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Abstract: Poverty and alcoholism are among the top challenges confronting societies worldwide and essential research subjects in

the last few decades. This paper developed a deterministic model governed by a system of nonlinear differential equations to proffer a

solution to the burden of poverty and alcoholism in a population. The model was studied under two different systems, namely:

autonomous and non-autonomous systems. Under the autonomous system, the following analysis was carried out; Poverty and

alcoholism reproduction number using the next-generation method; this was done to know all the parameters contributing to the

dynamics of poverty and alcoholism in a population. Also, local and global sensitivity analysis was done using the normalized forward

method and Latin hypercube sampling and partial rank correlation coefficients, respectively; this was done to identify the parameters

of the model that most influence thy dynamical behaviour of the model. The non-autonomous model with three time-dependent

controls was analyzed using Pontryagin’s Maximum Principle to find the optimal solution to the poverty and alcoholism control

problem. Cost-effectiveness analysis was conducted to further affirm the results of the optimal control problem by using the average

cost-effectiveness ratio and incremental cost-effectiveness ratio methods. Numerical simulations were presented to buttress all the

theoretical results. .

Keywords: Poverty and alcoholism model, Poverty and alcoholism reproduction number, Sensitivity analysis, Optimal control

problem, Cost-effectiveness analysis, Numerical simulations.

1 Introduction

In this day and age, the world is confronted with a number of challenges such as pollution, climate change, inequality,
corruption, illegal migration, banditry, terrorism, kidnapping, smuggling, trafficking, emergence and reemergence of
deadly diseases, disasters and so on. Poverty and alcoholism are among the top challenges confronting the societies the
world over and an important subject of research in the last few decades. Poverty and alcoholism remain a topical issue
nowadays because they instigate other societal problems directly or indirectly especially crime and mortality.

The word poverty has a broad meaning, it refers to the state in which communities or individuals lack the resources
to enjoy a minimum living standard [1,2,3,4]. It is hunger. It is lack of shelter. It is not having access to school and
not being able to read. It is not having a job. It is fear for the future. It is powerlessness, lack of representation and
freedom. Impoverished families and children living in the world’s low-and middle-income countries are highly vulnerable,
powerless and afraid [5,6,7]. The live at the very margin of human existence, their dignity is assaulted daily, and their lives
are abundant in scarcity [8,9,10]. Because of lack of hope and uncertainties about the future, impoverished individuals do
resort to crime and a number of unhealthy practices.

Alcoholism, on the other hand, is a social phenomenon that can have an effect on a variety of facets of life and affects
people from all socioeconomic classes, educational background, and age ranges [11,12]. It is a disorder that makes an
individual drink excessively; as a result, it can ruin relationships, reduce productivity, and be harmful to both physical
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and mental health [13,14,15]. Individuals who are suffering from alcohol disorder are unable to regulate their heavy or
regular drinking. They know that their behavior could have detrimental or disastrous effects, but they nevertheless engage
in unhealthy drinking [16,17].

Abuse of alcohol over an extended period of time can seriously harm the liver and brain. Heart diseases, wasted of
money, crime, poverty, family dissolution, liver diseases, as well as ulcers, sexual issues, bone loss, suppressed immune
function and an increased risk of cancer are just a few of the economic, social, and health implications of alcohol on both
the individuals and society at large that require medical attention in hospitals and private or public addiction treatment
facilities [13,18,19]. Alcoholism also has a significant impact on the global mortality. The World Health Organization
(WHO), in its report ”World Status Report on Alcohol and Health 2018” [20], reports that alcohol kills three million
people annually, or one death out of every twenty deaths. For instance, alcohol kills more people than AIDS, TB, and
violence all together [13].

Poverty and alcoholism are social ills that every society strives to eradicate or at least minimize to the barest minimum
to ensure peace and safety. Governments all over the world do embark on one program or the other to minimize poverty
and alcoholism to have a society that is devoid of chaos and uncertainties. The major among these programs are literacy
and social media advertisement.

Literacy is the capacity to read, write, talk, and listen [21]. In contrast, social media is interactive technology that makes
it possible to create and share information, ideas, hobbies, and other kinds of expression through online communities and
network [22,23]. Literacy allows individuals to express their thought and idea, interact with people, and learn new things.
Social media, on the other hand, promote connectivity, information and updates, education, awareness, sharing of things
with others, community building, mental health and noble cause [24]. Literacy and social media advertisement are no
doubt agents of change and powerful tools to influence poverty and alcoholism.

Mathematical models can be employed to examine how contagious diseases propagate or how people behave in social
situations [25,26,27,28,27,29,30]. As regards poverty and alcoholism, several studies have reported that alcohol abuse
and dependence, as well as other risk behaviors, cluster in contexts of poverty, residential instability, and social isolation
[13,31,32,33,34,35,36,37,38,39].

