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Abstract: The author utilizes the notions of supfaopen sets and increasing (decreasing, balancing) setgrtmliice and study
several types of supra continuous (supra open, supra ¢legpta homeomorphism) maps in supra topological orderadesp He
gives the equivalent conditions for each one of these cdas@aql illustrate the relationships among them separaieirt from that,

He investigates under what conditions these maps presenve separation axioms between supra topological ordemtsp
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1 Introduction ordered spaces, for=x{l, D, B} and studied their
properties. El-Shafei et al.7] gave a notion of supra
R-open sets and presented new types of supra separation
axioms. They also initiated some ordered maps via supra
topological ordered spaces and investigated their
properties in §] and presented strong separation axioms

A concept of topological ordered spade§ 7, <) is a set
endowed with both a topology and a partial order
relation <. This concept was initiated by Nachbibg] in

1965. McCartan in 1968, introduced and studied ! . o
ordered separatilgll]'\ axioms by utilizing monotone " SUPra topological ordered spaces §h [They modified

neighborhoods. He also defined strong ordered separatio%lccaétan S 5‘35?“'9”19] dWh'Ch statfe.that every strong
axioms and pointed out that-ordered space is strictly i—or Er spa}Lce Is & —order space, for=0,1,2,3,4,n
stronger tharTj-space, foi = 0,1,2,3,4. Mashhour et al. case o :.0’ ) . .

[13] introduced a notion of supra topological spaces and The aim of the present paper Is to establish some
generalized some properties of topological spaces td’PES of x-suprg3-continuous ( x-suprg-open, x-supra
supra topological spaces such as continuity and som -Closed, x-suprg3-homeomorphism ) maps in supra

: d o opological spaces, for = {increasing, decreasing,
separation axioms. In 1991, Arya and Gups (tilized ? . a :
semi open setslp] to introduce semi separation axioms balancing (briefly, f'o'r x={l, D B}). We give the
necessary and sufficient conditions for these maps to

in topological ordered spaces. In 2002, Kumdrl][ . :
preserve some separation axioms. As well as, we

introduced and _studied the concepts of continuity, vestigate the properties of these concepts and provide
openness, closeness and homeomorphism betweel 9 prop P P

topological ordered spaces. D& ntroduced ordered several illustrative examples. Many of the findings that
separation axioms in supra topological ordered space aised at are generalizations .Of @hose findings in supra
and generalized results obtained by McCartbd.[Jafari opological ordered spaces which introducedih [

and Tahiliani L] introduced and studied sup@open

sets and suprg8-continuous maps. In 2012, Rao and

Chudamani 16] used suprgB-open sets to generalize the o

concepts and results obtained M1 In 2016, 2 Preliminaries

Abo-elhamayel and Al-shami] introduced the concepts

of x-supra continuous (x-supra open, x-supra closedFrom now on, (X,7,=1) and (Y,7,<7) stand for
x-supra homeomorphism) maps in supra topologicaltopological ordered spaces atd, 1, <1) and (Y, 1, <5)
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stand for supra topological ordered spaces. A diagonaDefinition 2.9.(10], [13]) Let E be a subset of a supra
relation is denoted byA. topological spacéX, u). Then:

() Supra interior ofE, denoted bysint(E), is the union of

In the following, we recall some concepts and notionsall supra open sets containedin
that will be needed in the sequels. (i) Supra closure ofE, denoted byscl(E), is the
L ; intersection of all supra closed sets contairing

oD%ﬁer;gIg r;e(ZXlil)SénlaitGIB;(.b_lgh:n:subset of a partially (iii) Sup;rallﬁ—inteegor of E, denoted byzﬁé]nt(E), is the
N i) — ’—: ) _ Ca<xt. qnion of all suprg3-open sets contained . _
g:?)lfz(l_%) :{G{Ei é) ;beeaé}agggé)é)g) :{?Je{cﬁb)a:BZ}B}. (|v) Sup(aﬁ—closure of E, denoted bysBc!(!E), is the
(iii) A set B is called increasing (resp. decreasing), If intersection of all suprg-closed sets containirig,
B=i(B)(resp.B=d(B)).
(B){resp ®) Definition 2.10[15 A topological ordered space
(X,1,=) is called:
(i) Lower (Upper) strongT;-ordered if for eacta,b € X
such thata £ b, there exists an increasing (a decreasing)
open sets containinga(b) such thab(a) belongs taGe.
(i) Strong T1-ordered if it is strong lowei;-ordered and
strong uppefl;-ordered.
(iii) Strong Tp-ordered if it is strong loweT;-ordered or
Theorem 2.3.(i) If f:(X,=1) = (Y,=2)is anincreasing strong uppeil;-ordered.
map, then the inverse image of each increasingiv) Strong T,—ordered if for everya,b € X such that
(decreasing) is increasing (decreasing). a £ b, there exist disjoint supra open s&t§ and W,
(i) If f:(X,=1) = (Y,=2) is a decreasing map, then the containing a and b, respectively, such thaw; is
inverse image of each increasing (decreasing) isincreasing andl\, is decreasing.
decreasing (increasing).

