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Abstract: In this paper we consider power distributions for modelingportions or rates with zero and/or one inflation as anradidre
to beta regression. The model considered is a mixture beta@&wsrnoulli type process for explaining the zero and/orexeess and a
truncated power-normal model for explaining the contiraimsponse. The maximum likelihood approach is considenepaframeter
estimation. Observed and expected information matriceslarived, illustrating interesting aspects of the liketiti approach. Given
the flexibility of the power-normal distribution, we are altb show, in a practical scenario, the better performanceioproposal over
the beta regression model.
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1 Introduction Bernoulli type model that links possible zero and/or one
excess with a group of covariates that may have influence
Statistical models that are used to explain respons®n probability of their occurrence. Moreover the
variables in the(0,1) interval has received increasing continuous responses are modeled by using the
attention in the literature. Among others, we mention in power-normal distribution €], [7]), which is more
[1], [2] and [3]. Extensions of these models to situations flexible than the normal distribution in terms of
where response values are in the interj@ld4], [0,1) or ~ asymmetry and kurtosis with well behaved maximum
(0,1] have also been reported id][ Response variables likelihood estimators, for which regularity conditionsear
of these type include, for example, the proportion of satisfied since Fisher information matrix is nonsingular at
deaths caused by smoking, the proportion of income tawicinity of symmetry. Moreover, since the tobit model
spend in education, the proportion of family income spentdepends on the normal distribution function the extension
on food and so on. The situation of a response variablgve propose depends on the distribution function of the
with zero/one inflation is related to the data set on thepower-normal distribution which is almost as simple to
percentage of infant (less than one year old) deaths witifleal with as is the normal distribution function. An
not well defined causes in Brasilian counties during thealternative is to use the skew-normal distribution (see,
year 2000 collected by government agency DATASUS.[8]), which presents singular information matrix (dealt
Out of the 5561 observations collected, we have a total ofvith properly in P]) and presents a not so simple to deal
3367 zeros and 174 ones, which most certainly should bavith distribution function (see 1[0).
incorporated into the study. To deal with this more  The paper is organized as follows. In Section 2 we
complicated scenario an extension of the beta regressiopresent a brief review on asymmetric power distributions
model was considered id]], leading to quite satisfactory emphasizing the power-normal and log-power-normal
results. distributions. Section 3 is devoted to extending models in
In this paper, we propose an alternative approach tdSection 2 to censored situations with emphasis on the
deal with the data set described above. It is based on adoubly censored power-normal and doubly censored
extension of the tobit censored model (sed) pn the  log-power-normal models. In Section 4 the models in
interval [0,1], to incorporate zero/one inflation. It is Section 3 are considered for the situation of zero and/or
considered that part of the zeros and/or ones come from ane inflation by considering mixtures between Bernoulli
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and a doubly censored (log) power-normal (TPN) models.
Parameter estimation is dealt with by using the maximum
likelihood approach. Observed and expected (Fisher)
information matrices are derived and shown to be o |
nonsingular. A real data analysis is considered from

— PN(@3)

(
PN(1.5)
where we concluded that the mixture Bernoulli/TPN - EZEst)
model is significantly better than the modified Beta S
model.

density

2 Asymmetric distributions

Recent work by §] and [7] reveal that power distributions
can be a viable alternative for modeling asymmetric data. -
In its more general form, the density function for the
standard version of this model can be written as

hiza)=af(2{F(2}*", zeR, acR", (1) — : I —

whereF is an absolutely continuous distribution function z
with density functionf = dF. We refer to this model as
the alpha-power distribution and use the notation
Z ~ AP(a). This is an alternative to asymmetric models Fig. 1: DensityPN(a) for a = 0.75 (dashed line), 1 (dotted line),
with asymmetry and kurtosis coefficients far from the 1.5 (dashed-dotted line) and 3 (solid line).
ones observed with the normal distribution, as is the case
with the skew-normal distribution (see8]]. Parameter
o (taken as a real positive number) is a shape parameter
that controls the amount of asymmetry in the distribution. distribution, respectively, the standard power-normal
As shown in the papers above, parameteris also in  distribution follows.
control of the amount of kurtosis in the model. A real data
application reported in7] illustrates the fact that the use Figure 1 depicts plots for the PN density for several
of asymmetric models can be a viable alternative to dataalues ofa.
transformation, which typically makes it difficult to If Z is a random variable from a standaRN(a)
interpret the transformed variables so that it probably wil distribution then the location-scale extension &f
lead to erroneous inference. X =&+ nZz, where§ € Randn € R", has probability
In the particular case whee = @(-), we have the density function given by
family of distributions called the power-normal (PN)
distribution (see, §]), and denotedPN(a). Earlier

