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Abstract: We show that the solution of the fractional Rendleman-Bartter model observed in discrete time points is asymptotically
equivalent to a fractional Gaussian white noise model. Next we estimate the drift parameter of fractional diffusions after discretizing
the models by using a weak perturbed random walk approximation of fractional Brownian motion. Then we study the problem of
testing of the parametric form of the volatility in a stochastic differential equation driven by fractional Brownian motion. Finally we
study semiparametric estimation of forward-backward stochastic differential equations.
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1. Fractional Geometric Brownian Motion

We study a class of statistical inference problems for several stochastic differential equation models which are useful
for financial modeling. These include parametric estimation, semiparametric estimation and nonparametric testing. The
nonparametric test is based on local time of the corresponding diffusion process. We consider forward-backward stochastic
differential equation (FBSDE) where for a backward stochastic differential equation (BSDE), the initial condition comes
from the forward equation. The forward equation is driven by fractional Brownian motion. These are inverse problems
for finance where given the data one needs to make estimation and testing of the unknown parameters. There is a hidden
backward process which is completely unobserved. It can be viewed as a nonparametric approximation of the observed
variable. Asymptotic equivalence of models is a way where if a model is not tractable, one can find alternative equivalent
models. Asymptotic equivalence of statistical experiments has received some attention, see Nussbaum (1996).

The fractional Brownian motion (fBm, in short), which provides a suitable generalization of the Brownian motion,
is one of the simplest stochastic processes exhibiting long range-dependence. Consider a probability space (2,.%,]P) on
which all random variables and processes below are defined. A normalized fractional Brownian motion {W/? ¢ > 0} with
Hurst parameter H € (0, 1) is a centered Gaussian process with continuous sample paths whose covariance kernel is given
by

EWW) = 5

The process is self similar (scale invariant) and it can be represented as a stochastic integral with respect to standard

Brownian motion. For H = % the process is a standard Brownian motion. For H # % the fBm is not a semimartingale

and not a Markov process, but a Dirichlet process. The increments of the fBm are negatively correlated for H < % and

positively correlated for for H > % and in this case they display long-range dependence (persistence). The parameter H
which is also called the self similarity parameter, measures the intensity of the long range dependence.

sPH 20— s, 50> 0. (1.1)
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Hence for H # % the classical theory of stochastic integration with respect to semimartingales is not applicable to
stochastic integration with respect to fBm. Now there exists several approaches to stochastic integration with respect to
fBm.

The fractional Black-Scholes model for stock price is given by

dS, = uS,dt + oS, dwl, t€0,1]. (1.2)

The white noise theory for fractional Brownian motion which was developed in Hu and Oksendal (2003) (see also
Duncan, Hu and Pasik-Duncan (2001)) shows that if the corresponding integration theory (in the It0 sense, i.e. based on
the Wick product rather than the pathwise product) is used, then the corresponding fractional Black-Scholes market is
arbitrage-free and complete and explicit fractional option pricing and hedging formulae can be given.

We shall use the following fractional Girsanov theorem in the sequel:

Theorem 1.1 Let 7 > 0 and let u : [0,7] — R be continuous. Suppose K satisfies the equation
T
/ K(s)¢(s,t)ds=u(t); 0<t<T (1.3)
0

where ¢ (s,t) = H(2H —1)|s —t|*/=25,+ € R and extend K to R by putting K (s) = 0 outside [0, T]. Define the probability

5 H
measure Py on %, ' by

dPy(®) = exp{_ /0 " K(s)aw — %|K|§,}dPH(w) (1.4)
where
K2 = /]R /R K(s)K(1)(s,1)dsdr. (1.5)
Then .
wH ::/O u(s)ds +wl (1.6)

is a fractional Brownian motion with respect to Py.

2. Asymptotic Equivalence

In Black-Scholes model, volatility is assumed to be constant. We will consider time-dependent volatility function. The
fractional Randleman-Barter model is given by

dS, = uS,dt + o (t)S,dw/, t € 0,1] (2.1)

where 6(r) > € > 0 for all t € [0, 1]. Without loss of generality, we assume that the initial value Sy = 1. Let u = 0. This
is a model for short rate, though it is not mean-reverting, it still preserves the positivity of the interest rate. Recall that
Ho-Lee model for short-rate has time dependent drift, but still constant volatility whereas Hull-White model for short
rate has time dependent drift and volatility which are nonhomogeneous extensions of Vasicek model. Another alternative
to Randleman-Barter model is the Black-Karasinski model which is nonhomogeneous extension of exponential Vasicek
model.

Consider ¥; = log S, and substitute this in equation (2.1). Then

2
o (t
dYy, = — 2( ) ar +o(t)dWH 1 >0. (2.2)
Consider the normalized increments
nl*H t; 1
z=n"Y, -Y, )=~ > oz(u)du+n1*H/ o(u)dwt i=1,2,---n. (2.3)
tiq fi—1
We show that the statistical experiment induced by the observations {Z7, i = 1,2,--- ,n} with f; = ﬁ has the same

asymptotic behavior as the fractional white noise shift model:

1 1
dX" = —logo(t)dr + deﬂ, t>0. (2.4)

V2
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Our approach is in the sense of Le Cam theory of asymptotic equivalence of statistical experiments in a nonparametric
setup, see Le Cam and Yang (1990). This approach has been used by Brown and Low (1996), Nussbaum (1996) and
Grama and Nussbaum (1998) in the classical case of short memory models.