Chinnadurai and Athithan [39] developed a mathematical model of poverty and alcohol consumption by dividing the
total population into four classes - the non-impoverished compartment N, the impoverished/poverty compartment P, the
alcohol addicted class A and the recovered class R (from the two classes P and A). The stability analysis was performed
via Routh-Harwitz stability criteria and the authors showed that both the poverty-alcoholism-free equilibrium and the
poverty-alcoholism-endemic equilibrium existed and were locally and globally stable under some parameters conditions.
The researchers discovered that the major route to alcohol addiction was poverty. They therefore urged the policy makers
to address the issue of poverty holistically to forestall recruitment into alcohol addiction and to increase the recovery rate
of the alcohol addicts.

A mathematical model of poverty and drug addiction proposed by Sakib and colleagues [32]. The model is made up
of five compartments with the inclusion of the rehabilitation class I which made the model an extension of [39]. The
model was subjected to the stability test and the researchers discovered that the poverty-addiction-free equilibrium E ◦

was locally stable when R0 ≤ 1. However, when R0 > 1, the poverty-addiction endemic equilibrium E ∗ occured and was
locally stable. Their results showed that poverty eradication had more than 50% effect on drug addiction. They therefore
advocated for policies, strategies, programs and interventions which could empower the poor such as soft loan, educational
opportunities, skill development, job opportunities, food for work, self employment, entrepreneurship opportunities, good
governance, raising awareness, etc.

Murakami and Hashimoto [33] conducted a study on the association of income and education with problem drinking
and heavy drinking among Japanese men. They discovered that lower educational attainment was significantly related
with increased risk of both problem drinking and non-problematic heavy drinking. They also discovered that income was
directly related to alcohol consumption with high income earners having more tendency to be frequent drinkers, probably
because they have financial powers and social opportunities. A mathematical model of alcohol drinking with the effect
of alcohol treatment centers was proposed in [13]. The researches derived the reproduction number for the model and
performed the sensitivity analysis for the model parameters. They discovered that the most effective way of preventing
alcohol addiction was to prevent exposure of underage to the moderate and heavy drinkers.

In this paper, our goal is to develop a compartmental model that considers the dynamics of poverty and alcoholism
under the influence of literacy and social media advertisement. While poverty and alcoholism have been a subject of
intense study with various methods (such as job creation, skill development, prohibition, stringent laws, etc.) suggested as
the potential interventions [32,33,40,39], studies on the effect of literacy and social media advertisement on the dynamics
poverty and alcoholism are new. To our knowledge, no study has looked at the dynamics of poverty and alcoholism
under the influence of literacy and social media advertisement. The model is qualitatively analyzed using Pontryagin’s
maximum principle, and cost-effectiveness studies are done on the many optimal control combination schemes that have
been put into practice and use at least one of the three optimal control variables. This study’s remaining sections are
divided as follows: A summary of the mathematical model of non-optimal control developed and studied by Chinnadurai
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and Athithan [39] is shown in Section 2. The non-autonomous version of the model is then developed and examined in
Section 3. Additionally, the cost-effectiveness analysis and numerical simulations of the autonomous and non-autonomous
models are carried out in Section 4. Finally, the study’s final observation is presented in Section 5.

2 Model without optimal control

The proble of alcoholism and poverty spread in the population was studied with the total population denoted by N(t),
at time t, which was sub-divided into four well-defined classes of individuals that are susceptible S(t) (someone who
susceptible to drinking of alcohol and likely to become poor), Alcohol addict A(t) (someone who seriously indulge in
drinking alcohol), poverty class P(t) (someone who is financially poor), recovery class R(t) (someone who stop taking
alcohol and become non-impoverished). The dynamics of the model was extensively discussed in [39]. The definition of
variables and parameters are presented in Table 1

dS

dt
= Λ − µS(t)−α1S(t)A(t)−β S(t)

dA

dt
= α1S(t)A(t)− γP(t)− (µ1+ µ)A(t)−α2A(t)R(t)

dP

dt
= β S(t)+ γP(t)−α3P(t)R(t)− µP(t)

dR

dt
= α2A(t)R(t)+α3P(t)R(t)− µR(t)

(1)

with initial conditions at t = 0 :

S(0) = S0,A(0) =0,P(0) = P0,R(0) = R0. (2)

Table 1: Variables and Parameters of the model [1]

Variable Description Variable Description

S(t) Non-impoverished class A(t) Alcohol addict class
P(t) Poverty class R(t) Recovery class

Parameter Description Parameter Description
Λ Recruitment rate into the susceptible µ Death rate
α1 Rate at which the individual in N(t) get A(t) β Rate of flow from N(t) to P(t)
γ1 Rate at which the individual in A(t) get to P µ1 Induced death rate
α2 Recovery rate for A(t) α3 Recovery rate for P(t)

2.1 Poverty and alcoholism reproduction number

The Poverty and alcoholism reproduction number, R0, inferred as the anticipated number of secondary instances produced
by a sole contagious person in a totally susceptible community throughout its contagious time is a boundary variable that
enables us to foresee if the infection will stop or prevail [41]. Typically, R0 < 1 implies that the alcohol and poverty
problem cannot overrun the community, R0 > 1 implies that each alcohol addict and poor individuals develops more than
one secondary problematic person, and R0 = 1 respects additional scrutiny. The resolution of R0 is performed utilizing
the next-generation matrix method [41,42,43,44]. Utilizing this procedure, we retain

F =

(

α1S 0
0 0

)

(3)

and

V =

(

(µ + µ1) γ
0 µ − γ

)

(4)
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At the alcohol and poverty-free equilibrium, D0, S0 =
Λ
µ . Thus, the R0 of model (1) is given by.