. N S AV PYEST AN
considerations of the above alpha-power model are ¢F(X'E”7’a)_ﬁ(p n n -
reported in 11] (nonparametric testing) and irl?] in

hydrological contexts. We will denote this extension by using the notatdn-
If Z is a random variable from a standafP(a) PN(&,n,a).
distribution, then the location-scale extension ofis Asymmetry and kurtosis ranges reportedfhrgveals
obtained from the transformatiod = & + 0Z, where  [-0.6115,0.9007] and [1.7170,4.3556], respectively,
¢ € Rando € R", is a scale parameter. against [-0.9995,0.9995] and [3,3.8692] for the
For this extension we wuse the notation skew-normal model.
X ~ AP(&,n,a). In [7] have shown that the Fisher For the power-normal, the survival and risk functions

information matrix is not singular ar = 1, indicating  are, respectively, given by
that large sample properties of the maximum likelihood
estimators are valid, including the large sample behavior St)=1-{o(t)}°
of the likelihood ratio statistics (LRS). That isf = 1
(normality) can be tested using the large sampleand
chi-square distribution for the LRT. Notice that this model
can be extended by considerigg= x{3 to replace,
where is an unknown vector of regression coefficients (t) = bo(t;a) ®) {e)} 1 —{ot)}”
andx; a vector of known regressors hopefully correlated O 1-{o(t)} ’
with the response vector.
In the special case wheffe= @(-) andF = @(-), the  wherehy(t) is the risk index of the normal distribution
density and distribution functions of the standard normaland ¢ (t; o) is the density function of the power normal
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distribution. Therefore, the cumulative risk function and which we denote byY ~ LPN(a). Its cumulative

the inverse risk index are given by distribution function can be written as

H(t,a) = —log[S(t)] Hy(y;a) = {@(log(y))}" (5)

As shown in [L3], the Fisher information matrix for the
log-power normal location-scale (LPN) version of the
model is not singular atr = 1.0, the log-normal (LN)
situation. Hence, the hypothedi : LPN = LN can be
tested using the chi-square distribution for the likelidoo
ratio statistics.

yeR".

and

Po(t;a) o(t)
t = =
V= ta) %o
that is, the inverse risk indek is proportional to the
inverse risk index of the normal distributiop(t).

= ar(P(t)v

2.1. The log-alpha-power distribution 3 Censored and truncated PN distributions

The distribution of the lifetime of an equipment and
the concentration of a chemical element in soil (blood or
water) samples is typically described by the log-normal
distribution. In many of these situations, however, the
asymmetry of the distribution as well as its kurtosis can
be above or below the expected for the log-normal model
reason why it is necessary to think of a more flexible
model that achieves such deviation in modeling positive

data. In 0], extended the log-skew-normal (LSN) model ;- o 1ior04 10 take values on an interval and eventually

to the analysis of continuous data with the possibility of & oy take on the boundary values for sianificant part of
discrete response. However, for this type of data, thetheydata The limitin valueys are typicall %alled deFeru:tio
censored part involves the distribution function of the ' 9 ypically