Definition 2.2. Amap f : (X,=1) — (Y, =<>) is called:

(i) Order preserving (or increasing) i@ <1 b, then
f(a) < f(b), for eacha,b € X.

(i) Order embedding ifa <1 b if and only if
f(a) <2 f(b), for eacha,b € X.

Definition 2.11[9] A supra topological ordered space
Definition 2.4.[1] Amapg: (X,1) — (Y,0) issaidtobe (X, u,=) is called:
supra open (resp. supra closed) if the image of any opefi) Lower (Upper)SST;-ordered if for eacta,b € X such
(resp. closed) subset of is a supra open (resp. supra thata # b, there exists an increasing (a decreasing) supra
closed) subset of. open se containinga(b) such thab(a) belongs taG°.

(i) SSTi-ordered space if it is both lowesST;-ordered

- . . : : d uppefSST;-ordered.
Definition 2.5.[13] (i) Amap g: (X,T) — (Y,0) is said &0 o
to be supra continuous if the inverse image of each opefil) SSTo-ordered space if it is loweBST;-ordered or

i SSTp-ordered.
subset ofY is a supra open subset Xf Upperssiy :
(i) Let (X,T) be a topological space and be a supra (iv) SST,—ordered if for everya,b € X such thata £ b,

: : there exist disjoint supra open s&% andW, containing
:ggg:ggvﬁ'?h;(if ¥V§ usay thatp s associated supra a andb, respectively, such th&t; is increasing antl\, is
= decreasing.

Definition 2.6. [10] A subsetE of a supra topological
space(X, u) is called suprgB-open ifE C cl(int(cl(E)))

" o topological ordered spaces
Definition 2.7.[10] A mapg: (X,7) — (Y,0) is said to

be: . _ _ . The concepts of I-suprgB-continuous, D-supra
(i) Suprap-continuous if the inverse image of each open B-continuous and B-suprf-continuous maps in supra
subset ofY is a suprg3-open subset oX. topological ordered spaces are presented and their main

(if) Suprap-open (resp. suprfi-closed) if the image of properties are investigated. The relationships among them
each open (resp. closed) subsetfs a supraB-open are illustrated with the help of examples. Also, we study
(resp. supr@-closed) subset of . under what conditions these three types of supra
B-continuous maps preserve some of ordered supra
In what follows, we give the definition supra p-separation axioms.
B-homeomorphism maps.
Definition 2.8. Amapg: (X,7) — (Y,6) is said to be  pefinjtion 3.1. A subsetE of (X, i, <1) is said to be:
supra B-homeomorphism if it is bijective, supra (i) I-supra (resp. D-supra, B-suprf}open if it is supra
B-continuous and supi@-open. B-open and increasing (resp. decreasing, balancing).
(i) I-supra (resp. D-supra, B-suprf)}closed if it is supra
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B-closed and increasing (resp. decreasing, balancing).

Definition 3.2. A map f : (X,u,=1) — (Y,1,=3) is
called I-supra (resp. D-supra, B-supi@jcontinuous at
p € X if for each open sefl containingf (p), there exists
an |-supra (resp. a D-supra, a B-supf&open setG
containingp such thatf (G) C H.

Also, the map is called I-supra (resp. D-supra, B-supra)

B-continuous if it is continuous at each pomte X.

Theorem 3.3. A map f : (X,u,=<1) — (Y,1,<2) is
I-supra (resp. D-supra, B-supr@)continuous if and only
if the inverse image of each open subseYa$ an I-supra
(resp. a D-supra, a B-supr@jopen subset oX.

Proof. We only prove the theorem in case 6fis an

I-supra B-continuous map and the other follow similar
lines.

To prove the necessary part, 8the an open subset ¥f,
Then we have the following two cases:

(i) ~X(G) = 0 which is an I-suprg-open subset oX.

(i) f~3(G) # 0. By choosing p € X such that
p € f~1(G), we obtain thatf (p) € G. So there exists an
I-supra open seHp containingp such thatf(Hp) C G.
Sincep is chosen arbitrary, thefr 1(G) = Upe 1)) Hp-
Thusf~1(G) is an I-suprg3-open subset oX.

To prove the sufficient part, l& be an open subset ¥f
containing f(p). Then p € f~1(G). By hypothesis,
f~1(G) is an I-suprgB-open set. Sincd(f~1(G)) C G,
thenf is an I-suprg3-continuous ap € X and sincep is
chosen arbitrary, thefis an I-suprg3-continuoudl

Remark 3.4. (i) Every I-supra (D-supra, B-supra)
B-continuous map is supi@continuous.
(i) Every B-supra [B-continuous map
B-continuous and D-supi@-continuous.

is I-supra

The following two examples illustrate that a supra
B-continuous map (resp. I-supfacontinuous) need not
be I-supraB-continuous or D-suprg3-continuous or
B-supraB-continuous (resp. B-supf&continuous).

