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Abstract: In this manuscript, we concentrated on extracting some fixed point results for cyclic contraction mappings under mild
contractive conditions in the context of C*-algebra. These results are considered a generalization and extension of some results in the
scientific literature such as the results of Banach, Kannan and Chatterjea in the setting of C*-algebra valued b-metric spaces. We present
some definitions, supportive examples and an application related to nonlinear integral equation to support our main results.
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1 Scientific Introduction

Fixed-point (FP) theory is an active, exciting, and important component in the field of functional analysis. Owing to the
smoothness and flexibility of the FP method, it has not only found many important applications in mathematics, but also
has applications in various sciences such as modern optimization, Computer science, mechanical engineering,
economics, astronomy, biology, and chemistry. For instance, FP theory has numerous pure and applied mathematics
applications such as root finding and iterative methods (Numerical Analysis), studying dynamic systems described by
ordinary differential equations (ODESs) in addition analyzing the stability and behavior of equilibrium states (Differential
Equations), determining the equilibrium points of control systems (Control Theory), studying isometries and symmetries
of geometric shapes and figures (Geometry), studying geodesics and minimal surfaces (Differential Geometry), and
showing the existence and uniqueness of solutions to integral, differential, integro-deifferential, and fractional differenial
equations in function spaces (Functional Analysis).

The FP method was able to solve many problems of mathematical modeling and nonlinear analysis using Banach’s
contraction principle (BCP) [1]. This principle is considered to be the bridge that researchers cross to obtain reliable
results and super-applications in this direction. As known, BCP is a very straightforward, practical, and traditional method
utilized in modern analysis. In general, BCP has been broadly generalized in two directions. On one hand, Weakly
contractive (expansive) condition is used instead of usual contractive (expansive) condition. On the opposite hand, metric
spaces with an ordered or partially ordered structure take the role of action spaces. BCP is more realistic when the operator
is continuous but in the non-continuous state, there is an obvious shortcoming. Hence, many researchers tend to overcome
this drawback by using new constraints (e.g. [2,3,4,5,6,7,8]) or by generalizing the space (e.g. [9,10,11,12,13, 14,15,
16,19,17,18]).

BCP is a critically significant theorem and a useful tool in the study of metric spaces, b-metric spaces and etc.
Numerous generalizations of the concept of metric space have been constructed, and several fixed-point theorems have
been established in these spaces (see [20,21,22,23]. In particular, Bakhtin [24] and Czerwik [25] proposed the b-metric
spaces, so that the triangle was replaced by the b-triangle inequality. A b-metric space is not always a metric space, but
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any metric space is also a b-metric space. Numerous fixed-point results have been found on these spaces (see [26,27,28]).

C*-algebra valued b-metric spaces (C*-algebra Vb — MSs) are a fascinating and strong topic of research at the point
of intersection between functional analysis and metric spaces. The concept of metric space is extended to the context in
which distances are established using operators from C*-algebras in C*-algebra valued metric spaces (C*-algebra VMSs)
and after that in C*-algebra Vb — MSs. In 2014, Ma et al.[29] replaced the set of real numbers with the set of all positive
elements of unital C*-algebra to obtain a C*-algebra VMSs. They studied the topological properties of this space and
obtained some nice fixed point results under suitable contractive conditions, for more details, see [30,31]. Recently, a lot
of researchers introduced their work depending on the extension of BCP for C*-algebra VMSs. Later, Batul and Kamran
[32] presented the concept of C*-valued contractive type mapping and investigated a FP result in this context. Inspired by
the concepts and results presented in[29,32,33,34], Kamran et al.[35] established a new concept of C*-algebra Vb — MSs
and introduced a FP result in such spaces. The significance and essential characteristics of the idea of C*-algebra Vb —MSs
will be discussed in this article.

Integral equations (IEs) are mathematical equations that involve integral expressions with unknown functions. Due to
their capacity to model complicated processes, these equations have been extensively investigated and used in a wide
range of scientific and technical fields. IEs provide power solutions to many problems that would be difficult to resolve
with traditional differential equations. There are two fundamental categories of IEs: Fredholm and Volterra equations. In
Fredholm integral equations (FIEs), the unknown function only appears within the integral, in contrast to Volterra
integral equations (VIESs), it appears both within and outside the integral. These equations have a wide range of practical
applications in many disciplines, including physics, engineering, biology, economics, and others. For instance, they are
employed in the study of a variety of topics such as fluid dynamics, signal processing, heat conduction, population
dynamics, and electrical circuits, among others. The relationship between FP theorems and IEs is quite interesting, as
FP theorems represent an effective mathematical technique for showing and illustrating the existence and uniqueness of
solutions to many types of IEs, in order to acquire more information (see[36,37,38,39,40,41,42,43,44,45,46,47]).