We assume that the volatility function o belongs to a Holder class of functions, R(7,L) with y € (1/2,1] of functions
that are bounded away from zero:

R(y,L) ={0:[0,1] = [g,%0) |€ > 0, |o(t) — o(s)| < L|t —5|"}. (2.5)

We obtain that the fractional geometric Brownian motion observed over a regular grid is asymptotically equivalent
with the observations of drifted fractional white noise model in the sense of Le Cam’s deficiency measure or the A-pseudo
distance tending to 0 as n — oo.

Let & = (Q',.7' {Ps,0 € ©}) and 4 = (Q>,.72,{09,0 € O}). Le Cam’s deficiency measure A between the
experiments & and ¢ is defined as

A(E,9) =max{6(&£,9),6(4,&)} (2.6)
where
8(£,49) = infsup |K Py — 0o (2.7)
K gco
with || - || being the total variation norm and the inf is taken over the set . (Q!,.#?) of all Markov kernels K from

(Q',.71) to (22%,.7?). Recall that a Markov kernel K from (Q',.#1) to (22,.#?) is a mapping from Q! into the set
of probability measure on (22,.%2) such that for all F € %%, ® — K(®,F) is measuraable on (Q2',.#!), and for all
o € Q1, K(,dx) is a probability measure on (Q2,.%2). The experiment K& = (Q',. 7' {K-Py,0 € ®}) is a called a
randomization of & by the kernel K. When the kernel is deterministic, that is K is a random variable K(®,F) = Ir(K(®)),
the experiment K& is called the image experiment by K.

Let &" and ¥",n = 1,2,... be two sequences of statistical experiments. The experiments " and ¢" are said to be
asymptotically equivalent if A(&",%") — 0 as n — oo. This in turn indicates that the asymptotically minimax risks for
bounded loss functions in one model can be transferred to another model. In particular, one can compute the asymptotically
minimax risk in non-Gaussian model by computing it in the accompanying Gaussian models.

Assume that there is some point 6y € ® such that Py < Pg, and Qg < Qg,, 6 € © and there are versions of Aé and Ag
of the Radon-Nikodym derivatives or likelihoods (see Theorem 1.1) dPg/dPg, and dQg/dQg, on a common probability
space (£2,.%#,P). Then the Le Cam deficiency distance between & and ¢ satisfies

1
A(&,9) < sup —Ep|A§ — Aj|. (2.8)
9c6 2

Define the measures [59 and ég by setting dﬁg = AeldP and dég = Ang. Then

1 - o~
EEP|A(5 —A3| < V2H(Py,0) (2.9)

where H (-, -) is the Hellinger distance which is defined as follows: if P and Q are probability measures on the measurable
space (,.) and P < v and Q < v, where V is a o-finite measure on (£2,.%7), then

winer= L[ ()" (%)) 210

We first obtain the rates of convergence to 0 of the Hellinger distnace between the corresponding measures of two
statistical experiments. The inequalities (2.8) and (2.9) are then used in getting upper bound for the Le Cam distance
between equivalent experiments.

If @, is a normal distribution with mean ( and variance 1, then

H?(Dyy, Py,) =1 —exp (é(ﬂl Mz)z) : (2.11)

Let Py,...,P,and Qy,...,0, be probability measures on (Q, o). Let P" =P, X ... x Pyand Q" = Q; X ... X Qp. Then

n

1-H*(P", Q") =[](1 - H*(P,Q))) (2.12)

i=1
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and

HA(P",0") < Y H*(P, Q). (213)

-

i=1

The Kullback divergence of P with respect to Q is given by

K(P,Q) = ./‘log Z—ZdP: %/’(Z—C) — (fl—g) ’dv (2.14)

if P < Q, = oo otherwise. The following Pinsker inequality is well known that the total variation distance

sup [P(4) = 0(4)] < VK(P.0)/2. (2.15)
c.of

Milstein and Nussbaum (1998) studied diffusion approximation for nonparametric autoregression and obtained the bound
O(n~2e2+n~")"/2 on the Le Cam distance as the intensity of diffusion noise &€ — 0 and ne — oo as n — oo where n
is the number of observations of the autoregression. Genon-Catalot and Laredo (2014) obtained asymptotic equivalence
of nonparametric diffusion and Euler scheme when 7" — oo, n — oo and T2 /n — 0. In fact, they obtain the bound on the
Le Cam distance for the two statistical experiments to be O(7?/ n)l/ 2. However, they assume the nonconstant diffusion
coefficient to be known. They used time change on the nonparametric diffusion and the Euler scheme which is defined
as the first time the integrated squared diffusion coefficient hits a specified level. The time changed processes have unit
diffusion coefficient. In the small variance case, replacing ¢ by o€, the upper bound for the rate of convergence is
O(n2e?4n '+ n’1£’4)1/ 2. Mariucci (2016) extended the results to small variance case and obtained the bound on
the Le Cam distance to be O(n~'e~! +n~! +£)!/*). Asymptotic equivalence for interacting diffusions for the continuous
observation of one path and for n i.i.d. paths was studied in Genon-Catalot and Laredo (2021) as \/n€ — 0.

