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1. Introduction

Since Wee (1967) introduced the concept of fuzzy automata following Zadeh (1965), fuzzy automata theory has
been developed by many researchers. Recently, Malik et al. (1994, 1997) introduced the concepts of fuzzy state

machines and fuzzy transformation semigroups based on Wee's concept of fuzzy automata and related concepts and
applied algebraic techniques. Kim et al. (1998) introduced the notion of T-generalized state machine that is extension of

fuzzy state machine . Even if T'=/\ our notion of generalized state machine is different from the notion of Malik (1994).
In this paper, we introduce On Covering of products of T- generalized state machines and investigate their algebraic
structures. For the terminology in (crisp) algebraic automata theory, we refer to Holcombe (1982).

2. Preliminaries

Definition 2.1. (Kim et al. (1998)). A triple M = (@, X, ) where @ and X are finite nonempty sets and .1 is a
fuzzy subset of @ X X X @, ie., . isafunction from @ X X X @ to [0,1], is called a generalized state machine.
If EqEQT[:p! a,q) =1 forallp €EQanda € X, If EQEQT(P,% qg) = lforallp € @anda € X, then M

is said to be complete. Note that the concept of generalized state machines is different from the concept of fuzzy finite
state machines of Malik et al. (1994) which is also a fuzzification of the concept of state machines. Their notion is

based on the concept of fuzzy automata introduced by Wee (1967). While a generalized state machine (@, X, —) with
(@ X X % @) € {0,1} can always be regarded as a state machine, but a fuzzy finite state machine (@, X, —)
with T( @ ¥ X %X @) S {0,1} cannot be regarded as a state machine generally. So the concept of generalized state
machines is a generalization of the concept of state machines, whereas the concept of fuzzy finite state machines of

Maliket al. may not be considered as a generalization of the concept of state machines in a certain sense. This means
that the concept of generalized state machines is a more adequate fuzzification of the concept of state machines than the

concept of fuzzy finite state machines. Let M = (@, X, —) be a generalized state machine. Then @ is called the set

of states and X is called the set of input symbols. Let X denote the set of all words of elements of X of finite length.
Formally, every incomplete generalized state machine can be extended to a complete generalized state machine as
follows:
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Definition 2.2. (Kim et al. (1998)). Let M = (@, X, -} be an incomplete generalized state machine. Let = be a state

not in . The completion M of M is the complete generalized state machine [Q', Xt ] givenby @ =g U {z}
and

t(n,0q) ifp,q €0,
o 1-21(10',&,@) ifp€Q and q =2z
tpag)=y =

0 if p=z and g €Q

1 if p',q'=z

Foralla € X . The new state Z is called the sink state of M°. If M is complete, then we take M itself as M.
Definition 2.3. (Schweizer and Sklar (1960)). A binary operation T on [0,1] is called a t-norm if for all a,b,c €
[0,1]:

(1) T(a1) =a,

(2) T(a,b) = T(a,c) whenever b =< ¢,
(3) T(a,b) = T(b,a),

(4) T(a, T(b,c) = T(T(ab),c)

The maximum and minimum will be written as ¥V and A, respectively. T is clearly V -distributive, i.e.,
T(avb,c) = T(a,c)vT(b,c) for all ab,c € [0,1]. Define Ty on [0,1] by Tyla.l) =a=
Tp(1,a) and Ty(a, b) =0 if @ = 1 foralla, b € [0,1]. Then A is the greatest t -norm on [0,1] and T is the
least t -norm on [0,1], ie., for any t -norm T, A (a.b) = T(a,b) = Ty(a,b) for all a,b € [0,1]. T will

always mean a t —norm on [0,1]. By an abuse of notation we will denote T (ai,T[az, T(....T(a,_s.a,) ]))

by T(ay, ..., a,) where ay,..,a, €[0,1]. The legitimacy of this abuse is ensured by the associatively of T
(Definition 2.3[4]).