R0 =
α1S

µ + µ1

=
α1Λ

µ(µ + µ1)
. (5)

The alcohol and poverty problem can be eradicated from the population (R0 < 1) if the initial sizes of the population of
the model are in the basin of attraction of the alcohol and poverty-free equilibrium.

2.2 Sensitivity analysis

In this section, sensitivity analysis of model (1) is explored. To do this, we follow the approach in previous studies [45,
46,47,48]. This helps to identify the parameters of the model that most influence the dynamical behaviour of the model.
Thus, to determine the sensitivity of model (7) using the alcohol and poverty threshold quantity, the basic reproduction
number R0 given in (5), as the response function with respect to the model parameters, the normalized forward-sensitivity
index of R0 that depends on a parameter p is defined as

SR0
p =

∂R0

∂ p
×

p

R0

. (6)

Given the explicit formula (5) for the basic reproduction number R0, the analytical expressions for the sensitivity of R0

in respect of the parameters defining it are computed. In particular, the analytical expression for the sensitivity of R0 with
respect to all the parameters in view of (6) is given below

S
R0

Λ =
∂R0

∂Λ
×

Λ

R0

=+1,

S
R0
α1

=
∂R0

∂α1

×
α1

R0

=+1,

S
R0
µ =

∂R0

∂ µ
×

µ

R0

=
−µ(2µ + µ1)

µ + µ1

,

S
R0
µ1

=
∂R0

∂ µ1

×
µ1

R0

=
−µ1

µ + µ1

.

However, the sensitivity index (SI) of R0 for all the parameters comprising it are evaluated at the baseline parameter
values given in Table 3. The signs and values of SI are presented in Table 2.

Table 2: Sensitivity index of R0 to each of the parameters of model (1) evaluated at the baseline parameter values given in Table 3

Parameter Sign of SI Numerical value of SI

α1 +ve 1
Λ +ve 1
µ −ve −1.4689
µ1 −ve −0.5311

From Table 2, it is observed that the sign of SI is positive for parameters (α1,Λ ), while it is negative for the others
(µ ,µ1). From the set of parameters with positive SI sign, Λ is the most positive. Whereas, µ1 is the most negative from
the set of parameters with negative SI signs. The epidemiological insight from the positive sign of SI of the alcohol and
poverty threshold quantity, R0, is that increasing or decreasing the value of any of the parameters in this category will
generate an increase or decrease in the threshold R0 of alcohol and poverty. The negative sign of SI on the contrary
suggests that increasing the value of each of the parameter set in this category will lead to a decrease in the R0 value, and
vice-versa.

Furthermore, Latin hypercube sampling (LHS) and partial rank correlation coefficients (PRCC) are used to carry out
a global sensitivity analysis to further ascertain the parameters that mostly influence the dynamics of model (7) (1) with
respect to the basic reproduction number, R0, given in (5). LHS matrices are generated by assuming that all the model
parameters obey a uniform distribution. Then, using a similar idea of the authors in [44,49], multiple runs of 1000 sample
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Fig. 1: PRCC values for the parameters of model (7) that make-up R0

size per LHS run are performed based on the model parameter baseline values provided in Table 3 with the ranges of 30%
in either direction from the baseline values. Thus, the sensitivity of the parameters of model (1) is evaluated by finding
the PRCC between each of the parameters and R0.

Figure 1 displays the PRCC values for each of the sensitive parameters of model (1). It is observed from Fig. 1 that the
PRCC value is positive for some parameters, that is, those that are positively correlated (Λ , and α1) and negative for others,
that is, those that are negatively correlated (µ and µ1). The top PRCC-ranked parameters that drive the response function,
R0, most are the recruitment rate, Λ (see Fig. 1 and Table 2). Therefore, the result from global sensitivity analysis aligns
with the result arising from the local sensitivity analysis.

3 Optimal control of alcohol and poverty model

In [39], the author work on the autonomous version of the model, but in the present work, the non-autonomous version
will be exploded. Based on the analysis, the purpose of this is to recommend the best method to control the menace of
illicit drug use and terrorism. The optimal control theory will be applied to the model to curtail the effect of alcohol and
poverty in the community. To do this, four time-dependent control variables u1(t), u2(t), and u3(t) are introduced into
model (1). The four control variables are described as follows:

(i)u1(t) represents the public awareness of the dangers, havocked and the sociality implication of involving in alcohol
and poverty. Educational Campaign.

