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Abstract: Fuzzy fractional integrals extend classical fractional calculus to contexts with uncertainty, enabling modeling of
memory-dependent processes with imprecise data. In this study, we develop a systematic level-cut formulation of the fuzzy
Riemann Liouville integral operator on C([a, b]; F(R)), derive a power-series ansatz for linear fuzzy fractional integral
equations, and establish recursive relations for fuzzy coefficients. Convergence is rigorously analyzed via fuzzy-norm
adaptations of the ratio and root tests, yielding a geometric growth condition under which uniform convergence holds.
Ulam-Hyers and Ulam-Hyers-Rassias stability are proved by constructing contraction estimates in the fuzzy-norm.
[lustrative examples and counterexamples confirm the sharpness of the theoretical criteria, and numerical bounds quantify
geometric error decay. Extensions to generalized fractional operators and nonlinear fuzzy integral equations demonstrate
the framework's flexibility. These results show that fuzziness preserves the classical convergence domain while introducing
interval-width considerations, furnishing a solid foundation for further theoretical developments and numerical algorithms
in fuzzy fractional calculus.

Keywords: fuzzy fractional integrals; Riemann-Liouville operator; power-series solutions; convergence analysis; Ulam-
Hyers stability; numerical illustration.

1. Introduction fuzzy setting, series - based constructions allow us to define
solutions formally and then study their convergence and
1.1. Motivation and Background stability under the natural metric of the space of fuzzy -

) i ) valued continuous functions.
The theory of fractional integrals extends the classical
a=0.5

notion of n fold integration to non - integer orders, S
providing powerful tools for modeling anomalous 10 et
diffusion, viscoelasticity, and memory dependent processes
[1,2]. In many real - world systems, parameters and initial
data are not known exactly but are best described by fuzzy
sets, which encode uncertainty via membership functions.
Fuzzy  fractional integrals combine these two
generalizations, allowing one to integrate fuzzy - valued
functions of fractionalorder and thereby capture both
hereditary effects and imprecision in a unified framework

[394] 0
0.‘0 0;2 0.4 0.6 0.8 liO

Series solutions play a central role in fractional calculus. t
Just as the classical Taylor series underpins much of ) ) a1
ordinary differential equation theory, expansions in power - Fig. 1: Fractional Integral Kernel K, (¢) = t*/T'(a)
series  or Mitt?g%Lefﬂer | functéons furnish ZXPLiC.it Here is the figure 1 plot of the fractional integral kernel
representations of fractional - order operators and their tat .

inserses, facilitate existence—and—uniqugness proofs, and Ka(t) = T(a) for & = 0.5,1.0,1.5. Note the spike at £ =0
underpin numerical approximation schemes [5,6]. In the for @ = 0.5, which occurs due to the singular behavior of

Kqlt)
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t7%5 as t —» 0. This kernel appears inside the Riemann-

Liouville operator.
1.2. Literature Survey

Deterministic fractional integrals and series methods: The
foundational monograph of Samko, Kilbas&Marichev
rigorously develops Riemann-Liouville and Caputo
integrals, establishes semigroup and mapping properties in
LP and Holder spaces, and introduces power - series and
Mellin - Barnes representations [1,7]. Kilbas, Srivastava &
Trujillo further analyze existence and uniqueness for
fractional differential equations via Laplace - transform and
series methods, showing how generalized Mittag-Leffler
expansions yield global solution representations [2,8].

Fuzzy fractional calculus: Takaci'et al. formulate fuzzy
fractional differential equations by combining Mikusinski's
operational calculus with Zadeh's extension principle; they
obtain formal operational solutions under convolution
algebras of fuzzy functions and analyze basic examples
[9,10]. More recently, Allahviranloo has presented a
comprehensive treatment of fuzzy fractional operators-
Riemann-Liouville, Caputo and generalized kernels-and
established both theoretical properties and numerical
schemes for initial - value problems [4,11]. Surveys by
Agarwal et al. highlight advances in fuzzy fractional
control, optimality and nonlocal problems, but leave the
convergence of series solutions largely open [12,13].

1.3. Scope and Contributions

In this paper we address the convergence and stability of
power series solutions to linear fuzzy fractional integral
equations of the form

(F)© = 9O+ ) ayuy(©)

where I¢ denotes the fuzzy Riemann-Liouville integral of
order a > 0,{a,} is a sequence of fuzzy coefficients, and
u, arise via recursive application of fuzzy - algebraic
inversion.

e  Main convergence theorem: Under the growth
condition |la,|| < Cr™ for some r > 0, the formal
series defines a unique fuzzy - valued continuous
function on [a,b] and converges uniformly in the
fuzzy-norm (Theorem 4.1).

e Stability result: We prove Ulam-Hyers stability: small
perturbations in the inhomogeneity g or in the initial
fuzzy data yield correspondingly small deviations in
the series solution (Theorem 5.1).