Definition 2.4. (Kim et al. (1998)). Let M = (@, X, /) be a generalized state machine.
Define T+:Q ¥ Xt x Q — [0,1] by
70y ,,0) =
)
(P(elm.ay 1) 7l 0y 1y), o701 g Ty 7oy, 0, 0) [ €0}
where P, g € @ and @4, ....a,, € X. When T is applied to M as above, M is called a T -generalized state
machine. Hereafter a generalized state machine will always be written as a T -generalized state machine because a
generalized state machine always induces a T'-generalized state machine as in Definition 2.4.
Definition 2.5. (Kim et al. (1998)). Let (@, X, ) be a T-generalized state machine. Then
oy, @) =VIT (T x )ty ) Ir €03
Forall ,g €Q and x, v € X~.
Example 2.6. (Kim et al. (1998)).
T=MQ = {p, P, .77 } and X = {a}.Let Then (@, X, —) is a T-generalized state machine. However,

EqEQr(pli ag, qj = I(plraarp:;] +

(o, 00,5) + 1(py, 0, p;)
t(py, aa,p;) = 06+04+01+03=1.
3. Covering

Definition 3.1. (Kim et al. (1998)). Let My = (@4, X, —)Jand M, = (@4, X5, —) be T -generalized state
machines. If £:X; =X, is a function and M: Q5 — {4 is a subjective partial function such that
7, " (m(p).xn(q)) = 7,7 (p.2(x).q) for all p, q in the domain of 7 and x € X, ™, then we say that (1,) is a

covering of My by M, and M, covers M that denote by My < M, Moreover, if the inequality turns out equality
whenever the left-hand side of the inequality is not
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zero (resp. the inequality always turns out equality), then we say that (n,€)isa strong covering (resp. a complete
covering) of My by M, and that M, strongly covers (resp. completely covers) M and denote by My =_ M, (resp.
M, =_ M,). In Definition 3.1. we abused the function £. We will write the natural semigroup homomorphism from
X 1+ to X5 * induced by £ [TAlso for convenience sake. We give an example that is elementary and important.
Example 3.2. (Kim et al. (1998)). Let M = (@, X, —) be a T-generalized state machine. Define an equivalence
relation ~ on X by a~b if and only if T(p.a.q) = 7(p, b, q) for all . € Q. Construct a T-generalized state
machine M; = (Q,X/~17) by defining T~ (p.[a],q) = t(p,a. q). Now define £: X — X/ by =(a)=[a]
and 7= 15. Then (1,=) is a complete covering of M by M, clearly.
Proposition 3.3. ( Cho. et al. (2001)). Let My, M, and M5 be T -generalized state machines. If M, = M, (resp.
My =, My, My =, M;) and My = Mg (resp. My =, My, My =_ My), then My = My (resp. My =, M3,
My = Mj).

4. Products

In this section, we consider cascade products and wreath products of T-generalized state machines, where T is less
than or equal to the ordinary product. We will always assume that T is less than or equal to the ordinary product.

Definition 4.1. ( Cho. et al. (2001)). Let My = (Qu. Xy, *-"ijand M, = (Qq. X5, ) be T-generalized state
machines. The cascade product Mywr My of My ang M2 with respect to Q2 X X3 = Xyjsthe T—generalized
state machine( @, * @5, X5, - wr —5) with
() wr 5)((Py.p2). 0. (91.02)) =
T(ry(py, @ (P2 b).q4),72 (P2 b, q2)

In Definition 4.1, (@, X @5, X, - wr —5)isclearly a T-generalized state machine. In fact, we have

Z (*—1 wr ) (Pyp2) b, (41,42)) = Z T(1y(py, w(py b),q4), 7, (02, b, g,)) €
(g0g.)E0,%Q, (g0g.)50: %0y
7y (py,@(py b), 44).72(p5, b, q5)
(g:.92)EQ, ¥ 0y
arbz=T(a k)=
Because for any t —norm T, Zo,cq, T (Pu 0Py b)41)
and