(ii)u2(t) denotes the rehabilitation control. The rate at which alcoholic addict are rehabilitate.
(iii)u3(t) is considered as the empowerment rate of poor individual, the rate at which poverty is been impoverished.

Consequently, incorporating those mentioned earlier three time-dependent control variables into the alcohol and poverty
model in [39], we have model (7), which is the optimal control model given below.

dS

dt
= Λ − µS(t)− (1− u1(t))α1S(t)A(t)− (1− u1(t))β S(t)

dA

dt
= (1− u1(t))α1S(t)A(t)− γP(t)− (µ1+ µ)A(t)− u2A(t)R(t)

dP

dt
= (1− u1(t))β S(t)+ γP(t)− u3P(t)R(t)− µP(t)

dR

dt
= u2A(t)R(t)+ u3P(t)R(t)− µR(t)

(7)
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The three control variables are introduced to seek the optimal solution required to minimize the sizes of alcoholic
addict, and poverty responsible for instability in the peace in the community at a minimum cost. Thus, the objective
function for the optimal control problem is designed as

J(u1,u2,u3) = min
0≤u1,u2,u3≤1

∫ t f

0

(

W1A+W2P+
1

2
(a1u2

1(t)+ a2u2
2(t)+ a3u2

3(t)

)

)dt (8)

constrained by the system (7), where W1 > 0, W2 > 0, a1 > 0, a2 > 0, and a3 > 0 are weight constants needed for balancing
the associated terms in the objective functional and t f is the final time such that 0 ≤ t ≤ t f . A quadratic cost on controls

is used in accordance with the literature on optimal control problem [50,51,52,53,54,55], where aiu
2
i (t), i = 1,2,3, are

the total costs expended on implementing the public enlightenment, empowerment rate control and rehabilitation therapy
control over the interval t ∈ [0, t f ], respectively.

The main goal is to seek an optimal control triple u∗ = (u∗i ), where i = 1,2,3, such that

J(u∗) = min
U

{J(u1,u2,u3)} , (9)

where U is a non-empty bounded Lebesgue measurable control set given by

U=
{

ui(t),ui(t) : [0, t f ]→ [0,1], i = 1,2,3
}

. (10)

3.1 Existence of an optimal control

Let the control set U = [0,1]3, u = (ui) ∈ U (for i = 1,2,3), and x = (S,A,P,R). Then, the following result in Theorem 1
gives the summary of the existence of an optimal control.

Theorem 1.If the objective functional J in (8) is as defined on the control set U, and constrained by the control system (7),
then there exists an optimal control triple u∗ = (u∗1,u

∗
2,u

∗
3) such that J(u∗) = min{J(u1,u2,u3) : u1,u2,u3 ∈ U} provided

that the following properties hold [56]:

a)The admissible control set U is convex and closed.

b)The state system is bounded by a linear function in the state and control variables.

c)The integrand of the objective functional is convex in respect of the control.

d)For constants φ1,φ2 > 0 and φ3 > 1, the integrand is bounded below by φ1

(

||ui||
2
)

φ3
2 −φ2.

3.2 Characterization of optimal control

Pontryagin’s maximum principle [57] provides the necessary conditions that an optimal control triple of the alcoholism
addict and poverty model (7) must satisfy. The principle helps in converting the alcoholism addict and poverty model
(7) together with the objective functional (8) into a problem of minimizing pointwise a Hamiltonian H , concerning the
time-dependent controls ui(t), for i = 1, . . . ,3. The Hamiltonian for the non-autonomous system (7) is determined as

H = L(t,x,u)+∑
j

λ j f j , (11)

where λ j are the respective adjoint variables for the states x ∈ {S,A,P,R}, and f j is the right-hand side for jth state of the
system (7). The control characterization result is claimed in Theorem 2 below.
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Theorem 2.If an optimal control triple u∗ = (u∗i ), i = 1,2,3, satisfies condition 9, then there exist adjoint (or costate)

variables λ j, j = S,A,P,R, satisfying the adjoint system given as

dλ1

dt
= (λ1 −λ2)(1− u1)α1A+(λ1−λ3)(1− u1)β +λ1µ , (12a)

dλ2

dt
= (λ1 −λ2)(1− u1)α1S+(λ2 −λ4)u2R+λ2(µ + µ1)−W1, (12b)

dλ3

dt
= (λ2 −λ3)γ +(λ3 −λ4)u3R+λ3µ −W2 (12c)

dλ4

dt
= (λ2 −λ4)u2A+(λ3 −λ4)u3P+λ4µ , (12d)

with transversality (or terminal) conditions

λ j(t f ) = 0 (where j = 1,2,3,4) (13)

and the control characterizations expressed as

u∗1 = min

{

max

{

0,
((λ2 −λ1)α1A+(λ3−λ1)β )S

a1

}

,1

}

, (14a)

u∗2 = min

{

max

{

0,
(λ2 −λ4)AR

a2

}

,1

}

, (14b)

u∗3 = min

{

max

{

0,
(λ3 −λ4)PR

a3

}

,1

}

. (14c)

Proof.First, the Hamiltonian (11) is written in an explicit form as

H =W1A+W2P+
1

2
(a1u2

1(t)+ a2u2
2(t)+ a3u2

3(t))

+λ1{Λ − µS(t)− (1− u1(t))α1S(t)A(t)− (1− u1(t))β S(t)}

+λ2{(1− u1(t))α1S(t)A(t)− γP(t)− (µ1+ µ)A(t)− u2A(t)R(t)}

+λ3{(1− u1(t))β S(t)+ γP(t)− u3P(t)R(t)− µP(t)}

+λ4{u2A(t)R(t)+ u3P(t)R(t)− µR(t)} .