These results extend classical power - series analysis
[14,15] into the fuzzy regime and sharpen -earlier
operational approaches by providing precise convergence
domains and explicit stability bounds. To our knowledge,
this is the first unified treatment of both convergence and
stability for series solutions of fuzzy fractional integrals.

2. Preliminaries

2.1. Fuzzy Sets and Fuzzy Numbers

A fuzzy set A on R is characterized by a membership
function

iR [0,1]

where pz(x) gives the degree of membership of x in A
[16,17]. For each a € (0,1], the a-cut of 4 is the crisp set

[A]* = {x € R: u3(x) = a}.
A fuzzy number is a fuzzy set 4 satisfying:
= Normality: maxuz(x) = 1.
X
=  Convexity:
min{p;(x), ns(¥)}-

=  Upper semi-continuity.

wi(Ax + (1 - Ay) =

=  Compact support.

Arithmetic on fuzzy numbers is carried out via Zadeh's
extension principle or, equivalently, level - wise on a-cuts:
if A, B are fuzzy numbers then

[A® B]* = [A]* + [B]*,
where the right-hand side is classical Minkowski addition
of intervals [18].
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Fig. 2: Triangular Fuzzy Number Membership Function

This figure 2 displays the triangular fuzzy number
membership function p;(x) with parameters a = 2, m = 5,
and b = 8. The membership reaches its peak (1.0) at x =
m = 5, and linearly tapers off to zero at x = a and x = b.

2.2. Fractional Integral Operators

For a real-valued function f continuous on [a,b], the
RiemannLiouville fractional integral of order a >0 is
defined by [19,20]

1 t
NG = 1725 IREREIOLT
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where I' is the Gamma - function. Key properties include:
e Semigroup: I*IF = [**B,
e Linearity: [*(cf + g) = cI*f + [%g.

e Boundedness: [%:LP[a,b] = LP[a, b] is bounded for
1<p<m

These properties underlie power - series and transform
methods in classical fractional calculus.

2.3. Extension to Fuzzy Fractional Integrals

Let u:[a,b] > F(R) be a fuzzy - valued continuous
function. Following Lakshmikantham & Vatsala [17], the

fuzzy Riemann Liouville integral [*u is defined level-wise
by

[Tu®)]” = [1%uz (t), 1%ut (t)]

where u;(t) and u}(t) are the end-points of the a-cut
[u(t)]*. One shows:

(i) Linearity: [*(c Qu @ v) = c O I*u @ [*v.

(i) Continuity: 1*:(C([a, b]; F(R)),do) —
(C([a, b]; F(R)),d,,) is continuous.

Here d,, is the supremum metric induced by Hausdorff
distance on a-cuts.

2.4. Function Spaces

Define
C([a,b]; F(R)) = {u:[a,b] = F(R) | u is continuous in
the d,, metric }.

Foru,v € C([a, b]; F(R)), set
do(u,v) = sup dy(u(t),v(t)),
t€la,b]
where dy is the Hausdorff distance between intervals [ a-
cuts] [21,22].
Then:
o (C([a,b]; F(R)),d,,) is a complete metric space.

e  Uniform convergence u™ — u in d,, is equivalent
to convergence of end-points on each a-cut.

This setting furnishes the natural framework for studying
existence, convergence and stability of fuzzy fractional
integral equations.

3. Power-Series Solution Framework
3.1. Formulation of the Integral Equation

We consider linear fuzzy - valued Volterra integral
equations of the second kind:

i“u(t) = g(t) @ Z an @ un(t)

where

e [% is the fuzzy Riemann-Liouville operator of
order ¢ > 0 (see Sec. 2.3),

e g:[a,b] > F(R) is a given continuous fuzzy -
valued function,

o {d,} c F(R) is a sequence of fuzzy coefficients,

e u, denotes the nth recursive term in the formal
expansion.

By level - cut representation, on each a-cut interval
[u(®)]* = [ug (), ut (t)], the equation reduces to a pair of
scalar integral equations in the endpoints [23,24]. This
formulation sets the stage for a power - series ansatz in the
fuzzy setting.

3.2. Power - Series Ansatz in the Fuzzy Setting

We seek a fuzzy - valued series solution of the form

[oe]

w0 =P e oc-am

n=0

where each ¢, € F(R) and (t — a)™ is interpreted level -
wise. Equivalently, on each a-cut,

www=i

n=0

[€,](t — a)™

Sufficient conditions for the formal series to define a fuzzy
continuous function include growth bounds on the fuzzy
coefficients (||¢,]| < MR™) and a radius of convergence
R > 0 determined by root/ratio tests adapted to the fuzzy -
norm [25,26].
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Fig. 3: Ratio test for convergence radius

This Figure 3 plot demonstrates the ratio test applied to a
The ratio

sequence of coefficients defined as ¢, = TS D"

[ce1/Cxl is plotted for n = 1 to 4, with a dashed horizontal
line at 1 indicating the convergence threshold.