ZQ:EQ: Ty (pg; b, q:j =1 forall p; € Q1. P> €5 and be X,
Let M;=(Q1,X1,t1) and M,=(Q,,X3,t,) be T-generalized state machines and ©:Q,xX,—X;. Define w*:QyxX,"—X;*
by w*(pzbibz .. B,}) =w(pabr)w(ugby) ...

w(Up—1,8,,), Where py,Us,Uy,..., 1, —1 €Q, and by,..., B, €X, such that T,*(py,w(p2br)w(Uy,bs) .. ©(Uy—1, 8,),q1)
=V{t1* (pr,w(p2,b1)w(ry,by) ..

0(Tu—1, 8,),91) | 12 Tn—1€Q2}, Where py,q:€@; and beX,.

Lemma 4.2. ( Cho. et al. (2001)). Let M;=(Q1,X;1,7;) and M,=(Q,,X>,12) be T-generalized state machines.Then

(t1 @ 12)"((P1P2)%(91,92)) =T (11 (Prw" (P2,X),q1),T2" (P2,X,92) ), where p;,02€Q1, P2,02€Q; and XEX;".
Definition 4.3. ( Cho. et al. (2001)). Let M;1=(Q1,X1,t1) and M,=(Q2,Xz,t2) be T-generalized state machines. The

wreath product M; °r M, of M; and M, is the T-generalized state machine (Q:xQz X1 xX,,1, %7 1,) with
(12" 772)((P1.P2),(F.b).(01,02)) =

T(t1(p1,f(p2),q1),72(P2,0,92)), where {f |f:Q,—X;}. In Definition 4.3 (leQz,)ei':L@h><X2,r1 "r1,) is clearly a T-
generalized state machine.
In fact, we have
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E(q,_,q:}EQ,_KQL (Tl cl"sz [(plr pﬂj! (f’b]’ (ql-qzjj:
E(q,_,q:]EQ,_:(Q: T(ta(pof(p2).q1) Ta(p2 b.92)) SE.:qu:}ggi;(@:Tl(pbﬂp!)ﬂl} '
T2 (pz,b,qﬁ) S

2g,e0, T1(Puf(p2).q1)) Xy g, T2(p2.b g2))<1,

forall p;€ Qq, p2€Q, and beX,.
Theorem 4.4. ( Cho. et al. (2001)). Let M;=(Q4,X3,T1) and M,=(Q,X,,12) be T-generalized state machines. Then
M e M,<M, M.
Theorem 4.5. ( Cho. et al. (2001)). Let M;=(Q1,X;1,71) and M,=(Q.,X3,1,) and M=(Q,X,t) are T-generalized state
machines. Let M<M; t+M,. Then MSMlcz-MZ.

We now introduce two more ways of connecting T-generalized state machines.
Definition 4.6. (Kim et al. (1998)). Let M=(Q,X,t) and M'=(Q’,X',7") be two T-generalized state machines such that
QNQ'=@ and XNX'=@. Then the directsum M@M’ of M and M’ is T-generalized state machine (QUQ’,XUX',t@P1’)

1p.x.0) if pg€Q, xeX
t(px0) fpg€Q xeX
@7 (rg) =11 if either (p,x) QXX and q£Q,
or (px) €Q xX and q£Q
with 0 otherwise

In Definition 4.6,(QUQ’,XUX’,t@®") is clearly a T-generalized state machine.
Definition 4.7. (Kim et al. (1998)). Let M=(Q,X,t) and M'=(Q’,X',7") be two T-generalized state machines such that
QNQ'=@ and XNX'=@ . Then the sum M+M’ of M and M’ is T-generalized state machine (QUQ’,XuX',t+t") with,

tprg)=

T([J;XJQJ lf g E Q, XX
T(pxg) if pg € Q' x€Y
0 otherwise

5. Main Results

The following we proved that wreath product, sum and cascade products of T-generalized state machines are
associative. However, it can easily be proved that the direct sum of T-generalized state machines is not associative.
Theorem 5.1 . If M,M"and M" are T-generalized state machines, then

® M “rM)*rM"=M"r (M M");
(ii) M+M)+M"=M+(M'+M"");
(iii) (Mw;M)w,M"=Mws (M wM")

where w3 and w, are determined by w, and w, in a natural way.

