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Abstract: In this paper, we presented a proof of a theorem of vanishinghfe formal local cohomology module. Also is put its
connection with local cohomology modules.
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1 Introduction From the local cohomology we obtain the formal
local cohomology, and the purpose here is a systematic
Throughout this paperR is a commutative ring with  study of the formal local cohomology modules. Here we
non-zero identity. The theory of local cohomology if has consider the asymptotic behavior of the family of local
developed so much of six decades after of its introductionrcohomology modules given b\jH' ( )} for an
by Grothendieck. The local cohomology theory of integeri € Z. By the natural homomorpﬁlsms these
Grothendieck has proved to be an important tool infamilies form a projective system. Their projective limit
commutative algebra and algebraic geometry. Thergyiven by
exists a relation between local cohomology, given By [
and formal local cohomology, given bg][ Not so much C M
is known about these modules. The motivation of this I@Hm (anM>
work is precisely the formal local cohomology of P.
Schenzel. Let denote an ideal of a local rindR, m). For
an R-moduleM, let H, (M), for 0 <i € Z, denote the is called thei-th formal local cohomology module d¥l
local cohomology moduIe df1 with respect tan (cf. [2] with respect tai, or with respect to the ideat.
for the basic definitions). There are the following integers  The purpose of this note is to establish a kind of
related to these local cohomology modules, suchas  yanishing theorem for the formal local cohomology
e i module. We observe that the formal local cohomology
grade(a, M) _|nf{| EZW&(MHAO} and module is used for to characterize some values. For
) #0) example, we have the result: “Letdenote an ideal of a
’ local ring(R,m). Then
) #o}.

cd(a,M) = sup{i € Z | H, (M

called the grade, respectively the cohomological
dimension, oM with respect tai. In general we have the

bounds: . M\ : - M
dim <a_M> _sup{| €Z| I@Hm (a”M

height, (a) < cd(a,M) < dim(M). nen
In the case ofn the maximal ideal it follows that for a finitely generate®moduleM.”
gradgm, M) = depth(M) and For see properties of commutative algebra and
homological algebra we refer the reader to the bo&ks [
cd(m,M) =dim(M). and B].
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2 Some preliminaries and the definition of
formal local cohomology module

Let | be an ideal oR, and letM be anR-module. In B,

Definition 35.2], the local cohomology functors, denoted

by H, (e), are the right derived functors df (e) (see
definition of [} (e) in [3, section 35]). In other words, if
[* is an injective resolution of th&-module M, then
Hi (M) = H' (I (I})) for all 0 <i € Z, wherel}, denotes
the deleted injective resolution dfl (for more details
about injective resolution, se8]).

The following two remarks are important for the theory
of the local cohomology, which is presented in this paper.

Remark([3][Remark 3.5.3(a)]) Let M be an
R-module. Then we have that¥M) = 7 (M); and
moreover, we have that|{M) = 0, for alli < 0.

Remark([3][Remark 3.5.3(c)]) For anyR-moduleM
and for alli > 0, we have that

Hi (M) = lim Extg (R/I',M) .

—
teN

The following definition will be used in the next
section.

Definition If p is a prime ideal oR, then thecoheight
of p, written coh{p), is defined to be the Krull dimension
of the ringR/p.

Now, for a other ideal ofR, consider the family of
local cohomology modules given bjyH| (M/a”M)}neN.
According to B], for everyn € N, there exists a natural
homomorphism:

Ghiin: H (M/a™ M) — H (M /a"™M).

Now, for (R, m) a local ring these families, fdr=m,
form an inverse system &-modules. Their inverse limit
that is given by _

I'@ Hi, (M/a"M)
neN
is called, according to €], the i-th formal local
cohomology module oM with respect to the ideal (or
with respect to the ideam), and will be denoted by
bm (M), forall0<ieZ.

a,m

3 A connection between the formal local
cohomology module and Krull dimension

Our result of vanishing is the theorem following.
Theorem Let (R,m) be a local Noetherian ring and

suppose thaM is anR-module of finite Krull dimension

and non-zero. And moreover, suppose thatRhaodule

M/a"M also have finite Krull dimension, we say that

dim(M/a"M) = s, for all n € N. Then we have that,

| (M) =0whenevei > s.

a,m

ProofLet's to prove firstly that B (M/a"M) = 0,
wheneveri > s and for all n € N. This will be by
induction ons. Suppose, firstly, that = 0. Then, since
any R-module is a direct limit of its finitely generated
submodules (seé]4.9 of Chapter 8]), it follows that it is
sufficient to prove the result whevi/a"M is a non-zero,
finitely generated®-module, for alln € N.

In fact, note thatM = M/a"M, for all n € N, is a
non-zeroR-module (and will be finitely generated due to
the exposed above), since if we haw = 0 then
M = a"M implying, by the Nakayama’s lemma, that
M = 0; contradiction, since, by hypothesis, we have that
M #£ 0.