We consider fractional diffusions. Consider the following random variables:

z; = *;12,—(2+6(ti) </] K" <@S> dS> G i=12,n (2.16)

i

n

[nt] i
BtH’”:\/EZ </,-n| KH <[,;l1_t]7s> dS) éiv i=12,--,n (217)
i=1 n

where the &; are i.i.d. standard normal random variables and
1
KA (t,5) = cHsl/sz/ (— )32y 2qy, 1 > (2.18)
N

1/2
where cy = ( %) and B(-,-) is the beta function. Note that B?" converges weakly as n — oo in Skorohod

topology to the fBM, see Sottinen (2001).
Consider the driftless fractional model
dv, = o(t)aw! (2.19)
and discrete observations of V; at times t; = ﬁ fori=1,2,...,n.
Let .
Ui:= nliH(Vli - ‘/ti—l) - nliH/l G(u)quH? i= 1727 IREYLD (220)
1

i—1

Consider the Gaussian random variables

U =o0o(t) (/_1 K" (@s) ds> & i=1,2,--.n. (2.21)

Theorem 2.1 Let &, be the experiment associated with {U,'},-:hg’_,_,,, and é"z* , be the experiment associated with
{U}}i=1,,..n defined in (2.20) and (2.21) respectively. Then

lim A (&, &5,) =0.

n—yo
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Using the transitivity property of asymptotic equivalence property several times along with inequalities (2.8) and (2.9),
we obtain our main results. Our main result of this section is the following:

Theorem 2.2 The experiments &) and &X associated with {Yi}i=12,..n and {X;}i—1 2, defined in (2.3) and (2.4)
respectively, are asymptotically equivalent, i.e,
lim A(&F, &) = 0.

n—soo

Moreover, the drift part of observations {¥;} i=172,...,n 1s asymptotically nonsignificant in this model.

3. Parameter Estimation

Parameter estimation for directly observed stochastic differential equations was studied in Bishwal (2008). Parameter
estimation in partially observed stochastic differential equation models which include the stochastic volatility models
was studied in Bishwal (2022). Minimum contrast estimation in fractional Ornstein-Uhlenbeck process was studied in
Bishwal (2011). The approach in the previous paper uses equivalent martingale representation of the model. Although
we have non-semimartingale models, the approach in this section uses random walk construction which allows to use
martingale arguments to obtain asymptotic behavior of the estimators.

Drifted Fractional Brownian Motion

Consider the drifted fractional Brownian motion
dY, = 0dt+dw!, t €[0,T] (3.1)

where (W) is a fractional Brownian motion with Hurst parameter H € (1/2,1) and the parameter 6 € R is unknown
which needs to be estimated.

Since the standard Brownian motion is a weak limit of symmetric random walk, replacing the fractional Brownian
motion by its associated disturbed (perturbed) random walk, Bertin, Torres and Tudor (2011) considered Euler type
discretization of the above model given by

Yo =Yy 4000 —1)+B ) =B, j=0,1,2,... ,N*~1 (3.2)

where7; = 4,j=0,1,2,...,N* and ¥;) = Yo = 0 and

Bf”N\/NENZ? (/N]KH <[iNt]s) ds) 3 (3.3)

where the &; are i.i.d. standard normal random variables and

1
Kf(1,5) = cHsl/sz/ (u— )" 32112y 1> s (3.4)

N

_ 1/2
where cy = (%) and B(-,-) is the beta function. Recall that the fBm with H > 1/2 can be written as

t
Wﬂ:/ K (1,5)dW (3.5)
0

where (W;,t > 0) is a standard Wiener process.

Sottinen (2001) proved that the sequence BN converges weakly as N — o in Skorohod topology to the fBM. The new
model, replacing BN with W still keeps the main properties of the original process: it is a long range dependent model
and the distribution of the noise is asymptotically self-similar. We have a non-semimartingale model, but martingales can
be used to treat this model. R

Assuming that H is known, Bertin, Torres and Tudor (2011) obtained maximum likelihood estimator (MLE) Oy of
6 based on discrete observations {¥;,,t; = %,J=0,1,2,... N*}. Let § =tj,| —t;. It is well known that for the drifted
standard Brownian motion, the MLE is given by

Yy
Y, —-Y_ )= —.
F 1( J J 1) NS

Sl-
M=

Oy =
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Using Euler type scheme for the fSDE with 7; = 4 in the drifted fractional Brownian motion
_y_ .9 H
Ytj—Yj—jﬁwLWF,} (3.6)
the MLE is given by
N v T ly,
By = N
Z i,j=1 lJF

that the MLE is unbiased and L?-consistent if and only if N§ — o0 and N — oo when & > 1.
The MLE has the mean square error bound given by

E|§N _ 9|2 S CN272H73(Z+(Z(2H71) — CN(Q*ZH)(I*(Z)
where C is a positive constant. This goes to zero if and only if & > 1. Further,

~ —~ /2
E|9N—9|”§C(E|9N—9|2)p < enpi-m(1-a), (3.7)

Using Chebychev inequality and Borel-Cantelli lemma, it can be show that §N — 0 almost surely as n — o for & > 1.
Thus the MLE is Lp-consistent. Concretely, we want to estimate the drift parameter 6 on the basis of observations