: ; o ..~ limits (lower detection limits (LDL) and upper detection
response variable, which makes likelihood maximization. . L .
and Bayesian posterior derivation somewhat complicate%g]r']fo(rgg?g' dlgl such situations we have the tobit doubly
to deal with. To contour this difficulty 0] proposed :

using Laguerre quadrature which may critically depends, .. 1€ tOb'L mOdﬁl mgy hov(\j/evelr not behadequgte in
on the number of knots chosen and be sometimesituations where the observed values for the continuous

unstable part of the data present asymmetry or kurtosis large than
As an alternative to the log-skew-normal model to fit mga:cliiﬁxgsv(:etﬁi;?Hglerr?c?(;gaclgoggélCizgfeh ;I'ttg?nt;ir\'z
positive data from such experimental situations, we b

consider the log-power-normal (LPN) distribution, which to the ordinary tobit-normal model.
contains as a special case the log-normal model. Th
advantage of such model is that it has an extra shap
parameter which makes it more flexible for fitting data  Suppose thay* ~ PN(&,n; a). Consider a sample of
coming from experiments such as the ones describedizen, (y;,ys,...,y;) and that only values of* between

It is common in clinical and biological experiments that
response variables present upper and lower limits and
takes on these limit values for a sizeable fraction of the
observed data. For example, breast cancer studies, some
patients may present relapses after radiation and
hormonal therapies. On the other hand, other patients may
never present relapses and become cured.

In a double censored situation, the response variable

.1. Doubly censored power-normal model

above.

We say that a random variabYe with support inR",
follows a univariate log-alpha-power distribution with
parameter a, that we denoteY ~ LAP(a), if the
transformed variablX = log(Y) ~ AP(a).

The pdf for the random variabl ~ LAP(a) can be
written as

hy<y:a>=%f(log(y)){F(log(y))}“*l, yeR, (3)

whereF is an absolutely continuous distribution function
with density functionf = dF. We refer to this model as
the standard log-alpha-power distribution.

In the special case wheife= ¢(-) andF = ®(-), the
standard log-power-normal distribution follows, with
density function given by

m<y;a>=%fpaog(y)){av(log(y))}“-l, yeR', (4)

constantsy andc,. For values ofy* < ¢ only the value
Co is reported while for value of* > ¢, only the valuec;
is reported. Then, observed data can be written as

Co, ify*<cy,
Y=<V, ifco<y <c
C2, ify*>co

i =1,2,...,n. The resulting sample is said to be a doubly
censored PN sample. For observatigns- ¢y, we have
that

Probly; = co] = Probly; < co] = {® (2},
wherezg = (co— &) /n, while for yi = ¢, we have that
Probly; = ¢p] = Probly’ > ¢)] =1—{®(2)}“,

wherez, = (c; — £)/n. For continuous responses, that is,
Co < Yi < ¢z, we have thay; ~ PN(&,n,a). This random
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variable, we denote bPNDC(&,n,a). Particularly, for inn = iz §Zor(zo){—2+ a ‘zor(z0) + B}
a = 1, the model reduces to the doubly censored tobit
model.

Denoting bySo, T, andy,, the sums corresponding Z{Zzh 2)| +(a—1)z2wz +2N(2)]}
toy* <cp, Co <Y < Cp andy* > c; respectively, then, the

log-likelihood function corresponding to a sample of size += Z{_H_BZ%
n for estimatingd = (¢, n a)' can be written as n
0(6;Y) _aglog +Zlog [1-{®(z)}]+ + (0 — 1)[—2zywy; + Z3WF; + Zwai
Z{log( ) —log(n) +log(¢(zi)) + , 1 @) 1
lag = —— ) "(Z0) +— ) Wij—

(a—1)log(@ (1))}, “an g 13
wherez;; = (yi — &)/n,i=1,...,n. Hence, the elements 1 Z{h(zz)[a‘H-Iog(¢(zz))[1+ a w;th(z)]]},
for the score function are given by n

1 1
&)= _ﬁgr(ZOH ﬁz{zli — (@ —Dwit jan = % %Zor(zo)'F % Zzliwli_
1
i g ). - 3 (zzh(z2)[a™" +log(@(z2))[1-+ a~*wy h(z)]}}

n) = _%%r(ZO)ZO‘F % Z {-1+7— (@~ Dzywy }

jaa:iZZl‘F

+ 1 2h(z)
n 32N a2 5 {w;log? (2 h(z) v+ (2]}
log[® { +log(® le))} _ The expected (Fisher) information matrix follows then by
% Z taking expectations of the above components (multiplied