Example 3.5.Let T = {#,G C # such that 1= G} be a
topology on the set of real numbe#g and the discrete
topology u be associated supra topology withLet the
partial ordered relatiorx1= A J{(1,5),(3,8)} onZ and
let the mapf : (#Z,u) — (#,1) be the identify map.
Obviously, f is suprafB-continuous. Now,{1,8} is an
open subset of, whereasf ~1({1,8}) = {1,8} is neither
a decreasing nor an increasing sufirapen subset oX.
Thenf is not I-supra (D-supra, B-suprg}continuous.

Example 3.6.We replace only the partial order relation in
Example 3.5 by== AUJ{(3,1)}. Then the mapf is
I-supraf-continuous, but not B-supi@-continuous.

The relationships among types of supra continuous

maps are illustrated in the following figure.

Ly fontnus \

Bisupr fonfinuous Supra fconinors

Disupra fcontnons

Fig. 1: The relationships among types of supra continuous maps

Definition 3.7.Let E be a subset ofX, i, <1). Then:

(i) E'° = J{G: G is an |-suprgB-open set contained in
E}.

(i) E98° = | J{G: G is a D-suprgB3-open set contained in
E.

(iiiy EPPo = |J{G: G is a B-supraB-open set contained
in E}.

(iv) E¥9 = N{H : H is an I-supra B-closed set
containingE}.

(v) E9Y — N{H : H is a D-supraB-closed set
containingE}.

(viy EP¥Y — N{H : H is a B-supraB-closed set
containingE}.

lemma 3.8.Let E be a subset ofX, u, <). Then:

(i) (Edsﬁcl)c _ (EC)iSBo_

(ii) (EisBcI)c _ (EC)dSBOI

(iii) (Ebspcl)c _ (EC)bSﬁo_

Proof. (i) (E989)¢ = {|JF : F is a D-suprgB-closed set
containingg } ¢

=N{F°:FCis an I-suprg3-open set contained i&°}

— (EC)isﬁo_

The proof of (ii) and (iii) is similar to that of (il

Theorem 3.9.Letg: (X,u,=1) — (Y,7,=2) be a map.
Then the following five statements are equivalent:

(i) g is I-supraB-continuous;

(i) The inverse image of each closed subsetYofs a
D-supraB-closed subset of;

(ili) (g~%(H))4P9 C g~L(cl(H)), for everyH C ;

(iv) g(A98d) C cl(g(A)), for everyA C X;

(v) g (int(H)) C (g (H))'sBo, for everyH C Y.

Proof. (i) = (ii) ConsideH is a closed subset &f. Then
H¢ is open. Thereforg‘lgHC) = (g*(H))¢is an I-supra
B-open subset aX. Sog—~(H) is D-supraB3-closed.

(ii) = (iii) For any subsei! of Y, we have thatl(H) is
closed. Sincgy~*(cl(H)) is a D-suprg3-closed subset of
X, then(g*(H))*F< C (g~*(cl (H))*P< = g *(cl (H)).
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(iii) = (iv): Consider A is a subset ofX. Then
AdBA (g7 Y(g(A)9PY C g Y(cl(g(A)). Therefore

g(A™P?) C g(g*(cl(g(A))) C cl(g(A)).

(iv) = (v): Let H be a subset of. By Lemma 8), we
obtain thatg(X — (g~ (H))"¥°) = g(((g*(H))")**9).

By (v) g(((g*(H))9)%Fd) C cl(g(g'(H))°) =

c(g(g™t(H®))) C c(Y —H) = Y —int(H). Therefore
(X (g HH)¥)  c g MY — int(H))
X —g (int(H)). Thusg (int(H)) C (g~1(H))'ske,
(v) = (i): ConsiderH is an open subset of. Then
g 1 (H) = g X(int(H)) C (g(H))'°. Sinceg1(H) is

l-supra B-open, then(g=1(H))"*8° C g~%(H). Therefore
g Y(H) is an I-supraB-open subset oX. Thus g is

I-supraf3-continuousl

Theorem 3.10.Letg: (X, u,=<1) — (Y,1,=<2) be a map.
Then the following five statements are equivalent:

(i) g is D-suprgB-continuous;

(ii) The inverse image of each closed subsetvois an
I-supraf-closed subset of;

(i) (g~1(H))'**d C g~ 1(cl(H)), foreveryH CY;

(iv) g(A'8Y) C cl(g(A)), for everyA C X;

(v) g X(int(H)) C (g *(H))9B°, for everyH C Y.

Proof. The proof is similar to that of Theorem 3B.

Theorem 3.11.Letg: (X,u,=<1) — (Y,1,=<2) be a map.
Then the following five statements are equivalent:

(i) gis B-supraB-continuous;

(ii) The inverse image of each closed subsetYofs a
B-supraB-closed subset of;

(i) (g~1(H))PBd C g~1(cl(H)), for everyH C Y;
(iv)g(APBe) C ¢l (g(A)), for everyA C X;

(v) g X(int(H)) C (g~(H))P%°, for everyH C V.