Ylj+|: +9(t]+1_tj)+Bl,+| Ble,Naj:Oalaza"'aNa_]7Y0:O (38)
which can be written as ,
0 J
Yo =Y,,.+N+Zﬁ,~é‘i+Fjé‘j+1 (3.9)
i=1
where ) )
i1 . 1 i . 1 .
Fi= \/N/N K" <J+ ,s> ds, fii=VN [ (KH <is) — k" (i,s))ds (3.10)
il N il N N
which can be further written as 0
Yj+1:Yj+N(l+(Xj)+hj(Y|,...,Yj)+Fjéj+] (3.11)
where the functions /; and o/; depend on b; ; and f; ;.
The o satisfy
Ju J Jij
Gp=0,0=—"",ai=—) ——(1+0a_1). 3.12
1 F 'j I:ZI F ( i 1) ( )
The likelihood function of Y1, ...,Y; can be expressed as
L(0,y1,--syne) = fr, (1) Fry vy 02/91) - Frya f¥1eoyor, ONE—1 /15, YNe—1) (3.13)
N%—1 2
1 1 (i1 —yj—hi(",....Y;))—0/N(1+¢q;
-1 exp 1O —yi—hih, azj) /N(1+a))) _ (3.14)
=0 \/2mF? 2 Fj
For the discrete model with perturbed random walk, the MLE is given by
N1 (Y1 =Yi—h;(Y1,...Y})) (1+a;)
Gy = N2 F; (3.15)
" et (a2 '
J=0 F?
with
N%—1 §j+1(1+a))
On 9—N—ZNLI(]+%)2 . (3.16)
J=0 F?
© 2023 NSP
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By the independence of &;, i > 1, we have

N® 1 §j1(14a;) 1
) 2 a2 j=0 Fj A2
E|6y —0|"=N"E —ZN‘X i) =N 721\]& e (3.17)

Next result gives asymptotic normality. Since §;;.1,j =1,2....,N* — L are i.i.d. .#7(0,1), we have
Theorem 3.2

a) NH-DI-@)(g,_9) 7 4 (0,17(6)) as N — oo.

ZN“ 1 l+%)

(By—0) =7 4 (0,1) as N — oo.

b) N

Remarks. 1. When H = 3/4 and a = 2, the rate is of the order N4,
2. We assumed the Hurst parameter H to be known. If H is unknown, it can be estimated as

foe +10g27:|(Yj*Y171)2
logN

N =
We introduce another estimator of 8 which we call as the second order approximate maximum likelihood estimator:

a e —
~ ZJ]JUW+ZUlﬂ1Z —HYY il
Oy = -
221/ llJ

We have | |
Zl} 111} /N+Zz] IJF W(,Jr[) HZ;} llJF

221/ llJ

This being a Stratonovich type approximation of the stochastic mtegral, it converges to the stochastic integral in
second order than the It6 type approximation, see Bishwal (2008). Using similar calculations as in Bertin, Torres and
Tudor (2011), the mean square error bound is given by

Oy —0=N

E|6N P < CN24H-30+02H-1) _ ~n(2—4H)(1-a)
We do not need ¢ > 1 for the convergence of the right hand side to zero. Further
~ ~ p/2
E|9N—9|p§C(E|9N—9|2) < cNPU-2H)(1-a)

Hence the estimator is L, consistent for any p > 1.
Using Chebychev inequality and Borel-Cantelli lemma, it can be show that 6y — 8 almost surely as n — oo.

Theorem 3.3

a) NCH-DOU-@) (g, 9) 7 4(0,17(0)) as N — .

/ZN“ 1 l+%)
m-———————ww—eyégﬂqmn

N

as N — oo,
Fractional Ornstein-Uhlenbeck Process

Then we consider fractional Ornstein-Uhlenbeck process.

dy, = 0Y,dt +dwH, te0,T 3.18
t

© 2023 NSP
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where 6 < 0. Replacing the fractional Brownian motion by its associated disturbed random walk, the Euler discretization
of the above model is given by

HN pHN .
Y’j+1 = ij +6Ylj(tj+1 _tj)+Btj+1 _Blj' v = 1,2,...,N* (3-]9)
The MLE is given by
a
PRI B Y (o by 0
9]\] = g logNﬁ
Yij Ul Y
Theorem 3.4

NHE-DU=a) gy — ) =P 4 (0,17 (9)) as N — oo.

We can improve this estimator.

5 zl] L lyyy; +Zl+,ﬁ,ﬂ* lyyy; H6):U ijl;; Y2
v 28N i Y?

Theorem 3.5
NCH=1)(1- 06)(9 )—> N(0,1 ( )) as N — oo.

The advantage of the estimator Oy over @N is that the sampling restriction & > 1 is not required for consistency and
asymptotic normality. Due to symmetry, the convergence rate is faster.
On the stochastic basis the fractional Ornstein-Uhlenbeck process X; is defined satisfying the It6 stochastic differential
equation
dX, = 0X,dt +dw!, 1>0, Xg=¢& (3.20)

where {WH} is a fractional Brownian motion with H > 1/2 with the filtration {%};>¢ and 6 < 0 is the unknown
parameter.
Davydov (1970) gave an AR(1) approximation of the fOU model:

H—-1/2

yJ:pyj,1+Vj,(1—L) vi=¢gj, p=1,y=0,j=12....T (32])

where L is the lag operator, £; ~i.i.d. (0,02) with E(& (€ %) < o0, whereas {v;} is a stationary long-memory process generated
by
_ = T(k+H-1/)2)
vi=(1-L)A"12¢ =
/ / k:ZOF(H—l/Z)F(k—H)

& - (3.22)

Davydov (1970) proved that
2172
#)}[7[] %j VVtH as T — oo,
Now consider the fCIR model
dX; = a(b—X;)dt + o/X;dWH (3.23)

Then by Proposition 5.7 of Buchmann and Kluppelberg (2006), we have X, = f(Y;) where

dY, =a(b—Y)dt+dW!, Yo=f"'(Xo), 1€]0,T] (3.24)
and f(x) = sgn(x)o>x*/4.
Fractional Cox-Ingersoll-Ross Process