(15)

Then, the adjoint system (12) is derived by taking the partial derivatives of the Hamiltonian (15) with respect to the
corresponding state variables, so that

−
dλ j

dt
=

∂H

∂ j
,

where j = (S,A,P,R). Furthermore, the optimal control triple u∗ = (u∗1,u
∗
2,u

∗
3) are derived by solving

∂H

∂ui

= 0 (where i = 1,2,3)

on the interior of the control set U.

By standard control arguments involving bounds on the control, we obtain

u∗i =











0 if θ ∗
i ≤ 0

θ ∗
i if 0 ≤ θ ∗

i ≤ 1

1 if θ ∗
i ≥ 1

for i = 1, . . . ,3 and where

θ1 =
((λ2 −λ1)α1A(t)+ (λ3−λ1)β )S(t)

a1

, θ2 =
(λ2 −λ4)A(t)R(t)

a2

, θ3 =
(λ3 −λ4)P(t)R(t)

a3

.
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4 Numerical simulations and cost-effectiveness analysis

4.1 Numerical simulations

The present section explores the dynamical behaviours of alcoholism addict and poverty model (7) and the derived
two-point boundary problem of a eight-dimensional optimality system through numerical simulations. The numerical
simulations are performed in MATLAB with ode45 routine. The model’s initial conditions are taken as

(S(0),A(0),P(0),R(0))) = (100,10,20,10),

while the model parameter values and their sources are as defined in Table 3.

Table 3: Parameter values used in simulating model (7)

Parameter Range Baseline value Source

Λ 5 - 20 10 [39,58]
µ 0.02 - 0.2 0.0143 [59,60]
α1 0.0000096 - 0.00096 0.000096 [61]
β 0.00064 - 0.064 0.0064 [61]
γ 0.000008 - 0.0008 0.00008 [39,58]

µ1 0.00162 - 0.162 0.0162 [61]

4.1.1 Non-autonomous system

An iterative forward-backwards sweep method (FBSM) based on the fourth-order Runge-Kutta method implemented in
MATLAB is applied to the eight-dimensional optimality system, which is a two-point boundary problem, consisting of
the state system (7) and the adjoint system (12) with the control characterisations (14) within the time interval of [0,10]
years to find the optimal control strategies required to minimise the menace of alcoholism addict and poverty problem in
a population at minimum cost. Because the optimality system has different time orientations, the solutions of equations of
the non-autonomous system (7) with initial conditions and the control initial guess are sought forward in time. Whereas
the equations of the adjoint system (12) with terminal conditions (13) are solved backwards in time using the state system’s
current iteration solution. We refer the readers interested in the numerical procedure for the simulation of an optimality
system with different time orientations using FBSM to Lenhart and Workman [62].

The weight constants values Wi and a j (where j = 1,2 and j = 1,2,3) appearing in the objective functional (8), in
addition to the parameter values given in Table 3, are taken as W1 = 0.0075, W2 = 0.003, a1 = 0.03, a2 = 0.04 and
a3 = 0.03. It is important to state that these weight constants values are theoretical as they are taken only to carry out the
numerical illustrations of the control problem proposed and theoretically analysed in this work.

Different combinations of optimal control strategies are considered to optimise the objective functional (8).
Specifically, we focus on the combination of at least any two optimal controls. This leads us to considering four different
combinations of strategies, which are described as follows: Strategy A - combination of optimal public awareness control
and optimal use of rehabilitation rate control (i.e. u1(t) and u2(t) with u3(t) = 0), Strategy B - combination of optimal
public awareness control and optimal empowering rate control (i.e. u1(t) and u3(t) with u2(t) = 0), Strategy C -
combination of optimal public awareness control, optimal empowering rate control, and optimal use of rehabilitation
control (i.e. u1(t), u2(t), and u3(t)), Strategy D - combination of optimal empowering rate control and rehabilitation rate
control (i.e. u2(t), and u3(t) with u1(t) = 0),

Strategy A - combination of optimal public awareness control and optimal use of rehabilitation rate control (i.e. u1(t) and
u2(t) with u3(t) = 0),

In Fig. 2, the simulation of optimal control problem with the effort of public awareness measures u1(t) combined with
rehabilitation rate control u2(t) (i.e., u1 6= 0, u2 6= 0 and u3 = 0) is illustrated. Fig. 2a shows the effect of Strategy A on the
Alcohol addict population and it is clear that in less than first year of administering the controls we achieve an alcoholism
free population, it proof that Strategy A is good in controlling Alcoholism burden in a population and in Fig 2b, Strategy

c© 2024 NSP

Natural Sciences Publishing Cor.