The main purpose of this article is to discuss FP results within the context of cyclic contraction mappings in C*-
algebra Vb — MSs. Our work aims to advance and acquire the knowledge of FP theory in this general, influential, and
powerful context. We can develop a strong theoretical basis that can be used to solve a variety of mathematical and
practical problems by investigating FP results in the context of cyclic contraction mappings and C*-algebra Vb — MSs. To
support and illustrate our theoretical results, we present a variety examples and applictation that display the applicability
and effectiveness of our methodologies.

2 Basic facts

This part is devoted to introducing some fundamental properties of C*-algebra Vb — MSs and b-metric space, which
will be used in the research.

Definition 1. /25] Assume that 2" is a non-empty set. A mapping dj, : 2" x 2 — RY is called b-valued metric on %
if there exists b > 1 verifies the following assumptions: For v,®,% € 2,

(b1) db(vvw) =0y and db(vvw) =0p l.]y V=00;

(b2) db(V, w) = db(wa V);

(b3) db(V, w) =b [db(vv 19) + db(ﬁv (D)],

forall v,@, 0. The pair (Z ,dp)is called a b-metric space.

Example 1. [48] Suppose that 2" = [1,%). Define dj, : 2" x 2 — RT by dp(v,®) = |v — @|%. Then (2 ,d}) is a
b-metric space with coefficient b = 2.

Definition 2. [49] Assume that A is unital algebra with unit .%. Then, for all h,{ € A

(i) A conjugate linear mapping hi— h* on A such that h = ™ and (h()* = (*h* is considered an involution on A,
then the pair (A, x) is called x-algebra;
(ii) A x-algebra A with complete submultiplicative norm such that ||h*|| = ||h|| is called ~ Banach x-algebra;

(iii) A C*-algebra is a Banach -algebra such that |*h|| = ||1||*.

Remark. [29] A C*-algebra has many examples such as the set of complex numbers, the set of n x n-matrices, .#,(C),
and the set of all bounded linear operators on a Hilbert space ¢, .Z ().

Definition 3. [50] Let 2~ be a non-empty set. A mapping d : 2" x X — A is called C*-algebra valued b-metric on &
if there exists b € A,Jr such that b = .7 satisfies the following assertions: For v,®,9% € 4,
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(C*b1)d(v,@) =0y and d(v,0) =0y iff v=0O
(C'by) d(v,@) =d(@,V);
(C*b3) d(v o) =<Dbld (v ¥)+d(0, o))

Then, (2 ,A,d) is called C*-algebra Vb — MSs.

Below is a new example on the C*-algebra Vb — MSs.
Example 2. Let 2" =C and A = .#,(C) be a C*-algebra. Define a mapping d : 2" x 2" — M, (C) by

C||‘l9]7192|p"' 0
d(0,%) = : : :
0 e Cn | O — O”

where c1,¢2, ..., ¢, are constants and 91,1, ..., %, € 2 . Hypotheses (C*b;) and (C*b,) are easy to achieve. To prove the
assertion (C*b3), we find that the below inequality holds for all p > 1.

91— 5] 2277 (|01 = D)7 + [0 — 05 )

Hence, we have

d(9n,03) 2277 (d(D1, ) +d (B2, ).
Therefore, (27, A,d) is a C*-algebra Vb — MSs.
Remark. [49] When A is a unital C*-algebra, then for every v € A} wehave v < .7 & ||v]| < 1.

Definition 4. [50] Let (2", A,d) be a C*-algebra Vb — MSs. Then

(i) {vu} convergesto v € 2 with respect to (shortly w.rt.) A, if for any € > 0 there is N such that for all n > N,
d(va, V) < &, and we say that v is the limit of {v,}, i.e., lim v, = v;
n—soo

(ii) {vn} is called Cauchy sequence w.r.t. A iff for any € > 0 there is N such that for all n,m > N, ||d(Vy, V)| < &;
(iii) (Z',A,d) is called a complete if every Cauchy sequence w.r.t. A is convergent.

The following results introduced in the work of [51]:

Theorem 1. Suppose that A be a C*-algebra, then:

(1) The set A is closed cone in A (a cone C in a complex or real vector space is a subset closed — under addition and
scalar multiplication by R.).