Proof. The proof is similar to that of Theorem 3IB.

Definition 3.12. A supra topological ordered space
(X, u, =) is called:

(i) Lower (Upper) strong supr@-T;-ordered ( briefly,
Lower (Upper)SSB-T;-ordered) if for eacla, b € X such

thata £ b, there exists an increasing (a decreasing) supr

B-open setG containinga(b) such thatb(a) belongs to
GC.

(il) SSB-Tp-ordered space if it is lowesS3-T;-ordered or
upperSSB-Ts-ordered.

(i) SSB-Ti-ordered space if it is both
SSB-T;-ordered and uppe3SB-Ty-ordered.

(iv) SSB-T,—ordered if for evena, b € X such that A b,
there exist disjoint supraB-open setsW; and W,
containing a and b, respectively, such thatVj is
increasing andl\, is decreasing.

(v) Lower (upper) supr@-regularly ordered if for every
decreasing (increasing) supBaclosed sef and for each
a ¢ F, there exist disjoint suprf-open setd\y andW,
containing F and a, respectively, such thai\y is
decreasing (increasing) amé is increasing (decreasing).

lower

(vi) Supraf-normally ordered if for every disjoint supra
B-closed set$; andF, such that-; is decreasing ang,

is increasing, there exist disjoint supfaopen setdM
andW, containingF; andF, respectively, such tha, is
decreasing and is increasing.

Theorem 3.13. Let a bijective map
f:(X,u,=1) — (Y,7,=2) be I-supraf3-continuous and
f~1 be order preserving. IfY, 1, <>) is lower T;-ordered,
then(X, u,=<1) is lowerSSB-T;-ordered.

Proof. Let a,b € X such thata A1 b. Then there exist

x,y € Y such thatx = f(a),y = f(b). Sincef~1 is order
preserving, thenx £, y. Since (Y,1,=<5) is lower
Ty-ordered, then there exists an increasing neighborhood
W of x in Y such thatx e W andy ¢ W. Therefore there
exists an open se&b such thatx € G C W. Sincef is
bijective I-suprgB-continuous, them € f~1(G) which is
I-supraf-open and ¢ f~%(G). Thus(X, u, <1) is lower
SSB-T;-orderedl

Theorem 3.14. Let a bijective map
f:(X,u,=1) — (Y,1,=<2) be D-suprgB-continuous and
f~1 be order preserving. IfY, 1, <) is upperT;-ordered,
then(X, u,=1) is upperSSB-T;-ordered.

Proof. The proof is similar to that of Theorem 3.1B.

Theorem 3.15.  Let a bijective map
f:(X,u,=<1) — (Y,1,=<2) be B-suprgB3-continuous and
f~1 be order preserving. IfY, 1, <) is Ti-ordered, then
(X, H,=1) is SSB-Ti-ordered, foi = 0,1, 2.

Proof. We prove the theorem in caseicf 2. Leta,b € X
such thata #; b. Then there exisk,y € Y such that
x = f(a) andy = f(b). Since f~1 is order preserving,
then x A2 y. Since (Y,1,=7) is T,-ordered, then there
exist disjoint balancing neighborhootlg andW, of x
andy, respectively. Therefore there are disjoint open sets
G and H containingx andy, respectively. Sincef is
bijective B-suprg3-continuous, them € f~1(G) which is
an increasing suprg-open subset oiX, b € f~1(H)
which is a decreasing supr@-open subset oX and

aL;;(G)ﬁf*l(H) 0. Thus (X,p,=1) s
-T,-ordered.

In a similar way, we can prove theorem in case of
i=0,1.1

Theorem 3.16.Considerf : (X,u,=<1) — (Y,7,%2) is a
bijective supraB-continuous map such thdtis ordered
embedding. If (Y,1,=<2) is strong Ti-ordered, then
(X, H,=1) is SSB-Ti-ordered, foi = 0,1, 2.

Proof. We prove the theorem in caseicf 2. Leta,b € X
such thata #; b. Then there exisk,y € Y such that
x = f(a) andy = f(b). Sincef is ordered embedding,
thenx A2 y. Since (Y, 1,<>) is strong T-ordered, then
there exist disjoint supra open s&sandH containingx
andy respectively, such thadj is increasing and\, is
decreasing. Sincé is bijective suprgB3-continuous and
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order preserving, therf~%(G) which is an increasing
supra B-open set containinga, f~1(H) which is a
decreasing suprafB-open set containingb and
f1GNFfLH) = 0. Thus (X,u,=<1) is
SSB-Ty-ordered.

Similarly, one can prove theorem in casd ef 0, 1.1

Theorem 3.17.Considerf : (X, 4, =1) — (Y,7,=<2) is an
injective B-supraf-continuous map. If(Y,7,=<3) is a
Ti-space, ther{X,u,=1) is an SSB-Ti-ordered space for
i=12.

Proof. We prove the theorem in case bf= 2 and the
other case is proven similarly.