Proof . Let M=(Q,X,t) and M'=(Q"X’,t") and M""=(Q" X",t'"

(i)Recall that (M °zM")®rM"'= ((QxQ") x Q",(X?" x X" } x X",(t °¢ U)°r1") and
M7 (M"*rM")=(Qx(Q'%Q"),(X ¥ )x X' XX1 *r(¥' °7")).

Let «: (QxQ")xQ"-Qx(Q'xQ") be the natural maps and p,:X?" X X'>X?" and p,:X?" 3 X'>X’ be the natural
projection maps. Given a function f: Q"—X 2" X X'denote f;=pof and f,=p,of.

Define f;7:Q'xQ""-X by f;7[(q',q9")]=f1(q")(q") and

B: (X9 X X X" XX (XY xX") by B((EX")=B(E1", (F2x").

But

B ((Ex"N=B((E.%.")),

= (f (X" N=( 1, (F2., %),

=>f, =", f,=Ff, andx"=x,""

Then

f1 (@)(@)=f1. (@)(@), fz=f2. and x"=x.".

=>f.=f1., f,=f5. and x”zxg”.

&
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=piof=pso fo, poof=p, °rf. and x"=x.",

=>f=f,, x"= _‘,'{'3”,

= (£x") = (f.%.").

Therefore B is injective.

Let (g, (h, x")EX L™ x(x"" xX")

Define £:Q"—X?" X X' by f(q")=(8q:11(q")) where Ggrr (a)=g(’s q"). Then
P ((£, x"))=(g,(h, x")).

Thus, B is onto.
It can be easily seen that, (a,f) is a required isomorphism.
(i) Let, M+M'=(QUQ’,XUX',t+t’), where,

T(t(px.q),1) if pgeQ, xeX
1+ 7(,%9) = {T(¢ (px.9),1) ifpaeqQ, =xeX

0 otherwise
and

(M+M')+M"=((QUQ"UQ" (XUX"UX" (t+1')+1")
and

((t+7)pxa)l) if pgeQuQ, xeXUX’
414+ (p1,q) = T(1"(bxq),1) if g€ Q' xex

0 otherwise
It immediately follows that, M'+M"=(Q'UQ",XUX",t+1"), and

T (px0)1) if pyeQ, sy
T(T”[IJ,X,QJ, 1) lf s Q“, e Y

0 otherwise
Moreover M+ (M+M")=(QU(Q'UQ"). XU(X'UX"),

T[T [.prqu]ll) lf pq € Q, iEX
T(Tr 'I' T(i)[pﬁ(} q);n If qu £ Qi U QHJI iE Xﬁ UX“

0 otherwise
Set both a and [ as identity mappings on QUQ'UQ” and

(t+7)+1(ng)

T41'(pag)=

T+ prg) =

T((r+7) (pxg) ) if pg€Q x€XUX’
=) psg)d) if pqeQ xeX’
0 otherwise
T{T(T(erJQJrlJ l}c pq € Q, XEX
- T(Tf(prerJrlJ lf p.q € Q‘, e
T(7")(px0).2) if paeQ’xeX’
0 otherwise
T(T(P:X:qm Ef p,qE Q, xEX
T(Tf(pﬂxr@rl) If g€ Q‘, xeX
T T[T”](P:X:QMJ Ilf p,QEQ”,XEXH
0 otherwise
Tr(pxg)1) if pa€Q, s€X
T((7'41")px0)1) if pgeQuQ”, xex Y
0 otherwise

XuX'uX”,

respectively.
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=t+(t'+ t") (alpl.B[x]alq])-
Hence,
M+MH)+M"=M+(M'+M").
(ii) Consider, M w;M'=(QxQ"X',t w, "), where w,:Q'xX'»X and

T wé T'((p.p)X(49))= T(t(p,w1(p"X).DAT (p'X'q"),

an

MwM)w,M"=((QxQ)xQ" X",(t w;, T)w, T""), where w,:Q""xX"-X" and

(twi Hw T (((P.P)P)X"((00).9") =

T(t w1 T((p.p"),w2(p"x"),(@aNAT"(p" x",q"))

=T(T(t(p,w1(p,w2(p"x")),DAT (p',w2(p"x"),q)AT" (p" x",4")).