(2) The set {h*h:h e A} is equal to the set A..

(3)If0p =1 2 €, then ||n|| < [|€]].

(4)If I and { are positive invertible elements and A is unital, then T < £ =04 < 0~V <p~ L,

Lemma 1. Assume that A be a unital C*-algebra with a unit .7, then:
(D) If he Ay with k|| <1/2, then .# — I is invertible and ||h(.7 —h)~"| < 1.
(2) Let h,t € A with h,0 > 0y and Wl = (h; then il = 0y.
(3) Define A" = {he A:hl=(h, Y 0 eA}. Suppose that h € Ay if Lu € A with £ = u= 0y and & —h e A; is
invertible operator, then
(F—) = (T —h)!

In 2003, Kirk et al. [52] investigated mappings that satisfy the cyclic contraction condition in a fixed-point setting.

Definition 5. Suppose that & and 2 are non-empty sets of a metric space (2 ,d). Then

(i) A mapping T : P U2 — P U2 is called a cyclicif 7(2)C P and T (P)C 2;

(i) 7 is called cyclic contraction if there exists h € (0,1) such that d(Tv,7®) < hd(v,®) forall ve P and
oec.

In 2011, Karapinar et al. [37] proposed Kannan-type cyclic contractions and Chatterjea-type cyclic contractions.
Furthermore, they summarize some fixed point theorems for cyclic contractions in the complete metric space as follows:
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Theorem 2. (Kannan type). Let & and 2 be non-empty subsets of a metric spaces (2 ,d) and T : P UVL2 — P UL
be a cyclic mapping (shortly CM) such that

d(Tv, T7®) <k|d(v,7v)+d®, yw)}, forall ve P, ®ec 2,

Then 7 owns a unique fixed point (shortly UFP) in &2 N2 provided that k € [0, %)

Theorem 3. (Chatterjea type). Let & and 2 be non-empty subsets of a metric spaces (Z',d) and T : U2 — P U2
be a CM such that

d(Tv,T®) <k|d(®@, Tv)+d(v, 9@)}, forall ve P, @€ 2,

Then .7 owns a UFP in & N2 provided that k € |0, %)

Definition 6. [53] Assume that A refer to the set of all functions A : Ri — Ry that are satisfying the following
conditions:

Ap o U is continuous;
A U(l‘],tz,l‘3,l‘4) = 0 iff nntsty = 0.

Example 3. [53] The following functions are included of A :

(1) O(t1,00,t3,84) = L min{ty,t0,13,14}, where L # 0 is a constant;
(2) O(t1,0,13,14) = titataty;

(3) U(l‘],tz,l‘3,l‘4) = ln(1+t|t2t3t4);

(4) U(ll,tz,t3,t4) = il _ 1,

Example 4. The following functions are part of A :

(1) U(l‘],tz,l‘3,l‘4) = L sin (l‘]l‘zl‘3l‘4);

(2) O(t1,t,13,14) = sinh (t1t21314);

(3) O(t1,12,13,14) = cos (titatsty) — 1

(4) O(11,12,13,14) = exp (1 —cosh(rinrtzts)) —1;
(5) O(t1,0,13,14) = In(1+tan(r1121314)).

3 Main results

In the first part, we combine the results of Banach and Kannan with continuous function U to obtain the following
definition in C*-algebra Vb — MSs.

Definition 7. Ler (27,A,d) be a C*-algebra Vb — MSs. We say that a mapping 7 : U2 — P U2 is a A-cyclic
Banach-Kannan type (A-CBKT) mapping if the following inequality holds:

d(Tv,T7@) < A [d(v,ax)+d(v,m) +d(a;,9a;)}

cd(w,ﬂv))

1B (d(v.7V). d(®@,70), dv.7®), <7

(1)

1
forall ve P, @€ 2,c>1and A, B € Ay suchthat ||A]] < 3]

In order to discuss the existence and uniqueness of the fixed point for the mapping .77, we give the following theorem:

Theorem 4. Let & and 2 be non-empty closed subset of a complete C*-algebra Vb —MS (2" ,A,d) and T be a
A-CBKT mapping. Then 7 possesses a UFP in 2N 2.
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Proof. Let vy be arbitrary element in 2. Since .7 is CM, we get TVvy € 2 and T2vy € P. Set Vo1 = TV, =
T" vy, n €N, and applying the condition (1), we have

d(vmer»l) = d(yvnflayvn)
= A [d(vnflzvn)'f'd(vnfl;yvnfl)+d(vn;yvn)}

cd(v,,,ﬂv,,,l))