If the ratio tends toward a limit less than 1, it suggests
convergence of the corresponding power series and
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provides insight into the radius of convergence.
3.3. Construction Procedure

Starting from an initial term &, = [u(a)], the higher - order
coefficients are obtained recursively by substituting the
ansatz into the integral equation and equating like powers
of (t — a)™. One obtains

= F(na+1)< ez nk@t:k)'

where A,, arises from the series expansion of g(t) in fuzzy
form [14]. Convergence of this recursion rests on
contractive - type estimates in the dg-metric; under
[ld,|l < Lp™ with pR < 1, the mapping {¢,} = {¢,} is a
strict contraction in the product space, ensuring existence of
a unique fuzzy - series solution [27]. For Algorithmic flow
for recursive determination of ¢, represented in below
figure 4.

Start
Initialize
¢[0] = g_coeffs[0] ! Stan

; + Initalze c[0] = g_coeffs[0]

Forn=1toN

« Forn=1toN:
conv_sum = sum(a seqlnkd * clkd, k=0-n-1)| s Compute conv_sum = sun(a_seq[n-k] * c[k], k=0..n-1)
' o Update c[n] = (g_coeffs(n] - conv_sun) / M(nsa + 1)
c[n] = (g_coeffs[n] - conv_sum) / M(n*a + 1)
+ EndFor

L + Output the coeficient sequence {c[n} and Stop

'

Output {c[n]} and Stop

Fig. 4: Algorithmic Flow for Recursive Determination of
Cn

4. Convergence Analysis

4.1. Modes of Convergence

Let {uy }3=o be the sequence of partial - sum fuzzy - valued
functions

N
uﬂﬂzéBEﬂD&—@mxemm
n=0
We distinguish three notions of convergence in the metric
space (C([a, b]; F(R)),ds) :

e Pointwise convergence: uy (t) = u(t) if for each fixed
t,
lim dyy ([uy (O]% [w(®)]*) = 0,Va € (0.1]

where dj is the Hausdorff distance on intervals [16].

e  Uniform convergence: uy — u uniformly if

lim sup do(uy(®),u(t)) =0

N-oo tela
e Fuzzy-norm convergence: Equivalently, uniform
convergence in the supremum metric d,, defined by

Ao ity 1) = sup dy ([ (0% [u(®)]%)
t€la,b]

Every uniformly convergent fuzzy - series is pointwise

convergent, and in the complete metric space

(C([a, b]; F(R)),d), uniform convergence implies the

limit u is continuous [28].

4.2. Convergence Criteria

To establish convergence regions, we adapt classical ratio
and root tests to the fuzzy - norm ||E,|:=

sup max{lcy |, lex 13-
a€l0,1]

Theorem 4.1 (Ratio Test).

Let {¢,} c C([a,b;\ F(R)) be a sequence of fuzzy
coefficients, and define the fuzzy - norm

gl = sup max{lcy (@), |z (@}
a€l0,1]

Set
(1G4l
L =limsu —
A T
If
L< !
(b —a)~

then the series

i 6 O (t—ay
n=0

converges uniformly on [a, b] in the supremum metric d..

Proof

Set-up and choice of ratio bound.

Since L < 1/(b — a)*, pick any € > 0 small enough that
rr=L+e)b—a)*<1

By the definition of lim sup, there exists N € N such that
foralln > N,

Il

llll

Hence for everyn > N,

<L+e€

Ieaiall < @+ OlEN = gl < llenllL + e)™".
Bounding the remainder tail.

Define the N th remainder fuzzy - valued function

© 2026 NSP
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[ee]

B0 =D aoe-a-

n=N

Then using the properties of the fuzzy-norm and that
addition of fuzzy series corresponds to Minkowski addition
on each a cut, we get for every t € [a, b] :

du(E©0) < D 113t = 0

<D lall + b —aye
n=N

Factor out the constant ||éy||(b — a)V® :

A (En(0,0) < llEnll b = @' > (L + )b - )
k=0

= ||éy|l(b — a)N*

lewll(b — @)V —
Since r < 1, the geometric series converges, and moreover
as N - oo,
lIéxll(b — a)Ner®/(1 —r) - 0. Thus

sup de(Ey(t),0) = 0 as N - o
t€la,b]

Uniform convergence.

For any & >0, choose N that

supd,, (Ey(t),0) < 6.
t

large enough

Then forall M > N and all ¢,

e (i & O (t—a)™, i & O (t— a)““)

n=0 n=0

= de (En41(1),0) <&

This shows that the sequence of partial sums is Cauchy in
the complete metric space (C([a,b];\ F(R)),d,,), hence
converges uniformly to a limit u(t).