Inf. Sci. Lett. 13, No. 4, 757-776 (2024) / www.naturalspublishing.com/Journals.asp 765

0 1 2 3 4 5 6 7 8 9 10
0

2

4

6

8

10

Time (Years)

A
lc

o
h
o

l 
A

d
d
ic

t

 

 

u
1
 ≠ u

2
 ≠ 0, u

3
 = 0

u
1
 = u

2
 = u

3
 =0

(a)

0 1 2 3 4 5 6 7 8 9 10
20

21

22

23

24

25

26

Time (Years)

P
o

v
e

r
t
y

 

 

u
1
 ≠ u

2
 ≠ 0, u

3
 = 0

u
1
 = u

2
 = u

3
 = 0

(b)

(c)

0 1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

Ti�� �y�����

C
�
�
	

�
�
 

�
�

��

 

 

u
1
 ≠  0

u
2
 ≠ 0

Fig. 2: Simulation showing the effect of optimal use of strategy A on the population dynamics of alcoholism addict and
poverty.

A was examined on Poverty population and the impact of it was slight, meaning that it has little effect on it. In Fig 2c, the
public awareness control (u1(t)) is at 2% at through the period of applying the control and rehabilitation control (u2(t)) is
at 37% at the starting point but decreases to 24% in first 3 months of administering the control and dropped down to zero
at finial time.

Strategy B - combination of optimal public awareness control and optimal empowering rate control (i.e. u1(t) and u3(t)
with u2(t) = 0),

The impact of the synergy of the combination of public awareness control u1(t) and empowering rate control u3(t) (i.e.,
u1 6= 0,u3 6= 0 and u2 = 0) on the dynamics of poverty and alcoholism is investigated by simulating the optimal control
problem. In Fig. 3, the simulation of optimal control problem with the effort of public awareness measures u1(t) with
synergy of empowering rate control u3(t) (i.e., u1 6= 0, u3 6= 0 and u2 = 0) is illustrated. Fig. 3a shows the effect of
Strategy B on the Alcohol addict population it is obvious that administration of this controls did not have any effect on
Alcoholism population and in Fig 3b, Strategy B was examined on Poverty population and it is clear that in less than
first seven months of administering the controls we achieve an poverty free population, it proof that Strategy B is good in
controlling poverty burden in a population. In Fig 3c, the public awareness control (u1(t)) is at 9% at the beginning and
reduced gradually to zero at the 8 year and remains at origin for the rest period of applying the control and empowering
rate control (u3(t)) is at 50% at the starting point but decreases to 30% in first 3 months of administering the control and
dropped down to zero at finial time.
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Fig. 3: Simulation showing the effect of optimal use of strategy B on the population dynamics of alcoholism addict and
poverty.

Strategy C: combination of optimal awareness control, optimal empowering rate control, and optimal use of rehabilitation
control (i.e. u1 6= 0, u2 6= 0, and u3 6= 0)

To demonstrate the impact of the combination of public awareness control u1(t), empowering rate control (u2(t)), and
rehabilitation rate control (u3(t)) on the community spread of poverty and alcoholism, the optimal control problem is
simulated. In Fig. 4, the simulation of optimal control problem with the effort of public awareness measures u1(t) and
empowering rate control u2(t) with synergy of rehabilitation rate control (u3(t)) (i.e., u1 6= 0, u2 6= 0 and u3 6= 0) is
illustrated. Fig. 4a-4b shows the effect of Strategy C on the Alcohol addict and Poverty populations, it is evident that
administration of this controls has a positive effect on both population. In Fig 4c, the public awareness control (u1(t)) is at
2% at the beginning and reduced gradually to zero at finite time of applying the control, empowering rate control (u2(t)) is
at 50% at the starting point but decreases to 30% in first 3 months of administering the control and dropped down to zero
at finial time, and rehabilitation rate control (u3(t)) is at 80% at the starting point but decreases to 30% in first 3 months
of administering the control and dropped down to zero at finial time.

Strategy D: combination of optimal empowering rate control and rehabilitation rate control (i.e. u2(t) 6= 0 with u3(t) 6= 0,
and u1 = 0)

Strategy D - combination of optimal empowering rate control and rehabilitation rate control (i.e. u2(t) 6= 0, and u3(t) 6= 0
with u1(t) = 0) In Fig. 5, the simulation of optimal control problem with the effort of public awareness measures u1(t)
with synergy of empowering rate control u3(t) (i.e., u2 6= 0, u3 6= 0 and u1 = 0) is illustrated. Fig. 5a-5b shows the effect
of Strategy C on the Alcohol addict and Poverty populations, it is evident that administration of this controls has a positive
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Fig. 4: Simulation showing the effect of optimal use of strategy C on the population dynamics of alcoholism addict and
poverty.

effect on both population. In Fig 5c, the empowering rate control (u2(t)) is at 50% at the starting point but decreases to
30% in first 3 months of administering the control and dropped down to zero at finial time, and rehabilitation rate control
(u3(t)) is at 80% at the starting point but decreases to 30% in first 3 months of administering the control and dropped
down to zero at finial time.