Feller (1951) reached at the square-root process as the weak limit of Galton-Watson branching process with
immigration while studying a problem in genetics. Using the Feller’s square-root process, Cox et al. (1985) studied the
theory of term structure of interest rates and the model is now known as the Cox-Ingersoll-Ross model. Overbeck and
Ryden (1997) studied asymptotics of conditional least squares esimtimators of Cox-Ingersoll-Ross process from discrete
observations using an auto-regressive type representation of the model with non-Gaussian error. Dehtiar et al. (2021)
studied strong consistency for the maximum likelihood method and an alternative method of estimation of the drift
parameters of the Cox-Ingersoll-Ross process based on continuous observations. Mishura and Yurchenko-Tytarenko
(2018) studied hitting probability of fractional Cox-Ingersoll-Ross model which involves long memory. Mackevicius
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(2015) used stochastic Verhulst model as an alternative to CIR model for modeling interest rate as both processes have
similar behavior. Mackevicius (2011) studied weak approximation of CIR equation by discrete random variables.
Lenkasas and Mackevicius (2015) obtained a second order weak approximation of Heston model by discrete random
variables. Lileika and Mackevicius (2020) studied weak approximation of CKLS and CEV process (cf. Cox (1996)) by
discrete random variables.

We consider fractional Cox-Ingersoll-Ross process.

dY, = 0Y,dt +\/YdW/, 1t €[0,T] (3.25)

where 8 < 0. Replacing the fractional Brownian motion by its associated disturbed random walk, the Euler discretization
of the above model is given by

Vior =Yy 0%, (51— 1))+ ¥, (B = Bi™), j=1,2,...N%. (3.26)
The MLE is given by
1 i 'Y): iy
Oy = < logN b T ”112 : (3.27)
5 5 iy,
We have
Theorem 3.6

NHE=DU=a) gy — ) =7 4 (0,17 (0)) as N — oo

where 1(0) is the Fisher information of the model.

We can improve this estimator in terms of lower variance in simulation.

1 1 1
5 le .] YZ[] J Y +Zl+1}+1] YZZ+1}+1]F Y
N — .
6( ljl]F Y2+Z,+1]+ll]1" 'y?)

(Zl/ lJF IYZ ZH»] J+1 lJF Y2)
(N l]F 1Y2+Z,l+lj+llﬂ" y2y

(3.28)

i
We have

Theorem 3.7
NCH-D(=a) gy — 0) =7 4 (0,17'(8)) as N — oo

where 1(6) is the Fisher information of the model.

4. Testing the Fractional Volatility

We study the problem of testing of the parametric form of the volatility in a stochastic differential equation driven by
fractional Brownian motion with Hurst parameter H > % This class of models is important as it captures the long memory
behavior of the log-share prices. We then extend to fractional stochastic volatility model.

Inference about volatility is an important problem in derivative pricing. A misspecification of the volatility function
could lead to misspecfied derivative prices. When the price process follows the classical diffusion, Ait-Sahalia (1996a)
studied the volatility testing problem using nonparametric density matching. His test is based on the comparison of
parametric marginal density with its nonparametric estimator. However, the classical diffusion does not take in to
account the long memory behavior of the price process. In the current work, we take the long memory behavior of the
price in to account using the fractional diffusion and study the testing problem for volatility. We study the asymptotic
behavior of the test statistic. Nonparametric pricing of interest rate derivatives studied in Ait-Sahalia (1996b). Basically
the pricing PDE is solved by replacing the volatility by its nonparametric kernel estimator which is pointwise consistent
and asymptotically normal. Due to the relationship between the diffusion coefficient and the drift coeffcient, once the
drift parameter has been identified, the diffusion function can be identified from the marginal distribution. The drift
parameters are estimated by OLS which are plugged in to the kernel estimator of the marginal density which are then
further plugged into the diffusion-drift equation to obtain the nonparametric estimator of the diffusion coefficient. The
asymptotic distribution of the nonparametric estimator of the price is normal.
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We assume that the price process of an underlying is a one dimensional fractional diffusion satisfying the fractional
1td6 SDE
dX; = u(X))dt + o (X)dWH 0<t<T (4.1)

where u and ¢ are smooth functions such that a unique solution of the above SDE exists and {W/ ¢ € [0, T]} is a fractional
Brownian motion with Hurst coefficient H > 1/2. Assume the ¢ has continuous derivatives up to second order.

For the pricing of contingent claims with a payoff function that depends on the evolution of the underlying process X
during the time period [0, T], the derivative prices are calculated under the risk-neutral quasi-martingale measure, which
is not influenced by the drift function, but the diffusion function ¢ captures the volatility of the underlying.

In the field of interest rate modeling, the specification of u is also important. However, a first step in evaluating a
particular parametric interest rate model could be test of parametric form of its volatility coefficient.

It is often assumed that the diffusion coefficient belongs to a set of parametric functions , i.e, there exists an unknown
parameter 6y € O such that 6(x) = o(6p,x).

The null and the alternative hypotheses to be tested are:

H: There exists 6) € O such that foreveryt € [0,T]: 6(X;) = 0(6,X,) P-as.
: Forall € © and foreveryt € [0,T]: |6(X;) —0(0,X;)| > ¢n dn(X;) P-as.

Here d,, is the local shift in the alternative, a sequence of bounded functions and ¢, is the order of difference between
Hh and 7, which is a deterministic sequence converging to zero at a proper rate as n — co.

We need the following assumptions in the sequel
(A1) The following condition holds for 62: |6%(8,x) — 6%(80,x)| < d(x)|0 — 8o| Vx € I, where d(x) is a function
depending on x and the set I, is defined by Ix := {x: Lr(x) > € > 0} with an arbitrary number &, where Ly (x) denotes
the local time of X at time 7.