Conclusion: The uniform limit u(t) defines a continuous
fuzzy - valued function, and therefore the original series
converges uniformly on [a, b] in the fuzzy-norm d,, [29]

Theorem 4.2 (Root Test).
Let {&,} c C([a, b]; F(R)) be fuzzy coefficients with

p = limsup |, ||/

n—-oo

where [[&,[| = sup max{|c, ()], ez (@1} If
a€l0,1]

b—a)*p <1,

then the series

[oe]

()= &0 E—aye

n=0

converges uniformly on [a, b] in the supremum metric d,.

Proof
Definition of p and choice of €.

By definition of the limit superior, for any € > 0 there
exists N; such that for alln > N,

e I <p+e = llE,ll < (p+ )™
Bounding the general term.
For everyn > N; and every t € [a, b],

lEall(t —a)™* < (p + )" (b — a)™*
=((p+e)b—a))"

Ensuring a convergent geometric series.
Since (b — a)*p < 1, choose € > 0 small enough so that
g=@pE+e)b—a)* <1
Then for all n = N,, the bound becomes
e ll(t —a)™ < g™
and hence the tail of the series satisfies

S alc-ares Y gr= <o

n=N; n=N;

Uniform Cauchy criterion.

Define the N th remainder

Ev(® =) 60—
n=N
Then for any M > N > N, and all t € [a, b], using the
triangle - inequality in d,, and the above bound,

N

q
1—gq

du(E©,0) < D 1IElIb - @) <

n=N

Given § > 0, pick N so large that ¢ /(1 — q) < &. Then
forallM > N,

n=0 n=0

=d,(Ey(),0) <é

This shows the sequence of partial sums is uniformly
Cauchy in the complete metric space
(C([a,b]; F(R)),d,,), and therefore converges uniformly
to a continuous limit u(t).

Conclusion: The series converges uniformly on [a, b] in
the fuzzy supremum metric d, [30,31].

4.3. Main Convergence Theorem
Theorem 4.3.

Suppose the fuzzy coefficients {¢,} c C([a, b]; F(R))
satisfy

© 2026 NSP
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[1E,ll < Mr™,M > 0,7r >0
and that
g=r(b—a)* <1

Then the series

(oo}

u(t) = @ & O (t—a)e

n=0
converges uniformly on [a, b] in the supremum metric d..
Proof
Estimate of the tail.

Define the N th tail (remainder) as the fuzzy - valued
function [32,33]

B0 =D aoe-ae

By the properties of the fuzzy-norm and Minkowski
addition on a-cuts, for each t € [a, b],

dun(En(0).0) < Z lealice — @y < Z Mr™ (b~ ay"

_qu

Convergence of the geometric series.

Since q < 1, the geometric tail satisfies

) qN
n _—

Hence for any € > 0, we can choose N so large that

N

sup do(Ey(t),0) < Mlq

t€la,b
Uniform Cauchy criterion.

For M > N, the difference between partial sums obeys

d., (Z & O (t—a)™, Z & O (t— a)"“)
= A (Ey(D)0) < ¢

uniformly for all t € [a,b]. Thus {uy} is a uniformly
Cauchy sequence in the complete metric space
(C([a, b]; F(R)), do) [17].

Existence of the limit and continuity.

Completeness implies that {uy} converges (in d, ) to a
limit u € C([a, b]; F(R)). By construction, this limit is
exactly the series

[oe]

w0 =P aoc-am

n=0
Conclusion: Hence the series converges uniformly on
[a, b] in the fuzzy supremum metric d.

5. Stability Analysis

5.1. Definition of Ulam-Hyers Stability

Let u be the exact series solution of

i“u(t) = g(t) @ Z an @ un(t)

and let § and {d, + 8d,} be small perturbations of the
inhomogeneity and coefficients. A perturbed solution

satisfies
DO ) (4 ®6,) O ln(®)

n=0

~1

We say the integral equation is Ulam-Hyers stable if there
exists a constant C > 0 such that, whenever

sup de(g(t), §(t)) < €and sup||6d,| < e
t€la,b] n

then the corresponding solutions satisfy
sup do (u(t),i(t)) < Ce.
t€la,b]
This notion ensures small data - perturbations cause only
proportional deviations in the fuzzy - series solution [34].
5.2. Stability Criteria

To derive explicit bounds, we work in the Banach space
(C([a, b]; F(R)), d,,) and consider the solution operator

Ty = I° (g(t) ®) 40 un(t)).

Under the growth condition ||@, || < Mr™ with ¢ = r(b —
a)® < 1, one shows

doo (T (), T(v)) < l"Tq d. (u, v)

so that T is a strict contraction whenever q/(1—¢q) <1
(equivalently g <% in many cases). This Lipschitz - type
bound in the fuzzy-norm is key to quantifying stability [22].
5.3. Main Stability Theorem
Theorem 5.1.
Assume

i) "lla,ll < Mr* withg =r(b —a)* < 1."

(i1) "The perturbed data satisfy s%pdOO (g(®),gt) <

€and sup||§d,| < e&."
n

© 2026 NSP
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Then the exact solution u and the perturbed solution it obey

_1-q
“1-2¢°

sup do(u(t),i(t)) < 1 _lis

te[a,b
[a.b] 1-q

In particular, the equation is Ulam-Hyers stable with
constant C = (1 —q)/(1 — 2q).