a1 1 by n~1), it is important in the sense that the asymptotic
Zlog (z2))w; "h(z), détrib&tion of tphe maximum likelihood estima)lltorg, is
asymptotically normal with the asymptotic variance as the
wherew, = %, Wi = g((zzllii)), andh,r are the risk and inverse of the Fisher information matrix.
inverse risk functions, respectively.
Maximum likelihood estimators for the parameters are 3.2. Doubly censored log-power-normal model

then solutions to the equatiob¢) = 0, U(n) = 0 and In cases the response variable takes only positive
U(a) = 0, which require numerical procedures. It can beyalues with, we can consider the transformation
shown that the observed information entries are then giver, _ log(Y), whereZ ~ N(&,n?).
by Considering now thaZ ~ PN(&,n,a), we obtain the
log-power-normal model with parameteés n and a,
Y ~ LPN(&,n,a). The density function for this model is
givenby:gien(y; €,n.a) = dpo(log(y);&,n.a)/y,y > 0.
The corresponding distribution function is given by
+—ZZ{1+(G—1)[zliwli+vv%]} Fy(y,a) = {®((log(y) — &)/n)}?. If data are in the

N interval [0,0), censored at zero and with high positive

Jss—n Z 2){z+a 'r(z0)}

1 asymmetry we can replageby y+ 1 given that logarithm
+ n2 ;{h(zz)[—zer (o —Lwz+h(z)]}, of ¢o = 0 does not exists. For doubly censored data we
use the notatiohPNDC(&,n, a).
. 1 The log-likelihood function for model LPNDC with
ine = —zgr(zO){—1+zé+ o tzor(z0) }+ w = 0 is given by
n Lpn(6;Y) = —S1log(y + 1) + £(6;log(Y + 1)), where
¢(.) is the likelihood function for model PNDC, with
2 = —&/n, =z = (log(yi + 1) — &)/n and
2= (Iog(cz+ 1) — &)/n. The score functions and the
— Z{h )| + (o — L)Wy + 2h(22)]}, observed information matrix can be obtained from the
corresponding ones from the PNDC model, replacing

iz Z{Zzli + (0 — 1) [~ Wy + Zwj + ZiWh ] }+
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h(z) by hipn(z2) = h(log(c, + 1))/y and r(z) by  the log-likelihood function fol® = (p,y,é,n,a) givenY
rien(zo) = r(z)/y where h(-) and r(-) are risk and can be written as:
inverse risk functions for model PN.

£(8:Y) = no1log(p) + (N —noy) log(1 — p) + nelog(y)+

Nolog(1—y)+ Z{Iog(a) —log(n) +log(¢(z))+
4 The Bernoulli/doubly censored
power-normal mixtures model (a—1)log(®(z)) —log({P ()} — {P(2)}")}

where, z = (yi — &)/n, i = 1,...,n. Hence, using an
approach similar as that i, the elements for the score
function are given by

For the response variables distributed in the interval
[0,1], the zero and oned = 0 andc, = 1) doubly censored

4.1. Mixture model

tobit model may not be the best choice because of zero/one () — Nox N— ”01’ u(y) = L
inflation which may require asymmetric models to be able p 1-p y 1-vy
to capture such special features.

Therefore, we introduce the mixture between a _ _
discrete and a continuous response variable so that the U(&) = (n—ngy) { z—(a— 1)W+
continuous variable follows a power-normal distribution. n
We consider that the point mass at zero can be modeled bo(C2,0) — do(co, 0)
by a Bernoulli random variable with paramejemamely (®(2)]7 —{0(2)}° } )

Ber(y; y), and that responses between zero and one can be
modeled by alpha-power (or log-alpha-power)
distribution with parametef = (&,n,a)’. The density 1.2 17w
function corresponding to this model is given by U(n) = —(n—noy) { -+ ’(70’ —zw_
. 290 (C2,0) — 2090 (Co, )
P, minn oo (o ot )