Local time of Y in x during [0,7] is defined as

Li(x )—(1313})5/ Iyjy,—x<syds (4.2)

and its discrete approximation is defined as

fl, i’(h i) (4.3)

L
() = 2nhZ (1 —si<eps Ln7(x = =

The local time of the Dirichlet process r at a point a over the time interval [0, ] the amount of time spent by the process
near a and is defined as

l(t,a)—llgg)—g/ I, —aj<e10° (rs)ds (4.4)

The discrete approximation of (¢, a) is given by

n—1
ln(l,a) = ZI{\rrra\<An}62(rfi)(ti+1 —l‘l'). (45)
=1

2nA, =

Occupation Time Formula: For every Borel f

| /0 " )d(nr) = 1 Z F(a)l(t,a)da. (4.6)

The kernel K has compact support and is symmetric about 0 and is continuously differentiable.

(A2) 5,, is a 1 — H root consistent parametric estimator of 6 within the family of the parametric model, i.e., |5,, —-0|=
OP(I’lf(liH)).

Let T, be the first hitting time of x, i.e., the first time the point x is visited. For all x satisfying 7, < 1, we introduce the
following test statistic:

2
6= St () )

where

—1
):?:1 I{\Xr,-*a\<An}n(Xfi+1 *Xti)z

Sa(x) = —
" ) I{|x, ~a|<An}
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The proposed test statistic is asymptotically equivalent to the L,-distance between S,(-) and 62(@” ). We will study
the behavior of the above test statistic for large sample size. In the following section, we introduce fractional stochastic
calculus briefly and the material needed to prove our main results.

We need the fractional 1t6 formula: if f: R — R is a twice continuously differentiable function with bounded
derivatives of order two, then

T T
f(WTH> *f(W(?) = / f’(WSH)dWSH +H/ SZHflf"(WSH)ds a.s.
JO 0

For H = %, it gives the classical 1t6 formula for standard Brownian motion.
We also need the local time theory for fractional Brownian motion. The local time of fractional Brownian motion is
defined as )
- .
1 () = / SWH — x)ds = lim
Jo

=0

% {se0,q:|W—x|<e} (4.8)

where ¢ is the Dirac delta function and |A| denotes the Lebesgue measure of the Borel set A.
The weighted local time of a fractional Brownian motion process is studied in Hu (2001), Hu and Oksendal (1999),
Hu, Oksendal and Salopek (2001). The weighted local time is defined as

ot
L") = /0 SWH —x)2H1ds (4.9)

where 6 is the Dirac delta function. For H = 1/2, the usual local time is the same as the weighted local time. We have

£ )] = @m) 2 ' exp(—5r ) (4.10)
E[L"w] = @m e P exp(— 32 (4.11)

Further,
- |:Lt(WH) (x)r T (H)2F H(jz\/iEH)tZH (4.12)

where k is a constant defined below:
For 0 <s <t <T,there is a constant k > 0 such that

Var(EW — W) = Var(§ (W = W) + (& —mW") > k(%1 — s + (n — &), (4.13)

The local time and the weighted local time are jointly continuous ¢ and x and for almost all ® € Q2.
The Meyer-Tanaka formula for fractional Brownian motion is given by

!
(WH — 2| = +/0 sign(WH — 2)aw +2HL"" (2). (4.14)
For the fractional Black-Scholes model

dX; = uX,dt + X, dW, 1 >0, Xo =x >0 (4.15)

whose solution the fractional geometric Brownin motion is

1
X, = xexp(oWH + ur — Ecztz”) (4.16)

the following are the moments of the weighted local time:

1 to h(s,z)?
X H—1 )
E LY (2)] = \/Z_MZ/O s" lexp (— S )45 (4.17)
where )
1 c
h(s,z):g[logi—ut—i—?t”"]. (4.18)
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Further
TC(H)(1—H)*H

E[LX(2))* < 4.19
L < = (4.19)
We present the 1td-Tanaka formula: Let f : RT — R be a convex function of polynomial growth. Then
1
F(X) = £(Xo) + /O D™ f(X,)dX, + 6*HL, (x)dvy (x) (4.20)

where D™ f denotes the left derivative of f and v denotes the second derivative of the measures of f. The Meyer-Tanaka
formula for fractional geometric Brownian motion is given by

t
X, — 2| = |Xo— 2| + /0 sign(X, — 2)dX, + 262 H2LX (2) (4.21)
for any z > 0.
Also,
!
X, —2)t=Xo—2)" + /0 Ao (Xo)dXs + 0 HZ LY (2) (4.22)
for any z > 0.

Theorem 4.1 Under /%, the test statistic .7,/ (x) converges in distribution to a )2- random variable with k degrees of
freedom as n — oo, nh — oo, (nh*)~'logn — 0 and nh> — co.

Empirical Likelihood Test About the Fractional Volatility

The main advantage of empirical likelihood methods is their ability to studentize internally and to correct test
statistics and confidence intervals for empirical properties of data.

We obtain that 7" (x) converges under the alternative hypothesis to a noncentral chi-square distribution with k
degrees of freedom and non-centrality parameter Y%, {d?(x;) /c*(60,x;)}.