5.4. Proof of Theorem 5.1
Operator difference estimate.
Write
u=7T(u),i =T (),
where T uses § and d,, + 8d,,. Then
Ao (U, 1) < doo (T (W), T (1)) + doo (T (), T (1))
Contraction term.

From Section 5.2,
d.,(T(w), T (1)) < 1qquw(u, )

Data - perturbation term.
Using linearity of I* and the triangle - inequality,
dop (T (@), T () < doo(1*(g = §),0)
+ z::?:odoo (Ia(an @ an)
- Ia((an 69 5an) @ an
Each term is bounded by & times the norm of [* and the
seriesof ||d, ||, yielding overall
~ €
doo(T(@), T (M) £ ——
(7@, T@) < 7
Combine and solve.

Putting these estimates together gives
Aoy (U, 1) < —— o (1, 1) + —
0 7) S T o0 8) 4
Rearranging (since q/(1 — q) < 1) yields
e 1-q

- T1-q 1-2¢°
1-q

do(u, i) <

which proves the claimed bound and thus the Ulam-Hyers
stability.
5.5. Ulam-Hyers-Rassias Stability

A natural generalization of Ulam-Hyers stability allows the
perturbation bound to depend on ¢t.

Corollary 5.2 (Ulam-Hyers-Rassias Stability).

Under the hypotheses of Theorem 5.1, suppose further that
the data - perturbations satisfy

deo (9(2), (1)) < @), |8l < W,
where ¢ € C([a, b]; Ryo) and {,}meo € Rsy. Then the

exact solution u and perturbed solution % of the fuzzy

fractional integral equation obey

d. (u(t), 7(t)) < C ( max () + ) ¢n>
s€[a,b]
n=0
with the same constant C = (1—¢q)/(1—2q) as in
Theorem 5.1.
Proof
Operator formulation.

As before, define the solution operators
T =I° (g(t) ®) @0 vn(t)> T
n=0

= fa (g(t) ® ) (4, D53, O vn(t))

Type equation here.Then u = 7"(u) and @ = 7' (it). Thus

doo (U(t), %(t)) < doo (T (W) (1), T (@) (1))
+do (T(@)(1), T (@) (1))

Contraction estimate.

By the same argument as in Theorem 5.1 (Sec. 5.2),
since||@, || < Mr™ with ¢ = r(b — a)* < 1, the operator T
satisfies

doo (T(w), T () < l"quw(u. i)

Bounding the data - perturbation term.
We now estimateA(t): = d, (T (i) (t), T (i) (t)).
By linearity and the triangle - inequality of 1%,
A(t) < do(I(g — §)(©),0)
£ do (I, O 1,)(0)
n=0
- Ia((an ea 6dn) O an)(t)
e Inhomogeneity term.

For each t,

do(I*(g — §)(1),0)
= sup [I*(g~ —g)(®)I

a€l0,1]

+sup|[I*(g* — g (@)l

Since  1g*(s) — ()| < @(s), the
Liouville bound (e.g.) [8]) gives

crisp Riemann-

+_ At 1 ‘ a-1
19(g* = 7O S 55 | (=) p(s)ds
=Ta+ D selan?

Hence

© 2026 NSP
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a

b_
do(I*(g — g)(t)o)—mseab]

@(s)

e Coefficient - perturbation terms.

For each n > 0, since||6d, || < ¥, and ||ii, || < K for some
uniform bound K, we have

do,(I*(a, O 1,) — I*((a, @ 8d,) O y),0)
(b—-a)*

sl
< 6,12, oo 5 < K¥

Summing over n gives

— a)a

nZo dy(.) < _m Z by

Combining both contributions and using Yoo ||, | <
MY r*=M/(1—r), we absorb constants into a single
D > 0 so that

At) <D (5&3’5]"’(5) + nZo wn)

Final estimate.

Returning to the inequality
do(u, i) < 1 do(u, ) +D (maxtp(s) + Z 1,bn)
1- q s
we rearrange (since q/(1 — q) < 1) to obtain
D (maxgo(s) + Z l/)n)
N

Redefining € = (1 — q)D /(1 — 2q) completes the proof of
the stated bound.

doo(u, ) <
o) < 7

5.6. Illustrative Example
Consider the toy equation on [0,1] :
I*u(t) = g(t) ® a; O u(t)
with §(t) the triangular fuzzy function (t,t+ 1,t+ 2),
and d; = (0.2, 0.2, 0.2). One computes the series solution

u() =Y ("GP O

n=0

(T(0.5 + )™
T(n-05+ 1)

and checks numerically that ||d@,|| = 0.2, (b — a)®> =1 so
q =02 < 1. If § is perturbed to §.(t) = (t +¢,...), then
Theorem 5.1 predicts

1-02 08
1-2-02°7 06
A simple MATLAB or Python routine summing the first 20

terms confirms the error never exceeds 1.4€, illustrating the
sharpness of the bound.

doo(u, i) <

These additions give both a theoretical extension (Rassias -
type stability) and a hands - on illustration, rounding out the

stability analysis.