Jrﬁ O (d(V”,],yVn,I), d(Vn,yVn), d(vnfl;yvn)y 1—|—C2

=2 [d(vnfl,vn)+d(vn71,vn) +d(vn,vn+1)}

+ B O (d(V”,],Vn), d(vnavn+l)a d(Vn,I,V,H,l), O)

= d(Vp—1,Vas1) +24d(Vy—1, V) + A d(Vi, Vis1),

that is

(I —=A)d(Va,Viy1) = 24d(Vy—1,Vn),

1 1
where A € Ay and |4 < =— < =.
3l 2

Using the condition (1) of Lemma 1, we get .# — A is invertible and |24 (.# — 1)~ '|| < 1. Thus

d(Vp, V1) = 2A(F =) 1d(Vu_1, V),

this implies that

d(vnvvthI) = ,LLd(V,H],Vn)

j Nz d(vn72; anl)

<u"d(vo,vi) =u"é.

where g =2A (& — A1)~ and & =d(vo, ).
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Next, we claim that {v,, } is Cauchy sequence with respect to A. Assume that m > n, for every m,n € N, then we get

d(Vi, Vi) = bd(Vy, V1) + b2 d (Vo 1, Vi) + oo £ 0" d (Vi 1, Vi)

=< b[.l”é + bzﬂn+lfé + .”ermfnumflfé

m—1
_ Z bkfthlukg.
k=n

m—1 - 2
U | b e

k=n

m—1 - 2
SIS s 4|
k=n

m=1|| g1 |2 2 2
o e I
k=n

m—1

IEI Y ol ]
k=n

m—1

< IENY 160 lu]*
k=n

m—1

= 18l 'L el 1wl 7
<] kf’,(llbl it s
bl l))”
SIS T e
Consider that

Il = lipl[[22 (7 = )7 < 2fiBl AL (7 = 2)7"|

— 2l A1 || Y || < 28111 3 1)1
j=0 J=0
1 1 2 1
< 2|lb < = =1.
| '<3|b|) A <311
Thus
bl )"
el ————7——=F — 0y as n—>oo.
Il T e em

Consequently, {v,, } is Cauchy sequence w.r.t. A. From the completeness of (2", A, d), there exists an element v € 2~
such that lim v, = v.
m—yoo

Since {va,} is a sequence in & and {V,,_;} in 2, we find that both sequences converge to the same limit v.
Furthermore, since &2 and 2 are closed sets, this leads to v € &2 N 2.
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Now, consider

d(Tv,v) b [d(ﬂv,fvzm)—kd(ﬂvm,v)
=bd(Tv,7(TVou-1))+bd(T Vo,V)
=bA {d(v,fvz,n,l)+d(§v2m,],§v)+d(v,ﬂv2m)}

d(TVou_1,TV
40 B (4, 7). d(T v, T(TVan 1), A, T (v ), SN2l T )
+b d(T Vo, V)
=bA {d(V;VZm)+d(V2ma§V)+d(VaV2m+l)}

cd(Vo, TV)

+bﬁ O (d(v,y\/), d(v2m7v2m+l)a d(v7v2m+l)7 1+C2

) + bd(vaner,v).
Taking m — oo, we get
d(Fv,v) Zbll[[Alld(Tv,v)

1
< o] <—3||b|\

which is a contradiction, then d (.7 v, V) = 04, thatis, v = 7 v. This means V is a fixed point (FP) of 7. For uniqueness,
let @ is another fixed point (FP) of .7 such that @ # v, then

0p <d(v,®) =d(TVv,T@) < A [d(v,w) +d(v, V) +d(@, yw)}

)d(ﬁv,v) = % d(Tv,v),

+B 0 (d(v,ﬂv), d@,7®),dv,70), %)
=21d(v,m)
= |[Alld(v, @)

1
< (577 ) dv.@) < d(v. @),
3ol
a contradiction again where ||b|| > 1. Hence v = @ is a UFP in & N2 and this completes the proof.

If we combine the results of Banach and Kannan only, we will get the following definition and corollary in C*-algebra
Vb — MSs.

Definition 8. Let (2, A,d) be a C*-algebra Vb — MSs. We say that a mapping 7 : U2 — P UL is a cyclic Banach-
Kannan type (CBKT) mapping if the following inequality holds:
d(Tv,T7E) <A d(v,m)+d(v,yv)+d(w,yw)}, 2)

1

forall ve &, @ c 2and A € Ay suchthat |A]] < 36]
Corollary 1. Let & and 2 be non-empty closed subset of a complete C*-algebraVb—MS (2", A,d) and T be a CBKT
mapping. Then 7 possesses a UFP in 22N 2.