4.2 Cost-effectiveness analysis

With the help of ideas from previous studies [47,50,51,53,54,63,64,65,66], we explore the cost-effectiveness analysis
(economic evaluation) of the four control combination strategies under investigation using two cost analysis methods,
namely, average cost-effectiveness ratio (ACER) and incremental cost-effectiveness ratio (ICER), in this section. This
is necessary as there is a need to determine the most effective and least costly intervention strategy among the various
combinations considered based on the results arising from the simulations of the optimal control problem.

4.2.1 Average cost-effectiveness ratio

The cost analysis method considered is the ACER. This method deals with a single intervention strategy and weighing the
intervention against its baseline option. The formula to calculate ACER is given as

ACER =
Total cost produced by the intervention

Total number of problem averted
. (16)

c© 2024 NSP

Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


768 J. O. Akanni et al.: Optimal control and cost-effectiveness ...

0 1 2 3 4 5 6 7 8 9 10
0

5

10

Time (Years)

A
l
c
o

h
o

l
 
A

d
d

i
c
t

 

 

u
2
 ≠ u

3
 ≠ 0, u

1
 = 0

u
1
 = u

2
 = u

3
 = 0

(a)

0 1 2 3 4 5 6 7 8 9 10
0

10

20

30

Time (Years)
P

o
v
e

r
t
y

 

 

u
2
 ≠ u

3
 ≠ 0, u

1
 = 0

u
1
 = u

2
 = u

3
 = 0

(b)

(c)

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

THIJ KLJMNOP

Q
R
S
TU
R
V
W
UR
XY
VZ

 

 

 

u
2
 ≠  0

u
3
 ≠ 0

Fig. 5: Simulation showing the effect of optimal use of strategy D on the population dynamics of alcoholism addict and
poverty.

In view of the objective functional (8), the total cost produced by an intervention is expressed mathematically as

TC =

∫ t f

0

4

∑
i=1

aiu
2
i dt. (17)

A strategy with the least ACER value is the most cost-effective according to this cost analysis approach [63,64,67].
Thus, the ACER is calculated for each of the eleven strategies using the formula (16). The numerical results obtained are
presented by bar chart and pie chart in Fig. 6 and 7 respectively (see also Table 4).

Table 4: Intervention strategy, total alcoholism addict and poverty averted, total cost, and ACER

Strategy Total alcoholism addict and Total cost ($) ACER
poverty incidence averted

A: u1(t),u2(t) 0.0855288831 0.2033125727 2.3771218018

B: u1(t),u3(t) 0.2534248934 0.1021145709 0.402938202

C: u1(t),u2(t),u3(t) 0.3374591813 0.1907763236 0.5653315547

D: u2(t),u3(t) 0.3374555275 0.1906495218 0.5649619172
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Fig. 6: ACER plots of all the implemented intervention strategies

It is shown that Strategy B has the least ratio, and therefore is the most cost-effective strategy using ACER cost analysis
approach. This is followed by Strategy D, Strategy C, and Strategy A. The least cost-effective strategy (a strategy with the
highest ratio) is Strategy A.

To further affirm this result, we compute the ICER values for the various control combination strategies.

4.2.2 Incremental cost-effectiveness ratio

On the other hand, the ICER has to do with the comparison of the differences between the costs and health outcomes
of the alternative intervention strategies (usually two or more) competing for the same resources. To compare competing
intervention strategies (usually two or more) incrementally, one intervention strategy is compared with the next less-
effective alternative strategy. Simply put, the ICER is stated as

ICER =
△ in costs expended on control strategies implementation

△ in total number of infections averted by the competing strategies
. (18)

In Table 5, the total numbers of alcoholism addict and poverty averted by strategies A, B, C, and D are arranged from the
least to the highest alongside the respective associated costs expended on the implementation of the four strategies. Thus,
using (18), we obtain the numerical results in Table 5 following the computation of ICER as follows:

ICER(A) =
0.2033125727

0.0855288831
= 2.3771218018,

ICER(B) =
0.1021145709−0.2033125727

0.2534248934−0.0855288831
=−0.6027421475,

ICER(C) =
0.1907763236−0.1021145709

0.3374591813−0.2534248934
= 34.7040888937,

ICER(D) =
0.1906495218−0.1907763236

0.3374555275−0.3374591813
= 1.0536032704.
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Fig. 7: ACER pie of all the implemented intervention strategies

Table 5: Intervention strategy, total alcoholism addict and poverty averted, total cost, and ICER

Strategy Total alcoholism addict and Total cost ($) ICER
poverty incidence averted