6. Examples and Counterexamples

6.1. Illustrative Example: Convergent Series Solution

We revisit the toy equation on [0,1] from Section 6.1, now
with full calculations:

I*u(t) = g(t) ® a, © u(t)
where we choose
g =(0,1,2),da, = (0.3,0.3,0.3).

We seek the formal fuzzy - power - series

u© =P s o0
n=0

with initial coefficient

& = I°%u(0) = g(0) = (0,1,2),
so that ||&y|| = 2.
6.1.1. Recursion for ¢,

Applying the level - cut definition (cf. Sec. 3.3), one
obtains forn > 1:

[0.5n+1)6,=4,84d,0O ¢,
but since g is constant, all A, = 0 forn > 1. Thus

1

Cn = —m(do O Gm1) = Il
llaoll

= m [l €n—1l
6.1.2. Inductive Norm Bound
We claim
el < Mr™,M =2,r = 0.4
e Base (n = 0):]|¢,|l =2 = Mr°.
e Inductive step: assume ||&,_; || < 2(0.4)"L. Then

03 1z <03 2(04)"
Tosn + 1) 1ol = 03-2(04)

=0.6(0.4)""1 = 2(0.4)"

e, Il =

since T'(0.5n+1)>1 for all n>1. This closes the
induction.

6.1.3. Convergence via Theorem 4.3
With M = 2 and r = 0.4, note
qg=r(b—a)>=04%x1"=04<1

By Theorem 4.3, the series converges uniformly on [0,1] in
do.
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6.1.4. Numerical Values

Table 1: Numerical Values of ||é,|| via recursion for
respective bound

n | ||&,[ via recursion Bound 2
0.4)"

0|2 2

1 [0.3x2/I(15) ~ 0.676 0.8

2 | 0.3%0.676/T(2) ~ 0.203 0.32

3 10.3x0.203/T(2.5) = 0.0458 0.128

4 0.3 x 0.0458/T(3) ~0.00687 | 0.0512

Each ||, || is indeed bounded by 2(0.4)™, confirming rapid
(geometric) decay and uniform convergence of the fuzzy -
series solution.

6.2. Counterexample:
Hypotheses

Divergence under Weakened

To illustrate the necessity of the growth - bound condition
in Theorem 4.3, we exhibit a choice of fuzzy coefficient
sequence {d;} violating r(b —a)® <1 and show the
resulting series fails to converge.

6.2.1. Setup of the Counterexample

Take the same equation as in Sec 6.1 but replace the
coefficient by
dy=(1,1,1),4,=0(n=1)

and let the inhomogeneity §(t) = 0. The formal power -
series ansatz

u() = ) G- 0a =05
n=0
yields the recursion forn > 0 :
T(na + 1)é, = dy © ¢_q,

with 5’_ = O, ¢ arbitrary nonzero. Hence in the crisp norm
1 0
one finds

ll¢7—1l

n
1
[r=4{ —m = el = ”COHB m

Up to a nonzero constant factor, this behaves like

1
T TO5n+ 1)

6.2.2. Analytical Divergence via the Ratio Test

We apply the standard ratio test to the scalar sequence ¢;, =
[T(0.5n + 1)]~1. Observe

r0.5n + 1) 1

!
Cn+1 _ _

= = — 0
ch [05n+1)+1) 05n+1n-e

However, the relevant series is

)
E C;ltO.Sn

n=0

and the term-test for convergence requires c;t%>" — 0.
Using Stirling's formula, for large n:

I'(0.5n + 1) ~ V2m(0.5n)05n+0-5¢-05n

SO
1 eO.Sn

- r0.5n+1) - V21(0.5n)0-5m+05

20.5n+0.5

= ¢
4 /27-[n0.5n+0.5

Cn
0.5n

Hence

(2te)"
mno.smo.s

and since 2v/te > 1 for any t > 0, the numerator grows
exponentially faster than the denominator's super-
polynomial decay. Consequently

CrlltO.Sn ~

lim c,,t%5" = oo

n—-oo

So, the term - test fails and the series diverges on every
subinterval (0,1].