Set wz:(Q'xQ")XX"->X by ws((p,p)x)=wi(p w2(p"x")) and w,=0,. It immediately follows that,
M’(L)4,M”:(Q,XQ”,X”,T’ (1)4 T”) and T’ (1)4 ’If”((p’,p”),X”,(q’ ll)) T(T (p (L)4(p” II) q )AT”(p” " qll))

Moreover

M w;(M o, M)=(Qx(Q'xQ"), X',(t w3 T) ws ') and T w3(t'ws T)((p.(p'P"))x"(a,(q, ”)))—
T(t(p,w3((pp")x")PDMT ws '((p"p")x"(q,9")N}H

T(t(p,w3((p"p")X")DMT (T (p'wa(p”x"),a)AT" (p" x",a"))}.

Let a:(QxQ)xQ""-(Qx(Q'xQ") be the natural mapping and B be identity mapping on X"

Then

(toit)wz T'(((pp)P)X"((a9).9)) =

(T(r(p,wi(p’ w2 (p” X)), AT (p'w2(p" x"),aNAT"(p" x",q"))=

T(t(p,w1(p’,w2(p" X)), PMT (T (p'w2(p" x"),a)AT" (p" x",a"N}=

T(t(p,ws((p’p")xX")DMT(T (P’ wa(p” x"),a)AT" (p"x",a" N} =

Tw3(tws T)((p,(PP))X"(a,(a’9")))=

T 03(t'wa T) (a[((p.p).p")]BX"]al((a.9).9)D-

Hence,
(M(DlM’)(l)zM”EM(D3(M’(l)4,M”).

Example 5.2. In follow table M and M’ are T-generalized state machine that satisfy in Theorem

5.1 Coverings properties of products M Q={p.g, X = w(p.aq)=t(raq)=(1/8),
The following theorem is a direct consequence of the r} (p,a,q)=(3/4) otherwise 0

definition of direct sum and sum of two T-generalized state

machines.

Theorem 6.1. Let M=(QXt), M'=(Q’ X, t")be two T-

generalized state machines. M Q={ X= T(p'a',q)=(4/5)

Then "oplq} {a} otherwise 0

(HM<M+M’;

(i) M'<M+M’;

(iii) M<MBM';
(iv) M'SM@M'.

Proof. Let 1:QUQ'—~Q be a partial onto mapping defined by n(q)=q, forall qeQ and &X-XUX' be the inclusion
mapping.

(i) Itis obvious that (n,£) is a required covering of Mto M+M".

Case (a). If p,geQ and x€eX, then T(t(n(p).xn(q), D=1+t (p.£(x),q)) =

T(t(p.x9),1).

Case (b). If p,gqeQ’and xeX/, then T(t(m(p),xn(q),1)=t+t'(p.£(x),9))=T(t' (p,x,9),1).

In all other cases T(t,1)= t+1t'=0.

(ii) Clearly.

(iii) Case (8). If p,qeQ and x€X, then T(t(m(p),x,n(q),1) = tD1'(p,£(X),q)) = T(t(p,Xx,q),1).

Case (b). If p,geQ’ and x€X', then T(x(n(p).x.1(Q).1) = T (P.E(X).9) = T(T'(px.q).1).

Case (). If (p,x)eQxX and geQ’or (p,x)EQxX"and q€Q then T(t(n(p),x,n(q),1) = 0<t@7'(p,&(x),q)) =1.
In all other cases T(t,1)=tP1'=0.