A: u1(t),u2(t) 0.0855288831 0.2033125727 2.3771218018
B: u1(t),u3(t) 0.2534248934 0.1021145709 −0.6027421475
C: u2(t),u3(t) 0.3374555275 0.1906495218 1.0536032704
D: u1(t),u2(t),u3(t) 0.3374591813 0.1907763236 34.7040888937

Comparing Strategy B and Strategy A in Table 5, it is seen that ICER(B) is less than ICER(A). This indicates that
Strategy B strongly dominates Strategy A. Thus, Strategy B has greater effectiveness at cheaper cost compared to Strategy
A. Therefore, Strategy A is left out from further consideration. Next, Strategy B is further compared with Strategy C.
Hence, using (18), the summary of ICER is given in Table 6. A look at Table 6 reveals that Strategy B strongly dominates

Table 6: Comparison of strategies B and C

Strategy Total alcoholism addict and Total cost ($) ICER
poverty incidence averted

B: u1(t),u3(t) 0.2534248934 0.1021145709 0.4029382020

C: u2(t),u3(t) 0.3374555275 0.1906495218 1.0536032704

D: u1(t),u2(t),u3(t) 0.3374591813 0.1907763236 34.7040888937

Strategy C as ICER(C) is greater than ICER(B). This means that strategy C is less effective and more expensive to
implement than Strategy B. Therefore, it is best to remove Strategy C from the set of intervention strategies to implement
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Fig. 8: Plots of the total poverty and alcoholism incidence averted by all the implemented intervention strategies

in order to preserve the limited resources. Consequently, Strategy C is excluded and Strategy B is further compared with
Strategy D. Thus, using (18), the summary of ICER is given in Table 7.

Table 7: Comparison of strategies B and D

Strategy Total alcoholism addict and Total cost ($) ICER
poverty incidence averted

B: u1(t),u3(t) 0.2534248934 0.1021145709 0.4029382020

D: u1(t),u2(t),u3(t) 0.3374591813 0.1907763236 1.0550663892

Upon the comparison of Strategy B and Strategy D, it is shown that ICER(B) is lower than ICER(D). This means
that strategy B strongly dominates Strategy D. Thus, Strategy B is more effective and less costly than Strategy D. A look
at Table 7 suggests that Strategy B is strongly dominated by Strategy D, which comes from the comparison of ICER(B)
and ICER(D), where ICER(D) is greater than ICER(B). Thus, Strategy B is more effective and less costly than Strategy
D. Consequently, the most cost-effective strategy according to ICER cost analysis approach is Strategy B, confirming the
results of the ACER methods obtained earlier. It therefore follows from the cost-effectiveness analysis that combination
of the effort of public awareness measures with empowerment rate control is the most effective and least costly control
intervention strategy capable of diminishing the burden of alcoholism addict and poverty optimally in the population.

It is worthy of note that Strategy D produces the least total cost required to achieve the optimal control of illicit drug
use and terrorism in the population as given in Table 5. This is clearly presented in Fig. 8, 9, 10 and 11, which also
reaffirms the results obtained from the ACER and ICER methods that Strategy D is the most cost-effective strategy.
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Fig. 9: Pie chart of the total poverty and alcoholism incidence averted by all the implemented intervention strategies

5 Conclusion

In this research, we extend the work of [39] by considering some analysis under the autonomous system, which they did
not consider and primary extents it to the non-autonomous system. It is because poverty and alcoholism are among the top
challenges confronting societies worldwide and an essential subject of research in the last few decades. A deterministic
model governed by a system of nonlinear differential equations was developed in this work. The primary purpose of
this work is to proffer a solution to the burden of poverty and alcoholism in a population. The model was studied under
two different systems, namely: autonomous and non-autonomous systems. Under the autonomous system, the following
analysis was carried out; Poverty and alcoholism reproduction number R0 using the next-generation method, which was
done to know all the parameters contributing to the dynamics of poverty and alcoholism in a population.

The local and global sensitivity analysis was done using the normalized forward method and Latin hypercube sampling
and partial rank correlation coefficients, respectively; this was done to identify the parameters of the model that most
influence thy dynamical behaviour of the model. The following parameters has a positive index (i.e σ1 and Λ ) while µ and
µ1 has a negative index. The two sensitivity analysis used established worked in agreement. The non-autonomous model
with three time-dependent controls; the controls are public awareness control, rehabilitation control and empowerment
rate control were used. Pontryagin’s Maximum Principle is to find the optimal solution to the poverty and alcoholism
control problem.

Cost-effectiveness analysis was conducted to further affirm the results of the optimal control problem by using the
average cost-effectiveness ratio and incremental cost-effectiveness ratio methods. The cost-effectiveness analysis shows
that Strategy B, which combines optimal public awareness control and empowering rate control, is the most cost-effective.
It further affirms the saying that precaution is better than cure. Numerical simulations were presented to buttress all the
qualitative results.
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Fig. 10: Plots of the total cost expended on all the implemented intervention strategies

Fig. 11: Pie chart of the total cost expended on all the implemented intervention strategies
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