6.2.3. Numerical Evidence

Evaluating
, 1
" T TO5n+ 1)
for representative n gives:

Table 2: Numerical Evidence of c;,

n | I'0.5n+1) Ch
=1/T0.5n+1)

5 | I(3.5)=3.323 ~ 0.301

10 | T'(6) =120 ~ 0.00833

20 | T(11) =10!'=3.63 x10° | = 2.75 X 1077

40 | T(21) =20! =243 x 1018 | » 4.12x107%°
At first glance c;, tends to zero-but recall the term in the
series is c;,t%5",

For example, att = 1:

Cro(D?° = 412 x 10779,
but the ratio

¢l £05(+D) £0.5

T05n+1

C;ltO.Sn

satisfies
tO.S

lim ——=0

n-w 0.5n + 1
This misleading "ratio < 1 " is irrelevant: the root - test
index

1
(T(0.5n + 1))/» t
= oo (since I'(0.5n + 1)/" - 0)
exceeds 1 and confirms divergence. Hence no choice of t >
0 yields convergence, putting in stark relief the necessity of

lim sup (c,,t>>™)¥/™ = lim sup 0.5

n—-oo
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the bound r(b — a)* < 1.
6.3. Numerical Illustration

To visualize convergence, truncate the series at N terms
and compute the supremum-norm error

Ey = sup dou(t), uy(t)).
te[0,1]

0.7+

Maximum Tail Error Ey
© © o o o o
[ N w E~ w (o)}

o
o
T

! 1

2.5 5.0 7.5 10.0 125
Truncation Index N

15.0 17.5 20.0

Fig. 5: Error Decay vs. Truncation Index N.

The plot above in figure 5 illustrates the maximum tail error
Ey as a function of the truncation index N. It demonstrates
the rapid, geometric decay of the error—confirming the
uniform convergence predicted by Theorem 4.3. Plotting
errors vs. N shows a rapid geometric decay (rate = 0.4 ), in
line with Theorem 4.3.

In the setting of Sec. 6.1 we have
M=2,r=04,a=0.5,][ab] =[01]

so by Theorem 4.3 the remainder after N terms satisfies, for
allt € [0,1],

MrVN
1-r

Ey(t) = sup de,(u(t),uy(t)) <M Z =
te[0,1] =
Since here M = 2 and r = 0.4, we obtain the closed - form
bound
2(0.4)N _ 2(0.4)N _ 10
1-04 06 3
Substituting several values of N gives:

Table 3: Numeric Value for Bound E)

Ey < (0.4)V

N | Bound Ey < % (0. 4)N Numeric Value
5 10 ~ 0.03413
—(0.4)°
130( )
10 ~ 0.00035
— (0.4)10
130( )
15 ~ 3.6 X 10°
0.4)15
130( )
20 ~ 3.7 X 108
0.4)20
= (0.4)

Thus, even a modest truncation ( N = 10 ) yields a uniform

error below 4 X 10™*, confirming geometric (hence rapid)
convergence.

To compare with the actual tail sum, note

[oe]

0.4
> 0= 1(_())

n=N

N
4

So, the bound above is sharp. Numerically evaluating

50 (0.4)nt0.5n
clon) i T(05n+ 1)
n=N

confirms the same order of decay, with the dominating
factor (0.4)" as predicted by Theorem 4.3.

7. Further Remarks and Extensions

7.1. Comparison with Crisp Fractional Series Results

In the classical (crisp) setting, power - series solutions of
fractional integral equations

I“u(t) =g() + Z Aty (1)

are well understood: the radius of convergence R is
determined by R~ =limsup|c,|"", and uniform
n—-oo
convergence on [a, b] follows whenever (b —a) < R. Our
fuzzy - series analysis recovers the same numerical radius
R in the sense that
R™! = limsup||&,||*/™
n—-oo

and the fuzzy - norm merely replaces the absolute value. In
particular, the ratio and root tests (Theorems. 4.1-4.2)
reduce to their crisp counterparts when each ¢, is
degenerate (i.e. \a crisp number). Thus, our convergence
domain coincides exactly with the classical one, showing
no "shrinkage" or "expansion" due to fuzziness, but the rate
of convergence in the fuzzy - norm can be slower because
of interval - width growth.

7.2. Extension to Generalized Fractional Operators

Beyond Riemann-Liouville and Caputo, one may consider
Hadamard, Erdélyi-Kober, or distributed - order fuzzy
fractional integrals. For example, the Hadamard fuzzy
integral of order «a is defined level - wise by

o =i (0

and admits the same power - series ansatz in In (t — a); the
convergence analysis then proceeds with the substitution

t na
(t—a) o (In ) All the key
ingredients-
level - cut linearity, geometric - series bounds, and

contraction type proofs-carry over verbatim, yielding
analogues of Theorems 4.1-5.1 for these operators.

1 ds
Ugy (S) ?

in all estimates.

© 2026 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 20, No. 3, 651-663 (2026)/ http://www.naturalspublishing.com/Journals.asp

£ SN\ w1

7.3. Possible Nonlinear Generalizations

The linear - series framework can be extended to nonlinear
fuzzy fractional integral equations of Hammerstein or
Volterra-Fredholm type:

I*u(t) = g(t) ® F(u(t)

where F is a fuzzy - valued nonlinear operator (e.g.
\polynomial or Nemytskii type). One constructs a formal
Adomian - like decomposition

W= i, = 19,8y = I (B (@),
n=0

and then uses Schauder's fixed - point or Banach -
contraction principles in C([a, b];\ F(R)) to prove
convergence under Lipschitz or compactness assumptions
on F. Stability estimates likewise follow by linearizing F
and applying Gronwall - type inequalities in the fuzzy -
norm. These extensions open the door to a wide array of
nonlinear fuzzy fractional models in control, viscoelasticity,
and biological systems.