Let a,b € X such thata #; b. Then there exisk,y € Y
such thatf (a) = x, f(b) = y andx #y. Since(Y, 1,=<2) is
a To-space, then there exist disjoint open sétand H
such thatx € G andy € H. Thereforea ¢ f~1(G) which
is an increasing supr@-open subset oK, b € f~(H)
which is a decreasing supr@-open subset oX and
Y GNfLH) = 0. Thus (X,u,=<1) is an
SSB-Tr-ordered spacll

4 Supra 3-open (Supraf-closed) maps in
supra topological ordered spaces

B-supraB-open).

Example 4.3.Let the topologyr = {0, X, {1,2}} and the
partial order relation<,= AJ{(1,3),(3,2)(1,2)} on

X =1{1,2,3}. Let the supra topology associated witle
{0,X,{1},{1,2},{1,3}} on X. The identity map
f : X — Xis a suprg3-open map. Now{1,2} is an open
subset of X. Since f({1,2}) = {1,2} is neither an
increasing nor a decreasing sugbaopen subset of,

thenf is not x-suprgB-open map for x£l, D, B}.

Example 4.4.We replace only the partial order relation in
Example 4.3 by== AJ{(1,3), (1,2)}. Then the mag
is D-suprgB3-open, but is not B-supr@-open.

The following two examples illustrate that supra
B-closed (resp. an I-supr@-closed) maps need not be
I-supra (-closed or D-supraf-closed or B-supra
B-closed (resp. a B-supfz-closed).

Example 4.5. Let the topologyt = {0,X,{a,b}} on
X = {a,b,c}, the supra topology associated withbe
{0,X,{c},{a,b}} and the partial order relation
=2=AU{(a,c),(c,b),(a,b)} on X. The mapf : X — X

is defined as followsf(a) = f(c) = ¢ and f(b) = h.
Obviously, f is suprafB-closed. Now,{c} is a closed
subset ofX, but f({c}) = {c} is neither a decreasing nor
an increasing suprf-closed subset of. Thenf is not

In this section, we introduce the concepts of I-supra|(D B)-supraf3-closed.

B-open (l-suprafB-closed), D-supraB-open (D-supra
B-closed) and B-suprf-open (B-suprgB-closed) maps

in supra topological ordered spaces. We demonstrate thsz_F

main properties and illustrate relationships among the

with the help of examples. Finally, some results
concerning the image and per image of some separation

axioms under these maps are presented.

Definition 4.1. A mapg: (X,1,=<1) — (Y, U, =2) is said

to be:

(i) I-supra (resp. D-supra, B-supr@jopen if the image of
any open subset oX is an I-supra (resp. a D-supra, a
B-supra)B-open subset of .

(ii) I-supra (resp. D-supra, B-suprg)}closed if the image
of any closed subset of is an I-supra (resp. a D-supra, a
B-supra)B-closed subset of .

Remark 4.2.(i) Every I-supra (D-supra, B-suprf)}open
map is suprg8-open.

(i) Every I-supra (D-supra, B-suprg}-closed map is
supraB-closed.

(iii) Every B-suprafB-open (resp. B-suprf-closed) map
is I-supra B-open and D-suprgB-open (resp. I-supra
B-closed and D-supr@-closed).

xample 4.6.We replace only the partial order relation in
xample 4.5 by=<= AJ{(b,c)}. Then the mapf is
-supraf3-closed, but is not B-supiB-closed.

The relationships among the presented types of supra
open (supra closed) maps are illustrated in the following
figure.

[-supra f-open
(1-supra -closed)
Brsupra f-open Faga ot \(2upra§-olpend]
(B-supra B-closed) \ upra f-close
D-supra f-open
(D-supra f-closed)

Fig. 2: The relationships among types of supra open (supra
closed) maps

Theorem 4.7.The following statements are equivalent,

The following two examples illustrate that a supra for a mapf : (X,1,=<1) = (Y, 4, =<2):

B-open (resp. D-suprg-open) map need not be I-supra
B-open or D-supraB-open or B-supraB-open (resp.

(i) fis I-supraB-open;
(i) int(f~X(H)) C f~1(H$0), foreveryH C Y;
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i) f(int(G)) C (f(G))'sPo, for everyG C X.

Proof. (i) = (ii): Since int(f~1(H)) is an open subset of
X, thenf(mt( ~1(H))) is an I-suprg3-open subset of .
Since f(int(f~1(H))) < f(f~1(H)) C H,
int(f~1(H)) C f~1(Hisko),

(ii) = (iii): By replacingH byf( ) in (i), we obtain that
H( (G))'SB")

then

int(f~1(f(G))) C f Since
int(G) < ffl(f(int(ffl( (G))) € FH(H(G)*),
thenf (int(G)) C (f(G))'s.

(iii) = (i): Let G be an open subset oK. Then

f(int(G)) = f(G) C (f(G))'*°. So f(G) is an I-supra
B-open set. Thu$ is an I-suprgB-open ma

In a similar way one can prove the following two
theorems.

