transition operator fromj) — |i). In Eq. (1),41(42) is

state is given by a linear combination of these states  {ransfers to the lowest levblwhich can be assumed to be
as an initial state. The dispersion and absorption of probe
) =Ca(t)|a,n —1,nz) +Cy(t)|b,m, ny) photon are obtained from the real and imaginary parts of
+Cc(t)|e,n —1,np+1). (2)  the probe coherence teripy, which could be derived
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o R Y I i Fig. 3: Fig. 3. (Color online) A comparison between dispersions
5 s 5 1s§ i | (a) and absorptions (b) of the probe field for vacuum coupling
g, R *g 10 fields is shown. The solid (green) line and dashed (blue)dnee
§ s 3 plotted for the semi-classical and full-quantum modelstofra

| i : field interaction, respectively. The EIT appears even wlieee
-1 ' : o coupling field is in the vacuum state (whege= 1 andn, = 0);
but, in the semi-classical model (wh€g, = 0 andQp; = 1), it
is disappeared. In this case other conventional paranetetse
Fig. 20 Fig. 2. (Color online) (a) and (b) are the real and same as what is selected in Fig. 2.

imaginary parts of,p in the full-quantum (and semi-classical)
model. They are, respectively, proportional to dispersionl
absorption of the probe field. In this case, the WFA is used
where the probe field is very weaker than the coupling field.

They are plotted versus detuning of probe fididwhere other coupling photons, it is known that Egs. (12) and (13) are

parameters agg = y5 — 0.1, y5 = 0.001, n; = 1, Ay — 0 and not valid for the coupling field, which are not very
g1 = gp — 1 and, — {50,100, 150} for the plots (a) and (b) and stronger than probe field, because the WFA is used in
n, = {0,2,4,6,8, 10}for (c) and (d). their derivations.
There is a main difference between the absorption
spectra of probe field for the coupling field in the vacuum
state and zero coupling field strength in semi-classical

from the master equations in the steady-state: model. In the vacuum coupling field the EIT is appeared
_ 1 DA\ - in full-quantum model but it is disappeared for the zero
0= =20+ Vot 249)Pap +1g1v/M coupling field strength. It is due to the interaction of atom
+igoy/ N2 + 1Pch, (10) with the vacuum electromagnetic field. This difference is

shown in Figs. 3a and 3b.

0= _%(V2+K%_Zi(AZ—Al))ﬁcb_iglx/n—lﬁac ; ) ) ]
To obtain the more correct dispersion and absorption

+id2/N2 + 1Pba, (11) spectra, where the coupling field is not stronger than the
According to Egs. (10) and (11), the probe coherence ternprobe field, the exact form of the coherence term for the
is obtained as: probe photons must be obtained without the WFA.

201/Ni(iys+2(A2 — M)
(A1+2i01)(ys — 2i(A2 — A1) +4g5(np + 1) )
12 ;
The real and imaginary parts @, are proportional 4 Exact Solution
to the dispersion and absorption of probe photons, as
plotted in Figs. 2a and 2b for the full-quantum model in ] ] ]
WFA. To obtain the coherence term in the semi-classicalThe exact solution of master equations is found for the
model in a shortcut way, inserg;/fii — Qprand coherence term in the steady-state without weak field

M+ 1 — Quy in Eq. (12), whereQ,, and Qp, are approximation. The master equations (4)-(9) are exactly
ngabi ler_equ—énc?eus of qthga p))robe and. couplir?a fields Solved in the steady-state to obtain the exact coherence

respectively. The absorption and dispersion spectra ofe™M Papn Using MATHEMATICA software, the
semi-classical model are exactly similar to plots in Figs.CONerence term was obtained analytically. It was more

2a and 2b, for different coupling Rabi frequencies complicated than the corresponding one in WFA. The

corresponding to the large number of coupling photor&l’lumerator and denominator of coherence term are

In this case, the coupling field is supposed to be strongefdividually expanded in terms of the probe detuning
than the probe field and WFA is used. Both of the appliedVNile the coupling detuning is set to be zero. A compact
models (semi- and full-quantum models) show the effectform of the exact coherence term is obtained as:

of EIT for aA-type atom.