9 = | A= P e 0<% <1,
where O< p,y < 1, n,a >0 and§ € R. ¢e(vi,&,n,a) Ula)=(n n01){u+a
denotes the density function of a power-normal {®(2)}7 log(P(22)) — {P(20) }* log(P(20))
distribution. As a consequence of the above construction, (®(2)}7 —{D(2)}° },

it can be noted thatProbly = 0] = p(1—y) and
Probly = 1] = py. The cumulative distribution function of

yi can then be written as: wherew = @(z)/ ®(z) andu; —log{ ®(z)},

Hence, the MLE for parameté& = (&,n,a)’, is obtained
by solving the system of equations which follows by
equating above derivatives (scores) to zero. Then, we

Fv(Vis§,n,a) = obtain the solutiong = ™ andy = fL, corresponding,
p(l-vy), if y; <0, respectively, to the proportions of zeros and ones and the
1 1 {F(Z)}Z*{F(Zo)}‘zh ifO <y <1, proportions of ones in the subsample of zeros and ones. It
PL=Y)+ (1= Pr) = 1F ) v can be shown that i$ an unbiased estimator for p.

1, ifyi > 1. To 6, = (&,n,a) the system of equations has no

analytical solution and has to solved by numerical
4.1.1. Estimation methods such as the Newton-Raphson procedure.
We consider initially thatF = @, the distribution ~ 4-2- Observed information matrix
function of the normal distribution, so that we have @  The observed information matrix follows from the
mixture between a discrete Bernoulli random variablesecond derivatives of the log-likelihood function which

with parametery and thePN(&,n, a) distribution. We  gre denoted bYioo. jvo. jvy. iz isr.....jqq, and are
denote this model bMBPN(p, &, n,a). We considera  given by YieeIyp: Iy lee-Jen, - Jaa

random sample of size, y = (y1,...,yn)", from the
distribution  MBPN(p,y,¢.n,q). Denoting by

No = 3yLylo(y), m=3iLil1(y) andnor = 3111013 (Y), . noa(1-2p)+np? o m(1—2y) +ngay?
wherela(y) is the indicator function for the set A. Then, 1pP= p2(1—p2Z = Ril-yZz
(@© 2018 NSP
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Jgp=lnp=lap=lgy=lIny=lay=1Iw =0, Jna=(n—n01){¥z+
B (2200(C2,0) — 2000 (Co,0)) ({P(22)}* log(®(2))
C nng [t Wz {@(2)}" — (@)}
lee = n  (2290(c2.8) — 2obw(co, 0)) { P (20) 17 log(P(20 >>}
{@(2)}9 —{P(20)}9]
] ,8)7°
e R o
Ll Uin L i LU o) +tog 90 gelen
0@ {9@)° +n—rgy) 2L RSP B0 00
n— o [20 — (@ — Lol (co, 6) ? “
n  A{e@)}* —{P(z)}* ’
oo = (nron) { 2
jen = 27 {2 (0 - 1) [P - P} _{cb(zz)}“{cb(zo)}“[log<¢<zz>>—log<a><zo>>]2}'
_n- n01[22 (a—1)wozo — 1go(C2, 6) [{P(z2)} — {P(20)})*
n {P(2)} —{®(20)}°
4 N Moy 25— (a — 1)woZo — 1] pav(Co, 6) 4.3. Expected information matrix
n (@)}~ {®(z)} The expected (or Fisher) information matrix follows
— (N—noy) (#0(C2,0) — 9o(C0,0)) by taking expectation of the elements of the observed
{®(2)} —{®(20)}9)? information  matrix. Considering the quantities
(2290 (C2, 0) — Zopar(Co, B)), aj = E{Z(@(2)/®(2))}} for k = 0,1,2,3 and

J:1725 61: p, 92:% 93:E, 64:n and%:a,we
have that the elements of the Fisher information matrix,