(iv) clearly.

Theorem 6.2. Let M=(Q,X,t), M'=(Q",X',7) be two T-generalized state machines. Then

M+M'<M@M'.

Proof. Set both (n,§) as identity maps on QUQ’ and XUX ' respectively.
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Case (). If p,geQ and xeX, then t+t'(n(p),x,N(qQ))=T(t(p,x,q),1)=tP7'(p,&(X),q).

Case (b). If p,geQ’ and x€X' then t+t'(n(p),x,n(q)=T(r'((p),x,n(q),)=TDT'(p,&(x),q)-

Case (c). If (p,x)eQxX and qeQ’or (p,x)eQ'xX’ and qeQ’then T+t'(M(p),xN(q))=0 <1=1tB7' (p,£(X),q).

In all other cases t@®t'=t+1'=0. all other cases t@t'=t+t'=0.

Theorem 6.3. Let M=(QX,1), M'=(Q’,X',t") and M"=(Q" X",t"") be three T-generalized state machines such that

M<M'. Then

(i) Given w1:Q"'xX"—X there exists w,:Q"'xX''-X' such that M w; M"'<M’ w, M";

(i) If (M) isacoveringof M by M’ and € is onto, then for each w,:QxX—-X"" there exists w,:Q'xX'>X", such that
M" wy M<M" w, M’;

(i) M 7 M"<M’ °+ M";

(iv) M+M"'<M'+M";

v) M"+M<M"+M’;

Vi) MPM"'<M'@M";

(vii) M"@M<M" M’

Proof. Since M<M'’ there exist a partial onto mapping n: Q'—Q and a mapping &:X—X’ such that

TmEHxN@)N<T'(p'Ex).q)

0] Given 01:Q"xX"—X, set wy=& w4

and & as an identity mapping on X"’ and

T]’:Q’XQ”—)QXQ”

M w;M"=(t w,

T)M'(p")x"N'((a'9"))

=T(t(p,w:(p"x").@) " (p"x",q"))

=T(t'((p").w1(p"x")n(a)),T"(p"x",q")

<T(t'(p’ g (p",§'(x")).q"),t"(p"x",.q"))

=T(Tl(pl’w2(pII’EI(XH))'qI),TH(pll'xll'qll))

=M'w,M".

(i) Given w;:QxX-X", construct w,:Q'xX'—X"" such that w,(p’,£(x)) =w:(M(p").x).

Since & is onto and X is finite, such w, exists. Clearly w, is not unique.
Define n:Q"xQ'>Q""xQ by n'(p",p")=(p"m(p")) and set §'=E.
M"w;M=t"w,t(n'((p",p"))xn'((q".q)))
=t"w,t((p"n(p"))x(q"n@@")))
=T("(p",w:(m(P)x),q9"),t(p.xq))

=T(t"(p", w2(p"§(x)),a"),t((®")xn(q")))
<T(t"(p",02(p".&(x)),q"),7'(p",&(x),q")

=1" 02 ((p",p),£(¥),(q",9"))=M" 0. M".

(iii) Define 1":QxQ"—QxQ" by n'(p’.p")=(n(p’).p") and

g X VX (XN X X" by E(fx=(Eofx").

M M=t t"(n'((p"p")),(Ex)'((d".9")))

=t"r T'((E"p"),(EX),M@).9")
=T(t(("),Ex")n@) " (p"x".q"))
<T(t'(p"5f(p"),q),t"(p"x",q"))
=T(t'(p’&'(Ex"),qa"),t"(p"x",.q"))

:TIG 1'_ T”((p’,p”),z’(f,x”),(q,q”)):M,G 1'_ M”.