Theorem 4.8.The following statements are equivalent,

fora mapf : (X,1,=<1) —
(i) f is D-supragB-open;
(i) int(f~1(H)) C f~1(H9PO), for everyH C Y;
(i) f(int(G)) C (f(G))9Bo, for everyG C X.

(YvuajZ):

Theorem 4.9.The following statements are equivalent,

for a mapf : (X,1,=<1) —
(i) f is B-supraB3-open;
(i) int(f~1(H)) C f~1(HPsPO), for everyH C V;
(i) f(int(G)) C (f(G))"B°, for everyG C X.

(YvuajZ):

Theorem 4.10.Let f : (X,1,=1) — (Y,H,=2) be a map.
Then we have the following results.

i) f is I-supra B-closed if and only if
(f(G))'*d C f(cl(G)), for anyG C X.
(i) f is D-supra B-closed if and only if
(f(G))%Pd C (cl(G)), for anyG C X.

(i) f is B-supra B-closed if
(f(G))PPd C f(cl(G)), for anyG C X.
Proof. (i) Necessity: Considef is an I-supraB-closed
map. Thenf(cl(G)) is an I-suprgB-closed subset of.
Sincef(G) C f(cl(G)), then(f(G))'¥ C f(cl(G)).
Sufficiency: ConsideB is a closed subset ok. Then
f(B) C (f(B))'$d C f(cI(B)) = f(B). Therefore
f(B) = (f(B))"*9 is an I-suprgB-closed set. Thus is an
I-supraf-closed map.

The proof of (ii) and (iii) is similar to that of (il

and only if

Theorem 4.11. Let f : (X,1,=<1) — (Y,u,=<2) be a
bijective map. Then we have the following results.

(i) f is l-supraB-open if and only if f is D-supra
B-closed.

(i) f is D-suprafB-open if and only if f is I-supra
B-closed.

(i) f is B-suprafB-open if and only if f is B-supra
B-closed.

Proof. (i) Necessity: Letf be an I-suprg-open map and

let G be a closed subset &f. ThenG® is open. Sincd is

bijective, then f(G®) = (f(G))° is I-supra [3-open.
Thereforef (G) is a decreasing supi@-closed subset of
Y. Thusf is D-supraB-closed.

Sufficiency: letf be a D-suprg-closed map and I€8 be
an open subset oK. Then B® is closed. Sincef is
bijective, then f(B®) = (f(B))¢ is D-supra 3-closed.
Therefore f(B) is I-supra -open. Thusf is I-supra
B-closed.

The proof of (ii) and (iii) is similar to that of (il

Theorem 4.12.The following two statements hold.

(i) If the mapsf : (X,1,=1) — (Y,0,=2) is open and
g: (Y,8,%2) = (Z,v,<3) is I-supra (resp. D-supra,
B-supra) 3-open, then a mamgo f is I-supra (resp.
D-supra, B-supra-open.

(i) If the mapsf : (X,1,<1) — (Y,0,=>) is closed and
g: (Y,8,%2) — (Z,v,=<3) is I-supra (resp. D-supra,
B-supra) B-closed, then a mago f is I-supra (resp.
D-supra, B-supraf3-closed.

Proof. It is clearll

Theorem 4.13.If the mapsgo f is I-supra (resp. D-supra,

B-supra) B-open and f : (X,1,=<1) — (Y,0,=2) is
surjective continuous, then a map
g: (Y,8,%2) = (Z,v,<3) is I-supra (resp. D-supra,

B-supra)B-open.
Proof. Considergo f is I-supraf3-open and leG be an
open subset of. Thenf~1(G) is an open subset of.
Sincego f is I-supraf-open andf is surjective, then
(go f)(f71(G)) = g(G) is an I-suprgB3-open subset af.
Thereforeg is I-supra3-open.

A similar proof can be given for the cases between
parenthesell

Theorem 4.14.f the mapsgyo f : (X, 1,=1) — (Z,4,=3)

is closed andy: (Y,0,=2) — (Z,u,<3) is |-supra (resp.
D-supra, B-supra)3-continuous injective, then a map
f:(X,1,2%1) = (Y,0,=2) is D-supra (resp. I-supra,
B-supra)B-closed.

Proof. Considerg is I-supraf-continuous and leG be a

closed subset oX. Then(go f)(G) is a closed subset of
Z. Sinceg is injective and I-suprg3-continuous, then
g~%(go f)(G) = f(G) is a D-suprgB-closed subset of .
Thereforef is D-suprgB-closed.

A similar proof can be given for the cases between
parenthesell

Theorem 4.15. We have the following results for a
bijective mapf : (X, 1,=<1) — (Y,0,=<2).

(i) f is I-supra (resp. D-supra, B-suprfyopen if and
only if f~! is I-supra (resp. D-supra, B-supra)
B-continuous. (ii) f is D-supra (resp. I-supra, B-supra)
B-closed if and only iff~1 is I-supra (resp. D-supra,
B-supra)B-continuous.