By [7, Corollary 4 I-19], there exists a finite chain of
submodules oM:

0=MgCMiCMxC...CM =M,

such that for each=1,...,r, we haveM;/Mi_1 = R/p;
for some prime idealp; of R Note that, each of
p1....,pr € SUpRR (M), so, since dim (M) = 0, each of
p1,...,pr must be maximal.

Now, by inductive argumentwe have that it is sufficient
to prove that ¥, (R/m) = 0 wheneveii > 0. Consider a
minimal injective resolution foR/m:

0—R/m—E%R/m) - EY(R/m)—... »EM™(R/m) = ....

By [1, Lemma 27], if p is a prime ideal oR such that
p C m properly, theru' (p,R/m) =0, for alli > 0, while
p' (m,R/m) is finite for alli > 0. Thus, for eaclh> 0, we
haveE' (R/m) = @; u' (m,R/m)E (R/m).

Thus, as every element & (R/m) is annihilated by
some  power  of m, it  follows  that
[w (E'(R/m)) = E'(R/m) for eachi > 0. Hence, we
have that H,(R/m) = 0 for all i > 0. Therefore,
H, (M/a"M) = 0, for alln € N and for alli > 0. Then, it
follows that:

b (M) == im Hi, (M/a"™M) =0,

am
neN

foralli > 0. This concludes the proof for the case 0.

Now, suppose that=dim(M/a"M) >0, foralln€ N,
with sfinite.

Suppose, inductively, th& > 0 and that wheneveX
is anR-module with ding(N) = s <k, then H, (N) =0
for all i > s. Suppose thak = M/a"M is such that its
Krull dimension isk. Since any submodule d will have
Krull dimension< k and anyR-module is a direct limit
of its finitely generated submodules, it follows that it is
sufficient to assume thadll is an non-zerd&-module and
finitely generated. By7, Corollary 4 |- 19], there exists
a finite chain of submodules M:

O=MgCM;CMyC...CM =M

3

such that, for each=1,...,r, we haveM;/M;_1 = R/p;
for some prime idealp; of R. Note that we have
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P1,....pr € Suppz(l\ﬁ), and so it follows that it is [2] M.P. Brodmann, R.Y. SharplLocal cohomology - An

sufficient to prove that, ifp is a prime ideal ofR of algebraic introduction with geometric applicatians
coheightk (see Definition2), then H, (R/p) = 0 for all Cambridge University Press, 1998.
i > k. (The inductive hypothesis is used here, of course). [3]W. Bruns, J. HerzogCohen-Macaulay rings Cambridge
LetK = (R/p), regarded as aR-module in the natural University Press, 1993. . .
way. Let then [4] ﬁ _Ellenbe;rj;, N St_een;roﬁouriggtzlons of algebraic topology
. rinceton University Press, .
a:R/p— (R/p)p, [5]J.J. Rotman,An Introduction to Homological Algebra
be the naturaR-homomorphismuo is injective. LetH = University of lllinois, Urbana, Academic Press, 1979.
Coker(a), so that [6] P. SchenzelDn formal local cohomology and connectedness
Journal of Algebra 315 (2007) 894 - 923.
0—R/p 9K SH 0, [7] J.P. SerreAlgébre locale: multiplicitégLectures Notes in

mathematics No. 11), Springer-Verlag, 1965.

is an exact sequence.

Note that H, (K) = 0, for all i > 0. Indeed, there
existsx € m\ p, and the multiplication bx onK provides Carlos Henrique
an automorphism dk. Hence, ifi > 0, since H, (o) is an Tognon received the
R-linear functor, multiplication by x provides an PhD degree in Mathematics
automorphism of i (K). But if ze H, (K), then (from for Universidade
the construction of H (K) by means of applying the de S3ao Paulo - Instituto
functor I, (e) to an injective resolution oK) it follows de Ciéncias Matematicas
that there exists an integgr> 0 such thain/z= 0. Thus, e de Computagio (ICMC
x!z=0, and s = 0. Therefore, we have thatHK) =0 - USP - S&o Carlos - Sio

foralli > 0. Paulo - Brazil). His research

Therefore, we conclude that, the formal local interests are in the areas of
cohomology module commutative algebra and homological algebra including
i the mathematical methods of algebraic geometry. He has
am (M) =0, published research articles in reputed international

, , . journals of mathematical and applied mathematics.
foralli > dimg(M/a"M), for alln € N, as required.

4 Conclusion

According to what was elaborated in the work, we
observed that we can to find applications for the formal
local cohomology module, such as the result of vanishing
that was presented in this paper. For future works, we
intend to elaborate results that determine under which
assumptions the formal local cohomology modules are
Artinian and Noetherian modules.
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