(iv) Recall that M+M"=(QuUQ",XUX",t+1""), where,

T(r(pxq).1) if pg€QxeX
1+17'(04,¢) ={T("(p,x,0),1) if pq€Q"xeX"
0 otherwise

and
MI+M//= (QIUQH’XIUxH’TI_I_TH)’ Where,

MWprl)  if poeqQ, xeX

' (bxa)ll)  if  paeQ xeX
0 otherwise

T41ng)=
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. L ; e ") if p'EQ
Define  1n:Q'UQ"-QuUQ" by n'(p") { o’ otherwise
And E’IXUX”—>X’UX” by Ell[:x:] — {E(xj 1f X EI X

x  otherwise
since n is a partial onto mapping so is n'.
We claim that T+t" (n'(p),xn' ()< '+t (p" ¢ %).9).
If p',.q’eQ’ and xeX or p’,q’eQ” and xeX'", then obviously
(' (p)xn'(@)=T+1"(p"E (x).9).
in all other caces T+t"'(n'(p),x,n’(q"))=0. The proofs of (v),(vi) and (vii) are now
obvious. It can be easily seen that M"'oM’, in general, does not cover M" oM, even though
M<M'. This fact makes it imperative to introduce a weaker notion of covering. Hence, the following definition:
Definition 6.4. Let M=(Q,X,t),M'=(Q"X’,t") be two T-generalized state machines. Let 1:Q"—Q be a partial onto
mapping and &X-X' be a partial mapping. The ordered pair (m,) is called weak covering, if
T(m(p"),xn(@)<t'(p’E(x).,q"), for all p’.q" in the domain of n and x in the domain of & Symbolically we denote this
fact by M=, .M’
Remark 6.5. a weak covering differs from a covering only in one sense. € in Definition 6.2 is a partial mapping, while
¢ in Definition 3.1 is a function. Thus, every covering is a weak covering.
Theorem 6.6. If M,M’ and M"' be Three T-generalized state machines and M<M’then
M"oM =, MM
Proof. Since M<M'’ there exist a partial onto mapping n:Q'—Q and a mapping &:X-X'
such that T(m(p"),xn(a))<7'(p’5(x).q"). f
we have, M""oM=(Q"'xQ, (X"} xX,t"o1) and M"oM'=(Q"xQ’,(X"") ¢ xX';t"e1).
Define 1:Q"'xQ'~Q"xQ by n(p",p")=(p"n(p")) and £:(X") Ixx-(X"") ¢ xx' by
' (fx)=(fon,E(x)). Obviously 1’ is a partial onto mapping and €’ is a partial mapping.
Consider t"ot(n’(p",p"),(£x)n"'(q",9"))
=t"ot((p"n(p").(£x),(q"nq")))
=T(" (" fMm®")).a")AT((P")xn(@))).
However, since t(m(p"),xn(q))<T'(p’,£(x),q"), it follows that
tor(m'(p",p"),(Ex)M' (", aN<T" (" f((P)).a")AT'(p"E(x).0)-
=t"ot'((p",p"),(fon,8(x)),(q".9"))
=t"ot'((p",p)& (£x).(a".9")).
The following theorems are easy consequences of the transitive property of coverings of T-generalized state machines
and Theorem 6.1.
Theorem 6.7. If M, M’ and M"’ be three T-generalized state machines and M<M’, then

(I)M C‘-"r M”SM,GT MII;

()M" M=, M+ M;

(ii)M+M"'<M'@®M";

(iv)M"+M<M" M.

Proof. Since M<M' there exist a partial onto mapping 1n:Q'—Q and a mapping

§:X-X' such that t(n(p"),xn(q)=<T'(p"5(x).q").

(i) Given w:Q"xX"->X and n":Q'xQ"-»QxQ". &, as an identity mapping on X'’. Let
§ow (p"52(x"))=5.(x") (p")

that &, (x"):Q"-X'.

M @rM’= (t wrt)('((p.p))x"M'((a'9")))

= T(T(p' iy (p”'X”)rq)!T”(p”'X”'q”))

=T(x(m@").«r (p"x")n@)N " " x".qa")

<T(t'(p’§otr (p",52(x")).a),t"(p"x".9"))

=T(t'(p", G (x")(P").9).t" (p"x".9"))

=1'" T T”((pl'p”)!(El(xu)'xu)'(q,!q”))

:MIG 1'_ M”.