In the second part, we merge a continuous function U with the results of Banach and Chatterjea to get the following
definition in C*-algebra Vb — MSs:
Definition 9. Assume that (2" ,A,d) be a C*-algebra Vb — MSs. A mapping T : P UL — P UL is called a a A-cyclic
Banach-Chatterjea type (A-CBCT) mapping if the following inequality verifies:
d(Tv,T7E) <A [d(v, @) +d(@, Tv)+d(v, yw)} ,

cd(w,ﬂv))
1+c2 ’

-
3ibll (1 +2]12l))

+BU(d(v,TV), d@,T®), d(v.T®), 3)

forall ve 2, @e 2,c>1and A,B € Ay such that ||A]] <
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For discussing the existence and uniqueness of the FP for the mapping .7, we introduce the following theorem:

Theorem 5. Assume that & and 2 are non-empty closed subset of a complete C*-algebra Vb —MSs (Z',A,d) and T
be a A-CBCT mapping. Then F possesses a UFP in &N 2.

Proof. Let vy be arbitrary element in . Since .7 is CM, we get Tvy € 2 and T?vy € L. Set V1 = TV, =
T vy, n €N, and applying the condition (3), we have

d(Vn,Vat1) = d( T Vy_1, T V)
= A [d(vnflavn)+d(vn;yvn71)+d(vnflayvn)]

cd(vn,ﬂv,,,l))

+ ﬁ U (d(vn,hyvn,]), d(vf’l7§vf’l)7 d(vnflﬂgv”l)) 1+C2

= A [d(vnflavn) +d(vmvn) +d(Vn71,Vn+1)]
+ B O (A1), (Vo Vai1), (Vi1 Vi), 0)
= Ad(Vy—1,Va) +DA [d(vnfl,vn) +d(vn,vn+1)},
that is
(]_bl)d(vmer»l) = (]+b))~d(vn717vn)7

1 1
where b,A € A, with A < ————— < —,
3l (1 +2]lp[)) 2
Taking the condition (2) of Lemma 1 in consideration, we find

1

F+b)AeA; and ||PA| <||b|| ————

- 1
5
By the condition (1) of Lemma 1, we obtain

(F—-A)teA, and (F+b)A(F—bA) 'eA,,

with
[(Z+b)A (s —2)7| < 1.

Then, from the condition (3) of Lemma 1, we have
d(Va,Vpi1) =2 (F+D)A (I —bA) Ld(v, 1, V).

that is
d(Vn,Vn+1) = n d(vnflvvn)

<n*d(Va_2,Va1)

=n"d(vo,v1)=1n"¢E.

where N = (S +b) A (F —bA)~! and & =d(vy, ).
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Next, we claim that {v,,} is Cauchy sequence with respect to A. Assume that m > n, for every m,n € N, then we
obtain

d(V”,Vm) j bd(vmer»l) + bzd(VrH»lzer»Z) + ...+ bmind(vmflzvm)

=< bnné + b2 nn+14€' 4o pmn nmflfé
m—1

_ Z bmfnnk{:.
k=n

m—1

-

k=n

m—1
< EINY 1ol )
k=n

k—n+1 k

12
b2 niéi

m—1
< [IEINY 160" [Inl.7
k=n

m—1
=[5l I;(Hblll\nl\)kf

=gl i(l\blll\nl\)"f

k=n

_(lBlHim )"
SIS T Ty

Consider that

Bl 1]l = 1161 [[(7 + ) A (7 =b2)~ || < B +B)[ AN |(-7 —b2) 7"

< ||b]| (14 ||b A b || < |Ib]| (1 +||b]]) ————— b)Y
8 DA E 63| < 910+ 1) 3 162
1 1 1 1
<IN+ S e T eAl <271

Thus

F —5 04 as n— oo,

(el im )"
el e iy

Consequently, { vy, } is Cauchy sequence w.r.t. A. From the completeness of (2", A,d), there exists an element v € .2
such that lim v,,, = v.
M—oo

Since {va,} is a sequence in & and {vy,_} in 2, we find that both sequences converge to the same limit v.
Furthermore, since &2 and £ are closed sets, this leads to v € &N 2.
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Now, consider
d(Tv,v)=<b {d(ﬂv, T Vam) +d(§v2m,v)}
=bd(Tv,T(TVou—-1))+bd(T Vo, V)