Proof. (i) We prove (i) whenf is B-suprgB3-open, and the

other cases follows similar lines.
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"=’ Let f be a B-suprg-open map and lgB be an open
subset ofX. Then (f~1)~%(G) = f(G) is a balancing
supra3-open subset o¥. Thereforef~1 is a B-supra
B-continuous.

" «<' let G be an open subset of and f~! be a B-supra
B-continuous. Therf (G) = (f~1)~%(G) is a balancing
supraB-open subset of . Thereforef is B-supraB-open.
(i) Similarly, one can prove (il

Theorem 4.16. Let a bijective map
fi(X,1,%1) = (Y,U,=<2) be I-supra-open (D-supra
B-closed) and order preserving. (X,7,=<1) is lower
Ty-ordered, thertY, u, <») is lower SSB-T;-ordered.

Proof. We prove the theorem when a mdpis I-supra

B-open and the other can be made similarly.

Let x,y € Y such thatx A» y. Since f is bijective, then
there exista, b € X such thata = f~1(x) andb = f~1(y)
and sincef is an order preserving map, than; b. By
hypotheses(X,1,=<1) is lower Ti-ordered, then there
exists an increasing neighborho® in X such that
a€ W andb ¢ W. Therefore there exists an open &t
such thata € G C W. Thus x € f(G) which is an
increasing supr@-open andy ¢ f(G). Hence(Y, 1, <»)
is lower SS3-T;-orderedll

Theorem 4.17. Let a bijective map
f:(X,1,%1) = (Y,U,=2) be D-supraB-open (l-supra
B-closed) and order preserving. (KX,7,=<1) is upper
Ty-ordered, therfY, u, <») is upperSSB-T;-ordered.
Proof. The proof is similar to that of Theorem 4.15.

Theorem 4.18. Let a bijective map
f:(X,1,=<1) = (Y,U,=2) be B-supraB-open (B-supra
B-closed) and order preserving. IfX,7,<1) is
Ti-ordered, then (Y,u,=<2) is SSB-Ti-ordered, for
i=0,12.

Proof. We prove the theorem in case 6fis a B-supra
B-open map and= 2.

For all x,y € Y such thatx £, y, there area,b € X such
that a = f~1(x),b = f~Y(y). Since f is an order
preserving, thera A1 b. Since (X, 1,<1) is T,-ordered,
then there exist disjoint neighborhoodg andW, of a
andb, respectively, such tha is increasing anti\, is
decreasing. Therefore there are disjoint open €etad
H such tha € G CW; andb e H CW,. Thusx € f(G)
which is a balancing supr@-open,y € f(H) which is a
balancing supraB-open and f(G)Nf(H) = 0. Thus
(Y, 1, =2) is SSB-T,-ordered.
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Ti-ordered, then (Y,u,=2) is SSB-Ti-ordered, for
i=0,1,2.

Proof. We prove the theorem in caseiof 2. Letx,y €Y
such thatx 4> y. Then there exisg,b € X such that
a= f1»x and b = f~%(y). Since f is an order
preserving, thena #£; b. Since (X,7,=<1) is strong
To-ordered, then there exist disjoint an increasing open
sets G containing a and a decreasing open sét
containingb. Sincef is bijective suprg8-open andf 1 is

an order preserving, thef(G) is an increasing supra
B-open set containingk, f(H) is a decreasing supra
B-open set containing and f (G)( f(H) = 0. Therefore
(Y, 1, =2) is SSB-T,-ordered.

Similarly, one can prove theorem in casd ef 0, 1.

A similar proof can be given for the case between
parenthesell

Theorem 4.20.Let f : (X,1,=<1) — (Y,u,=2) be a
bijective supra open map such thiatand f~* are order
preserving. If (X,7,<1) is strong Ti-ordered, then
(Y,H,=2) is SSB-Ti-ordered, foii = 0,1, 2.

Proof. The proof is similar to that of Theorem 4.1D.

5 Supra 3-homeomorphism maps in supra
topological ordered spaces

The concepts of I-suprg-homeomorphism, D-supra
B-homeomorphism and B-suprg3-homeomorphism
maps are introduced and many of their properties are
established. Some illustrative examples are provided.

Definition 5.1. Let ™ and 6* be associated supra
topologies with T and O, respectively. A map
g: (X,1,=1) — (Y,0,=,) is called I-supra (resp.
D-supra, B-supra) B-bicontinuous if it is I-supra
B-continuous and I-supraf-open (resp. D-supra
B-continuous and D-supi@-open, B-suprg-continuous
and B-suprg3-open).

Definition 5.2. Let ™ and 6* be associated supra
topologies witht and 8, respectively. A bijective map
g: (X,1,=1) — (Y,0,=,) is called I-supra (resp.
D-supra, B-supra)B-homeomorphism if it is I-supra
B-bicontinuous (resp. D-suprB-bicontinuous, B-supra
B-bicontinuous).

In a similar way, we can prove theorem in case of Remark 5.3. (i) Every I-supra (D-supra, B-supra)

i=0,1.