(ii) Define n":Q""xQ'>Q""xQ by n'(p",pN=(p"' Mm(p")) and wi1:Q"xX"—X. Let & as an identity mapping on X and
£'(x) is a partial mapping defined by &'(x)(p")= wr (p.&'(x))

' wrt((p".p)x(q",a)=1" @rt(n'((p".p))xn'((a",9)))
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=t" wrt((p"n(P")x(q"n@")))
=T("(p",@r ((p)x).q"),t(p.x.))
=T(T"(p",@rmP)EX)).q")tm(P)xn@)))
<T(t"(p".@r m(P")E')).9"). T (P Ex).9")
=T("(p",@r (P8 (x)).q") 7' (P 5(x).q))
=T(t"(p".§" ) (P97 (P Ex).9)
=" '((p".p"),(8"(x).5()).(a".0)=M" 1 M.
(iii) Let n: Q'UQ""-»QuUQ”, &XUX"-X'UX".
Case (a). If p,geQ and xeX then
T+t (M(p)xn(@)=T(x(M(p).xn(q), D<T(T'(p.5(x),q),H="DT (p.§(x),9)
Case (b). If p,geQ” and xeX" then
T+t (M(P)xN(@)=T" M(P)xn(q),H="BT (p.§(X),).
Case (c). If (px)eQ'xX"and geQ” or (p,x)€Q"xX" and qeqQ’
Then t+t' (n(p),xn(q))=0<1=tPT'(p,£(x),q). In all other cases T@t'=t+1'=0.
(iv) The prove is now obvious. Finally we prove an interesting distributive property for covering.
Theorem 6.8. Let M,M' and M" be three T-generalized state machines. Then
Mo(M+M")<(MoM')+(MoM").
Proof. Let M=(Q,X,T),M'=(Q’X',t") and M"=(Q" X", t'").
Define n:(QxQ)HU(QxQ")—-Qx(Q'UQ") by n(p,p")=(p,p") and
£ XU (XX~ (X UxxHUuE V<X by

(glg.x") if ¥ € X
tgx')= ( N G

glgnx ) if ¥ X

Moz (M'+M")=1 "¢ (T+t") (((p.p")),(gx)N((a.9)))
=t"r (U+")((p.p).(gx).(0.9)) =T(t(p.g(p").q), (*+t")(p'X,q"))).
Case (a). If p',q'eQ’, x'€X/, then

™ §ex)=T(t(p.g(p"),),T(*'(p'x,q"),1))
=T(T[x(p,g("),9),T'(p'x’,q)],1)

=T(t °+ ((.p).( glgrx).(a.9)).1)

=T(t"r T'((p.p"),8(gx").(a,9")),1)

=(t r )+ 1"

Case (b). If p',q'eQ”,x'eX”, then

) &(gx)=T(x(p.g(p"),q),T(x"(p'x',q"),1))
=T(T[x(p.g(p"),9),t"(p'x’,q)],1)

=T(t 7 v"((p.p").(8lgr X).(a.9)).1)

=T(T ° T TII((p’pl)’z(g’xl)’(q’ql))’1)

=(t°7 T)H(x 7 1"). In all other cases T(z"r "((p.p),&(g.X),(q,9)),)=(x 7 T')+(x " 1")=0.

6. Conclusions
The results of covering of T-generalized state machines have interesting points.

The direct sum product of T-generalized state machines covers their sum product. These results lead to several covering

properties.

The wreath product of a T-generalized state machine with sum of T-generalized state machines is covered by the sum of

wreath products of T-generalized state machines.

Like direct product of T-generalized state machines, some sort of associative laws hold in case of cascade product,

wreath product and sum of T-generalized state machines.

In case of T-generalized state machines different types of products and their coverings play a crucial role in

decomposition. In this paper we have established T-generalized analog of different products and their coverings.

Therefore, we expect these results to be useful in decomposition of T-generalized state machines.
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