denoted
inn = 22 {32 - 1— (a—1) [2zw- Pw— 7| enote
! o —n e f 2Oy ~1.2,345
_ 2[22%(0279)—20%(00,9)}2 terep =1 {_ 96,06, } PeT SR
{#(2)} —{P(0)}* venb
_n—n01[z§ (a 1)W22%—222]¢q>(02,9) are gven by
1 P@) {0} SO S SV
N0y B (o~ 1)wo — 220]0 (00, 0) " p1-p) v(d=v)
n {#(2)} —{P(0)}*
3 lgp=inp=liap=igy=iny=lay=iyp=0,
jsaZ(n—nm){vﬁv
1 (90(C2,0) ~ 90(Co. 0)){ ®(2)}" log(#(z2)) . _l-pfit(a-1)facetau
{@(z2)} — {®(20)}9] €=y { n
_(¢<D(0279)—¢<D(Coa9)){q’(20)}a|09(¢(20))} [ 0(c2.0) - ( )}2
{@(2)} — {@(2)}) {o@)
_(n_nm)[a‘1+log(¢(22))]¢¢(02,9) 1-plp—(a- 1)W2]¢¢,(02,9)
{®(2)}* —{P(20)}° 17 {P(2)} —{P(0)}*
+(n_n01)[a’l+|09(®(20))]¢¢(00,9) L 1-p[z— (o —Dwolée(c,6)
{P(z)}r —{P()}" n {2} —{2(@)}*
(@© 2018 NSP
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ien = 1_2 (a—1) a2+ a1 —aoi]}
_1-p[Z—(a—1)wozo — 1¢o(c2. 6)
n {@(22)}9 — {P(20)}
+1—p[2<2)—(a—1)WoZo—1]¢m(Co,9)
n {@(22)}9 — {P(20)}
—(1- )(¢¢’(027 0) — ¢ (Co,0))22¢0(C2,0)
{®(2)} — {D(20)}9)
(1— p)( 0(C2,6) — P (Co, 6)) 2090 (o, 6)
{®(2)} — {®(20)}9) ’
i,m:;2p{3a20—1—(a—l)[2a11—a31—a22]}
1o [200(c2,8) ~ 2000 (c0.6) ]
0 o (o)
1= p[Z— (a—1)WoZs — 225]9o(C2, 0)
n {@(z2)}9 — {@(0)}
L 1=p(E - (a— Ywozs — 220)¢0(co, 6)
n {(P(2)}7 —{@(0)}0
'Ea—(l p){ar(;l
. (9o(C2,0) — Po(Co, 6)){ P(22) }* log(P(22))
[{®(22)}9 — {®(20)}9]
_(¢<D(0279)—¢®(0079)){‘D(20)}a|09(¢(20))}
{®(22)}* — {P(20)}9)
(1 p)la 109 ®(z))]¢0(c2.6)
{®(2)}9 — {@(20)}°
~lat +log(@(2))]¢e (o, 8)
TP TG (e@)e

ina = (1_p){%

L (2200(C2,0) — 200 (Co, 9)){‘1’(22)}“ log(®(2))

(@(2)}7 — {®(2)}
 (bol2,0)  ho(0,) [ @(2)}* 0g(9(z)
(@(2)}7 — {®(2)}

1 o 2[atlog(@(2))] 9 (c2, 6)
=P Gm —{o@)°
a1 log((2))]o(Co. 6)

L TIe S Cl poreos s LR

}

iaa:(l_p){é

{022} {P(20)}° [Iog<q><z2>>—|og<q><zo>>]2}
{®(z)} — {@(2)}9) ’

The above expressions have to be computed
numerically.

It then follows that the Fisher information matrix for
6= (p,y,¢,n,a) is given by

1
ppr 0 000

O yavaw 0 0 0

|(9):(1—p) 0 0 IEE IE’] IEU
0 0 IE"I |rm |r,a

0 0 |5a ing iaa

This result shows that the set of parametgry)’ and
(&,n,a) are orthogonal, so that the information matrix is

block orthogonal and can be written as
1(6) = Diag{lp,y, If,n,a}, where

— Di 1 p
lpy = Dlag{ p(1-p)’ y(1-y) } :

Hence, fom large,

6 A Ns(6,20),

meaning tha® is consistent and asymptotically normally
distributed with

S =1(0)1 = Diag{lp‘l,,lé }] o} =Diag{Zpy. 5¢ o}

as the large sample variance. Given that the Fisher
information matrix is orthogonal in two blocks, the
corresponding parameters can be estimated separately.

The normal approximatioNs (6, 2Zgg) can be used for

constructing t = 1 — k) confidence intervals for6;,

which are given byd F2z,_q/»\/6(6), where 6(-) is
given by the correspondingth diagonal element of the
matrix 255 and —z;_,, is the 10Q1 — k /2)%-quantile
of the standard normal distribution.