Theorem 4.2 Under 74, 7" (x) converges in distribution to a non-central x2- random variable with k degrees of
freedom and non-centrality parameter YX_ {d2(x;)/6*(60,x)} asn — oo,nh — oo, (nh?)~'logn — 0 and nh> — oo

5. Semiparametric Estimation in Fractional FBSDE

El Karoui and Quenez (1995) stated that prices of many important derivative securities could be solved by backward
stochastic differential equation (BSDE). When the randomness of the initial condition comes from a forward equation,
then one gets the forward-backward stochastic differential equation (FBSDE). Su and Lin (2009) studied semi-parametric
estimation of forward-backward stochastic differential equations. Lin et al. (2011) proposed FBSDE for an ecological
problem and studied statistical inference. Zhang and Lin (2014) studied parameter estimation of FBSDEs depending on
a terminal condition. Chen and Lin (2015) studied nonparametric estimation of FBSDEs models with applications in
finance.
Consider the fractional forward-backward stochastic differential equation (FFBSDE)

dX, = —g(Y:,X;, 2 )dt + Z,dW;, Xp = &(Y7),

dY, = u(Y) dr + o(¥;) dw, 1€[0,T] (5.1)

with the forward component ¥; and backward component X; being observed. The other backward process Z; is totally
unobserved and the function g can not be completely specified in usual financial market. However, Z; can be viewed as a
nonparametric approximation of the observable variables. Compared to ordinary SDE that contains an initial condition, the
solution to FBSDE is affected by the terminal condition X7 = & (¥7). Using the terminal condition into account, Bishwal
(2010) studied MLE in anticipative SDE. There exist a number of parametric and nonparametric methods of estimation in
ordinary SDEs. However, thse method can not be directly applied to BSDE and FBSDE because they are both related to
terminal conditions.
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We study semiparametric estimation of g and the process Z based on observations (X;,Y;). The process Z is also the
coefficient in the diffusion term, for example, within a complete market, it serves to characterise the dynamic value of a
replicating portfolio X; with a final wealth & and a special quantity Z; that depends on the hedging portfolio. We assume
g = g(B,t,Y,,Z;) where g is a given function and 8 is an unknown parameter vector. Let 8 := (a,b,c)”. We consider
g(ﬁ7taYl7Z[) :a+bYl+CZ['

For H = 0.5, for a fully observed model, Bandi and Phillips (2003) proposed the following two estimators when Y is

observed:
er'lzl Kx,h (Y,F] )AYfi

L7 (x) = , 5.2
NH,T( ) ;:l:l Kx,h (Yl,-,l )All' ( )
82 ( ) — Z;l:] Kx,h(yv[ifl )(AY;I)Z (5 3)
T ):zr'l:l Kx,h (YZH )Ati
where the kernel
—X
Ken(y) ==K (yT) :
We propose another estimator of t as
~ K (Y K. (Y )]AY, —HY ! K, (Y. )AL
un,T(-x) _ Zl—l[ x,h( lt—l)+ X,h( l;)] 1 2171 x,h( lt—l) l- (54)

22?:1 Kx,h(YtH )Ati

We consider the bivariate process (X,Y). Bishwal and Pena (2009) studied inference for bivariate normal distribution
model. Observe that

1
z} = SE(Xsrs —X,)*|Y;) + Op(8).
The Nadaraya-Watson estimator of Z? is given by

Yo Ken(Y, ) (AX,)?
Zyplx) = S 5.5
n’T( ) Z?Zleyh(Yli—l)Ati ( )

We have the following assumptions about the kernel. Consider a continuously differentiable kernel K with shrinking
bandwidth iz — 0. Let

1 X

where K : R — R is a kernel which normalizes to

/ K(x)dx = 1. (5.7)

R

For example, consider the Epanechikov kernel

3 2

2(1=x)* : ¥ <1

_Jal <
K(x) { 0 : otherwise (5.9)

and the kernel suggested by Zhang and Karunamani (1998)

0 : otherwise (5.9)

K(x) = {6(1 +3x42¢%) : —1<x<0
The kernel estimator converges to the integrated variance as the bandwith 4 vanishes. In order to improve the rate of
convergence of kernel estimators, we consider symmetric kernel estimators.
For simplicity of notation, we will denote K,((t — 7)) =: K(¢). Recall that the integrated volatility is estimated by
the realized volatility on the basis of discrete observations of the process {X;} at times 0 =1y < f; < ---t, = T with
ti—tiy=2L,i=1,2--- n We discretize (5.1) as

Xl,- —X,F] = _g(Yli’X[NZ[i)a +m()/fi’€) +uy

where m(Y;;,§) := E[Z,(W;, —W;,_)|Y;.,&€] # 0 and u;, == Z,(W,, — W,, ) —m(Y;,,&). The process u;, can be regarded as
the error term with E (u,]Y;;,§) = 0. The terminal condition & enters into the formula as terminal control variable. This
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plays the similar role of instrumental variable (IV). It is well known that IV is widely used to estimate causal relationships
when controlled experiments are not feasible in statistics. So the terminal control variable can be called quasi-IV.
Suppose for each terminal data §; and equally spaced time points {f; =1+ (i—1)A,i=1,2,...,n} C [0,T], we record
the observed time series data {X; ;,Y; j,i=1,2,...,n,j=1,2,....m} ={X, ;. ¥, j,i=1,2,...,n,j=1,2,...,m}. Denote
A=t —t,i=1,2,...,n.
Nadaraya-Watson estimator of m valued at (yo, &) is given by

. X (X — X Ko (Yij — 0)Ke (&) — o)
m(yo’éo) - n—1vm K .
i X Ken(Yiy —y0)Ke 1(85 — So)