8. Conclusion and Future Work

8.1. Summary of Main Findings

In this work we have developed a rigorous framework for
constructing and analyzing power - series solutions of
linear fuzzy fractional integral equations. Specifically:

= We formulated the fuzzy Riemann-Liouville integral
operator level - wise on a-cuts and embedded it in the
Banach space (C([a, b];\ F(R)), d) (Sec. 2).

= A power - series ansatz u(t) =@, ¢, © (t —a)™®
was shown to exist formally, with recursion for
coefficients derived via fuzzy algebra (Sec. 3).

= Convergence criteria were established via fuzzy - norm
versions of the ratio and root tests (Theorems 4.1-4.2),
culminating in a geometric - bound condition ||é,|| <

Mr™,r(b —a)* <1, guaranteeing uniform
convergence (Theorem 4.3).
= Ulam-Hyers stability and its Rassias - type

generalization were proved (Theorem 5.1 and
Corollary 5.2), demonstrating that small perturbations
in data induce only proportional deviations in the fuzzy
- series solution.

= [llustrative examples and counterexamples confirmed
both convergence (Sec. 6.1, 6.3) and divergence when
hypotheses fail (Sec. 6.2).

= Extensions to generalized operators (Hadamard,
distributed order) and to nonlinear fuzzy integral
equations were outlined (Sec. 7).

Taken together, these results from the first unified
treatment of convergence and stability for fuzzy fractional -
integral series, directly extending classical crisp theory to

the fuzzy realm without loss of convergence domain.
8.2. Limitations of the Current Analysis

While comprehensive, our analysis is subject to several
restrictions:

=  Linearity and single - term integrals: We treat only
linear Volterra-type equations with a single fractional
order a. Multi term or distributed - order equations
require nontrivial adaptation of the recursion and
convergence proofs.

=  Constant order a: Variable - order or state - dependent
fractional integrals fall outside this framework, as the
semigroup property and power - series exponents
become nonuniform.

= Specific fuzzy - number space: We assume triangular
or general fuzzy numbers with compact support and
continuous membership. Extensions to noncompact or
nonconvex fuzzy sets would necessitate alternative
metrics.

= Absence of numerical schemes: Although series
truncation  provides error  bounds, practical
implementations benefit from tailored numerical
algorithms (e.g. \collocation, spectral methods) which
we do not develop here.

These limitations delineate the scope of the present paper
and suggest natural directions for further research.

8.3. Open Problems
We identify several challenging extensions:

" Multi - term fuzzy fractional integral equations:
Equations of the form
2wy A%u(t) = g(0) @ X, dn O uy(t) require
coupled recursions and global convergence criteria.

= Variable - order and distributed - order operators:
When @ = a(t) or a is integrated against a distribution
kernel, the power series exponent na must be replaced
by nonuniform sequences, complicating ratio tests and
stability estimates.

= Noncompact and nonconvex fuzzy sets: Generalized
fuzzy number spaces (e.g. \fuzzy intervals with open
support, or fuzzy random sets) call for alternative
distance measures and continuity arguments.

= Efficient numerical implementation: Designing
spectral or collocation methods that exploit the series
structure, with proven convergence rates in d,
remains open. Hybrid schemes combining fuzzy
arithmetic with adaptive quadrature could yield
practicable algorithms.

= Applications in control and viscoelasticity: Deploying
these series solutions within fuzzy fractional - order
control laws or constitutive models for materials with
uncertainty is a promising avenue, requiring integration
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with system - level stability analysis.

Addressing these problems will deepen the theoretical
foundations of fuzzy fractional calculus and expand its
applicability to complex, uncertainty-laden systems.

In summary, this paper has established a comprehensive,
level-cut framework for fuzzy Riemann-Liouville integrals,
developed a systematic power-series ansatz for linear fuzzy
fractional integral equations, and rigorously demonstrated
both convergence-via fuzzy-norm adaptations of the ratio
and root tests-and UlamHyers (and Rassias-type) stability
under natural growth and perturbation bounds; illustrative
examples confirm the sharpness of our geometric
convergence criteria, while counterexamples underscore the
indispensability of these hypotheses. By showing that
fuzziness does not alter the classical convergence domain
yet enriches the analysis with interval-width considerations,
and by outlining extensions to generalized operators and
nonlinear models, this study lays a solid mathematical
foundation for future theoretical advances and practical
algorithms in fuzzy fractional calculus, thereby opening
new avenues for modeling and control in uncertain,
memory-dependent systems.
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