Considering the parametrization = py andd = p—
J; we can rewrite the previous model as

o, if yi =
o) = § (1— & —8) il if0<yi<l,

where 0< & = Prob(y;
O0<dp+d <l

=0),6 =Prob(y; =1) < 1 and
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Then the log-likelihood function of 4.4. Censored models for 0 or 1 inflation
= (%,%,§,n,a) givenY can be written as: Particular cases of the previous model with 0 and 1
inflation, is the situation of zero or one inflation. For the
¢(8;Y) = nolog(o) +nylog(6r) case of zero inflation, the density function is given by:
+(n—noa)log(1— & — &)+ Z {log(a) —log(n)
+1og(¢(2) + (@~ 1)log(® (2)) o) = {fi &) tene o
— log({@(22)}* — {@(2)}%)} T0G)) (o)™ h==

where 0< & = Prob(y; = 0) and 0< & < 1.
so that it is found that the elements of the score matrix are Then the log-likelihood function 08 = (&, &,n, @)

given by giveny can be written as:

U(&) = % - %, U(d) = % - %, £(6:Y) = olog(&) + (N~ ) log(1 — &) +  {log(a)
—log(n)+log(¢(z)) + (a —1)log(®(z))
2 (1w + —log({®(2)}" — {®(2)}")}
U(§)=(n—noy) {f so that the elements of score function are given by
$o(C2,0) — o (0, 6) ~Np n-—np
T o) R
Un)=—(n-n ){1_?+(0’_1WV V(&) =n-mo) w
" n . ¢¢<cz,e>—¢¢<cO,e>}
_ Zpo(c2,0) —Zo¢a>(0079)} {@(2)} —{P@)} ]
(0@)—{o@)" J’ B
u(n) (n—ng) { —lzw

1
U(a):(n_nOl){u+E  2o(c2,0) - Zo¢q> (co, )}
_{‘D(ZZ)}O"OQ(‘D(Zz))—{‘D(ZO)}"'OQ(‘D(ZO))} {@(z)}? —{P(0)}* [’
{@(2)}7 — {P(n)} '

From the first two equations, we obtain the estimatorV (@) = (N—no) {U+ p

& = no/n, the proportion of zeros in the sample ahd= a a
n1/n, the proportions of ones in the sample. The remaining — {®(z)}0g(® (2, )3 {®(20 )}alog(dJ(zo))}
parameters have to be estimated numerically. {@(z)}* —{®(20)}

In this new model, the Fisher information matrix can  From the first equation, we obtain the estimator
be written as 30 = np/n, the proportion of zeros in the sample. The

1(6) = Diag{laa:len.q}, Where the elements of remaining parameters require numerical procedures for
l5.5, are given by%%:ﬁ%,ii%:ﬁand their estimation. For the case of one inflation, the

. _ 1-& . likelihood function is given by:
56, = 3783y With l¢ n.a @s computed for model

MBPN(p,y,&,n,a). Given this new parametrization, the .
parameters for the censored and noncensored parts of the 01, ifyi =1,
model are again orthogonal so that the corresponding (i) = (1- @)%’ ifO <y <1
MLEs are asymptotically orthogonal and the parameters (P@)} (@)}

can be estimated separately. where 0< &; = Prob(y; = 1) and 0< & < 1. Then the
Forn large, Iog-likelihood function of6 = (61,&,n,a) giveny can be
8A Ns(6, Sgg), written as:
meaning thaB is consistent and asymptotlcally normally £(6:Y) =mnlog(dy) + (n—ny)log(1 - &) + Z {log(a)

distributed with Zg¢ = 1(8)~1 = Diag{I;* a} = _ _
Diag{Zs,5,,2¢ n.a } s the large sample c\sloaérllarige : II?)Z((Z 3;;;%%2%2;()?%? 109(®(@))
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so that the elements for the score function are given by  unexplained deaths). Data histogram is given in Figure 2
(a) revealing the data behavior.