B-homeomorphism map is supfahomeomorphism.

The proof for a B-supraB-closed map can b made (jj) Every B-supraB-homeomorphism map is I-supra

similarly.

Theorem 4.19. Consider a bijective map
f:(X,1,=1) — (Y,u,=2) is supraf-open such thaf
and f~1 are order preserving. IfX,1,<1) is strong

B-homeomorphism and D-supfahomeomorphism.

The following two examples illustrate that supra
B-homeomorphism (resp. D-supr@-homeomorphism)
maps need not be I-supfirhomeomorphism or D-supra

(@© 2017 NSP
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B-homeomorphism or B-supd-homeomorphism (resp.
B-supra3-homeomorphism).

Example 5.4. Let the topologyt = {0,X,{a,c}} on

X = {a,b,c}, the supra topology associated withbe

{0,X,{a},{a,c}} and the partial order relation
=<1=  AU{(c,a),(c,b)}. Let the topology
6 = {0,Y,{y,z}} on Y = {x,y,z}, the supra topology
associated with6 be {0,Y,{y},{y,z}} and the partial
order relation <= AU{(y,z} on Y. The map
f: X1,=x1) — (7,6,=%2) is defined as
f(a) =y, f(b) =1z and f(c) =x. Now, f is supra
B-homeomorphism, but is not x-supra

B-homeomorphism, fox = {I,D,B}.

Example 5.5.We replace only the partial order relation
=1 in Example 5.4 by=x= AJ{(a,c)}. Then the magf

is D-supra 3-homeomorphism, but it is not B-supra
B-homeomorphism.

B-homeomorphism mal.

In a similar way one can prove the following two
theorems.

Theorem 5.7.Let a mapf : X — Y be bijective and
D-supraf-continuous. Then the following statements are
equivalent:

(i) f is D-supraB-homeomorphism;

(i) f~1is D-supraB-continuous;

(iii) f is I-supraB-closed.

Theorem 5.8.Let a mapf : X — Y be bijective and
B-supraf3-continuous. Then the following statements are
equivalent:

(i) f is B-suprgB-homeomorphism;

(ii) f~1is B-suprgB-continuous;

(iii) fis B-supraB-closed.

Theorem 5.9. Consider (X,7,=1),(Y,60,=<2) are two
topological ordered spaces; and 6*) are associated

The relationships among the presented types of supraupra topologies witht and 6, respectively. Let
homeomorphism maps are illustrated in the following f : X — Y be a suprg8-homeomorphism map such thiat

figure.

[\supra -

/ homeomorphism\
\ D-supra f- /

homeomorphism

Supra -
homeomorphis

B-supra f-
homeomorphism

Fig. 3: The relationships among types of supra homeomorphismﬁ-homeomorphism)

maps

Theorem 5.6.Let a mapf : X — Y be bijective and

and f~1 are order preserving. X(Y) is Ti-ordered, then
Y (X) is SSB-Ti-ordered, foi = 0,1, 2.

Proof. Let (X,7,<1) be strong Ti-ordered, then by
Theorem 4.19(Y, 6, <) is SSB-T;-ordered, foi = 0,1, 2.
Let (Y,0,=<») be strongT-ordered, then by Theorem
3.16,(X, 1,=1) is SSB-Ti-ordered, foi = 0,1, 2.

6 Conclusion

In the present paper, the concepts of increasing supra
B-continuous (supraf-open, supraf-closed, supra
maps, decreasing supra
B-continuous (supraf-open, supraf-closed, supra
B-homeomorphism) maps and balancing supra
B-continuous (supraB-open, supraf-closed, supra
B-homeomorphism) maps are given and studied. The

I-supraB-continuous. Then the following statements are sufficient conditions for maps to preserve some separation

equivalent:

(i) f is I-supra3-homeomorphism;

(ii) f~1is I-supraB-continuous;

(iii) f is D-suprgB-closed.

Proof. (i) = (ii) Let G be an open subset of. Then

(f1)~XG) = f(G) is an I-supraf-open set inY.
Thereforef ~1 is I-supraB-continuous.

(i) = (iii) Let G be a closed subset of. ThenG® is an
open subset ok and (f~1)~1(G®) = f(G°) = (f(G))Cis
an I-supraB-open set inY. Thereforef (G) is a D-supra
B-closed subset of. Thusf is D-supraB-closed.

(iii) = (i) Let G be an open subset &f. ThenG® is a
closed set andf(G°) = (f(G))® is D-supra-closed.
Thereforef (G) is an I-suprg3-open subset of. Thusf
is I-supra pB-open. Hence f is an I-supra

axioms (which introduced in6], [9] and [14]) are
determined. In particular, we investigate the equivalent
conditions for each concept and present their
characterizations. Apart from that, we point out the
relationships among them with the help of illustrative
examples. We plan to use a notion of somewhere dense
[4] to define various kinds of maps in topological ordered
spaces. In the end, the initiated concepts in this paper are
fundamental background for studying several topics in
supra topological ordered spaces.
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