After replacing Z and m with the estimators, we can derive the LSE of 8 by minimizing

n—

1 m - 2
Y (Xm,j —Xij— (a+bX;j+cZ;j)A — m(K,j,éj)) :
i=1 j=1

Denote
DX} = (X, —X,_ )" (5.10)

The realized squared volatility is defined as

n
Vor =Y DX} . (5.11)
i=1
Note that N
P—]imVn,T = VT. (5]2)
n—eo
We have

Theorem 5.1 As n — oo, nh — oo, nh®> — 0, nhA> — 0,

)2 00) =2 w) 7 (o Z(y—‘”’)

p(vo)

with Jx = [y K?(u)du where the continuous kernel function K(-) is symmetric about 0, with a support of interval 1, 1],
and [' K(u)du =1, " uK(u)du # 0, [*, [ul/K*(u)du < oo, j < k = 1,2 and p(-) is the probability density of ¥;,i =
1,...,n which has continuous two derivatives in a neighborhood of yy.

Since the distribution of & is supposed to be known, one can get the sample {&;, 1 <i <k} fork > 1/6 and the estimate

&= %Z;‘:, &;. Next, we obtain the conditional least squares estimator (CLSE) of f3.
Minimizing
n—1 . n =N 2
Y <X,,. —&— ) (a+bX,+ cz,j)A,)
=1 j=it

produces the conditional least squares estimator

B,=(OT0)'0Tv (5.13)
where |
V==(X—
T( tl 5)7
1 n n n o 1 n n n .
U=z Y 4, Y X,45 Y 7,44, U== Y 4, Y XA Y ZA; .
j=itl =it j=i+1 j=itl =it j=i+1
We have
Theorem 5.2 =R
(a) By =¥ B as n— oo,
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(b) n' (B~ B) =7 A (0.1 () s n— o
where I(f3) is the Fisher information of the model.

We can improve this estimator using symmetric distribution. Another Nadaraya-Watson estimator of Z? is given by

):?:1 [Kx,h (Yti—l ) + Kx,h(Yli)] (AXli)2 - H):?:l [K)/(,h(Yli—l ) =+ K/ h(Yll )]Atl
Z?:] [Kx,h (YtH ) + Kx,h(Yti)]Ati

Z2r(x) = (5.14)

We have

Theorem 5.3 As 11 — oo, nh — co,nh> — 0,nhA%> — 0,
~ 5 Z4(yo)J,
(1)@ o)~ Zr00) 7 o (0.2 000

with Jx = [, K?(u)du where the continuous kernel function K(-) is symmetric about 0, with a support of interval [—1, 1],
and [' K(u)du =1, [' uK(u)du # 0, [*, |ul/K*(u)du < oo, j < k = 1,2 and p(-) is the probability density of ¥;,i =
1,...,n which has continuous two derivatives in a neighborhood of yy.

Minimizing

2
n—1 - n .
Z <X[i —5 — Z ((a—i—bX;]—i-CZl])Atj)
i=1 Jj=i+1

produces a more efficient conditional least squares estimator (CLSE)

B, = (UT0) "0V (5.15)
where !
V==X —
T( 1 5))

Ui (£ a £ £ aa) 03 (£ 0 f xa £ 2a).

Jj=i+1 Jj=i+1 Jj=i+1 Jj=i+1 Jj=i+1 Jj=i+1
We have
Theorem 5.4

(a)ﬁn—fﬁ as n— oo,
(b) '~ (B, — B) =7 N (0,17 (B)) as n— oo

where I(f3) is the Fisher information of the model.

Example Consider the FBSDEs

dX; = [rX; + (u—r)o~'Z)dt + Z;dW,, Xr = (Yr —K)* (5.16)
dy, = uY,dt—i—GY,dWl ,Yo=y. (5.17)
We denote

The process Y, is the FGBM. With e "7 X7 = e~'T (Y7 — K)* being the payoff of the call option with strike price K,
the call option price is given by

1 1 + 52
_ T 272H
=e /R NorT (xexp [Gy—f—rT— 50 T ] —K) exp [ZTZH} dy. (5.19)

Recall that Meyer-Tanaka formula gives

(Yr—K)" = —-K)"+ / I ) (Yy)dYs + 6°HK* L (K) (5.20)
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Hence an alternative call valuation formula using Meyer-Tanaka formula is
Co = (Yo—K)* + 0>HK?E[L}.(K)] (5.21)

where E denotes the expectation under risk neutral probability measure defined in the fractional Girsanov Theorem 1.1,
the expectation of the middle term is zero and the mean local time can be calculated from (4.17). (Yo — K)™ is called the

intrinsic value of the option and 62HK2E[LY.(K)] is called the time value of the option. As H — 1/2, we get the price
process of a geometric Brownian motion.

Remarks Recently Ichiba et al. (2021, 2022) studied generalized fractional Brownian motion (GFBM). A generalized
fractional Brownian motion is a Gaussian self-similar process whose increments are not necessarily stationary. It appears
in the scaling limit of a shot-noise process with a power law shape function and non-stationary noises with a power law
variance function. They studied semimartingale properties of the mixed process made up of an independent Brownian
motion and a GFBM for the persistent Hurst parameter. It would be interesting to extend the current paper to GFBM
noise.

Conclusion Long memory in volatility is an important stylized fact. In this paper we studied many inference
problems for a class of financial models. We studied asymptotic equivalence of models. We obtained efficient estimators
with faster rate of convergence. We studied volatility testing in the long memory setup. We studied semi-parametric
estimation and pricing of FBSDEs when the backward component is driven by fractional Brownian motion. We
suggested possible extension of the model to generalized fractional Brownin motion.
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