Ud) = Nz In [4] studies the type of data described above using a

h 1-& beta regression model with zero ad/or one inflation. It is

considered a mixture. It is assumed a mixture of a

z- (a-1)w Bernoulli random variable for the discrete part and a beta

U)= (n—nl){# regression for the continuous (between zero and one),

which is denoted byBIZU(dy,01,&,n). For estimating

n $o(c2,6) — Po(co,6) } the parameters for the BIZU model, the library GAMLSS
{®P()}0 —{D(20)} |’ available at the R package can be used. We consider

fitting also the model LPNDC and the reparameterized

_ model MBLPN.
U(n) = —(n—ny) 1-22+(a—1)zw Given orthogonality for the parameters of the mixed
= 1 n models, maximum likelihood for paramete&gsandod; for
models BIZU and MBLPN coincide and are given by
_ 2po(C2,6 ( %

.9) — 2000(Co, ) } & — 0.60550.0066 and &, — 0.03130.0023. For the
{0(z)}* —{P(20)}” continuous part of the BIZU model, maximum likelihood

estimates are given byé = 0.29740.0043 and

1 = 0.45620.0050. On the other hand, for model
U(a)=(n—n) {U+E MBLPN maximum likelihood estimates are given by
= 0.66060.0066, /7 = 0.02150.0030 and
- {ot)og02) — (91)log@(0) | 5 Tootoqonoeg 30.0039
{#(2)}0 —{P(0)}* For the LPNDC model, we have the following

, . . s estimates:é = —0.71450.1566), i = 0.5621(0.036

From the first equation, we obtain the estimalor= 44 _ 4.5683(11.7087?. The ?))ér’gentage 01‘1(zeros7)and
ny/n, the proportions of ones in the samp_le. The remainingspes in the samples are 0.6055 and 0.0313, respectively,
parameters have to be estimated numerically. so that using the cumulative distribution function are
4.5. Bernoulli-LPN mixture 0.6047 and 0.0284, respectively, revealing good model fit.

Taking now ¢ (yi,&,n,a) as the density function Fyrthermore, Figure 2 (b) and (c), depicts_the cur_nulative
corresponding to the LPN model, the Bernoulli/LPN distribution function for thg three models, |IIustraF|r‘rgat
model follows, that we denote BMBLPN(p, y,&,n,a). fact that the 'models considered present good fit for the
This model is of great importance in modeling data with data set studied.
positive asymmetry and kurtosis above that expected for
the ordinary normal distribution. The log-likelihood
function for the reparametrized model can be written as

ImBLPN(B;Y) = — Z log(yi) +£(6;log(Y)),

where((-) is the log-likelihood function for the MBPN
model and lo¢Y) = (log(y1),...,log(yn))’. The score
function and observed and expected information matrices

are as given for the MBPN model, where (a) (b) (©

2 = (log(yi) = &)/n. Fig. 2: (a) Histogram for death proportions, (b) Graphs: empiric
(solid line in stars), LPNDC (dashed line), BIZU (doted line
. . . (c) Graphs: empiric (solid line in stars), MBLPN (dashec)in
5 Numerical illustrations BIZU (doted line)

5.1. Real data illustration

In this section we shall illustrate the usefulness of the5.1.1. Testing nested models
proposed models by fitting the LPNDC and MBLPN A test to compare the MBLPN and LPNDC models
distributions to a real data set. The data set analyzedgainst the BIZU model requires a non-nested approach.
corresponds to the proportions of infant deaths not wellBeing, Fg andG,, two non-nested modelsy;|x;,8) and
explained in in 5561 Brasilian counties. Data is availableg(yi|x,3) two densities corresponding to the non-nested
for downloading at http:www.datasus.gov.br. The data setmodels, the likelihood ratio statistic to compare both
contains 3367 zeros (explained deaths) and 174 ones (athodels is given by
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6 Concluding remarks

Paper discusses an alternative to the beta regressior
model in the situation of zero and (or) one inflation. The
approach is based on an extension of the tobit model with
zero excess considered ibg. Estimation is based on the
likelihood approach and the Fisher information matrix is
derived revealing orthogonality between the parameters, }
which simplifies large sample properties of the maximum | &
likelihood estimators. An study with real data reveals that

the model proposed can do even better than extensions of
the beta regression model consideredin [
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