ﬁab =

The dispersion and absorption of the probe photons 201/M(iZo + Z1A1 +1Z,A7 + Z3A3)
N Pab = ;o (13)
are also plotted in Figs. 2c and 2d for small number of Ko+ KoAZ + KsAf
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Fig. 4: Fig. 4. (Color online) (a) and (b) are the exact dispersion
and absorption of the probe field in terms of its detuning for
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Other parameters are chosen similar to the correspondi@gnon
WFA.

where

Z

Z;

= ya(4gimys +4g5Ya (N2 + 1) + ViYoys)

x (Ag5(ya + v8) (N2 + 1) + (a + o) (4gim + o1s),  (14)
= (—3205(n2+ 1)%ya(ya + ¥8) + 21511 + V)

X (47N + yay5)?805(N2 + 1) (Ya(ya + ¥8) Vs (o + Vo + V)

xAgin(—y3 + (i + ¥2) +3))), (15)
Z; =anp(ryn+y) +4g%+1)(n+w).  (16)
Zz =8p(—pys(vi+ 1) — 405+ 1)(n+w), (A7)
Ko = (405my1 +405ye(n2+1) + viyeys)

K2

Ka = 16y(yoys(vi + o) +403(n2 + 1) (v + 1)),

x (16g3(n2 4+ 1)%(va + ¥5) + (40T + yay8) (15 (ya + ¥2)
+AgINL (Y2 + 2y5)) + 405(n2 + 1) (40T (va + 12)
B+ Y+ e+ 1),

= 4(16g{n7ys(v1 + ¥2) — 3203(2 + 1)%ya(va + 1)
B+ R)BA + ) +4gime(B i+ 2%y
+2(i+1)3) +4(+ 1) (B + Ks — 235+ 13)
+ya¥s(—2+ ) + 40T (V5 + 3+ V3
+Y1(2y2 +¥8)))):

(18)

(19)
(20)

Fig. 5. Fig.5. (Color online) Comparison between exact
dispersions and absorptions of the probe field for the vacuum
coupling fields in a) exact methods and b) WFA, showing their
differences. The solid (green) line and dashed (blue) Irmvs
the dispersion and absorption, respectively.

respectively.

The exact real and imaginary parts @f, are plotted
in Figs. 4a-4d for large and small numbers of coupling
photons. Similar to the full-quantum model with WFA,
for the large and small numbers of coupling photons, the
EIT effect is also appeared at zero detuning of the probe
field. The comparison between the exact dispersion and
absorption spectra in Fig. 4 and the approximate
dispersion and absorption spectra in Fig. 2 demonstrate
that the exact dispersion and absorption peaks are smaller
and their breadth of peaks are wider that the
corresponding one in WFA. Furthermore, the EIT effect
not only appears for the larger number of coupling
photons but also it appears for the small (or even zero)
number of coupling photons. Detuning of the absorption
peakg\;, increases with increasing the number of
coupling photons. Although the EIT is appeared either in
the semi-classical and full-quantum models in WFA; or
the exact methods in full-quantum model, they have a
serious difference where coupling photons are in the
vacuum state. A comparison between the exact and WFA
plots for the absorption and dispersion spectra, is
presented in Fig. 5. Furthermore, for the exact method,
the absolute value of the dispersion slope at zero detuning
is more than the WFA method.

5 Conclousions

In this paper, the master equations foitype three-level
atom interacting  with  two-mode  quantized
electromagnetic field was investigated. The coherence
terms for the probe photons were analytically and exactly
obtained. The EIT effect was obtained for the strong,

are real parameters. Dispersion and absorption of thgeak and even vacuum coupling photons. The absorption
coherence term are proportional to

Repas] — 201\/M1(Z101 + Z3A3)
ab Ko+ K2AZ + KaAd

Im{pag] — 29/ (Z0l1 +2:47)
T Ko+ KpAZ + Kgad

(21)

(22)

and dispersion spectra of the system were compared in
the exact and WFA methods. The following results were
obtained: 1- The weak field approximation is not suitable
for full-quantum model where the number of coupling
photons is small or where it is in the vacuum state.
Therefore an exact scheme is needed. The master
equations for three-level -type system is solved exactly in
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the steady-state where the detuning of coupling photons
are vanishes. 2- The profile of the absorption and
dispersion spectra for the exact and WFA methods are
compared. Their magnitudes in the exact method were
weaker and their peaks were wider than the
corresponding one in the WFA. 3- As well as the WFA
method, in the exact scheme the EIT is also appeared in
the absorption and dispersion spectra. 4- In spite of the
semi-classical model, the EIT appeared even for the
vacuum coupling photons in full-quantum model either in
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