~<bA [d(v,ﬂwm,l) +d(T Va1, TV) +d(V, T Vo)

Cd(<7V2m,|,yV))

+ bﬁ O (d(V,yV% d(yVZinflnyQM))a d(vvyVZ'n)a 1+CQ

+bd(T Vo, V)
<bA [d(\hvzm) +d(Vom, TV) +d(V,Vaim11)

+bBO (d(v,ﬂv), d(Vam, Vom+1), d(V, Vamt1), %)
+bd(Vami1,V).
Putting m — oo, we get
d(Tv,v) 2bAd(TVv,V)
= [IbIHIAF (T v, v)
1

<l <M> d(Tv.Y) < 5 d(TV.)

which is a contradiction, then d(.7v,v) = 04, that is, v = .7 v. This means v is a FP of .7. For uniqueness, let @ is
another FP of .7 such that @ # v, then

0n < d(v,@) = d(ﬂv,ﬂw)jl[d(v,6)+d(w,§v)+d(v,ﬁw)

+B0 (d(v, TV), d®,7®), d(v, 7o), %)
=3Ld(v,D)
=3[Alld(v. @)

1

= <3||b|<1+2|b|>> Ay, ®) = dv, ),

a contradiction again. Thus, v = @ and the proof is complete.

If we merge a continuous function U with the results of Banach and Chatterjea, we will get a new definition and
corollary in C*-algebra Vb — MSs:

Definition 10. Assume that (2", A,d) be a C*-algebra Vb — MSs. A mapping  : P U2 — P U2 is called a cyclic
Banach-Chatterjea type (CBCT) mapping if the following inequality verifies:

d(Tv,Tw) < A [d(v,w)w(w,yv)w(v,yw)}, @

1
forall ve P, e 2,c>1and A € Ay suchthat |A| < .
36l (1 +2]b11)

Corollary 2. Assume that & and 2 are non-empty closed subset of a complete C*-algebra Vb — MSs (Z',A,d) and T
be a CBCT mapping. Then 7 possesses a UFP in &N 2.

In the third part, we combine a continuous function U with the results of Banach, Kannan and Chatterjea to obtain the
following definition in C*-algebra Vb — MSs.
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Definition 11. Suppose that (2" ,A,d) be a C*-algebra Vb — MSs. Then  : U2 — P U2 is called a A-cyclic
Banach-Kannan-Chatterjea type (A-CBKCT) mapping if the following inequality satisfies: Forall v € &, @ € 2,

ATV, T@) < A [d(v,w)+d(v,yv)+d(w,yw)+d(w,yv)+d(v,yw)}

cd(ﬁi,ﬂv))7 )

+BO(dv, 7v), d(@.70), d(v, 7®), <=
-
3Bl + 181

To discuss the existence and uniqueness of the FP for the mapping .7, we present the following theorem:

where ¢ > 1 and A, € Ay such that |A| <

Theorem 6. Suppose that &7 and 2 are non-empty closed subset of a complete C*-algebra Vb —MS (2 ,A,d) and
T be a A-CBKCT mapping. Then, 7 has a UFP in &N 2.

Proof. Let v, be arbitrary element in &. Since .7 is CM, we get Tvy € 2 and T2V € P. Set Vi1 = TV, =
T vy, n €N, and applying the condition (5), we have

d(vmer»l) = d(yvnflayvn)
= A |:d(Vn,1,V,,)—l—d(Vn,l,yVn,l)+d(V”,yV”)+ d(Vn,yVn,1)+d(Vn,1,§Vn):|

cd(Vn, TVy_1) )

B (W, TVar). d(vin TV0), Va1, TV), S

=21 [d(vnfl,vn) +d(Va—1,Vn) +d(Va, Vai1) +d(Vu, Vi) +d(vn71,vn+1)}
+BG (d0n-1,), Vi), d(Va-1,V41), 0 )

= zzfd(vnflavn) "l‘)vd(vmer»l) "l‘b)v |:d(Vn,1,V,,) +d(vn7vn+1)i|

= 245) Ad(Vae1,Va) + (I +5) Ad(Vis V),
that is,
(7= (F+0)A)dVuvart) = 2+B)Ad(vao1, V),

where . +b, A € A . Taking the condition (2) of Lemma 1 in consideration, we find

1 1

F+b)AeAy and ||DA|| < ||b|| m—r < <.

By the condition (1) of Lemma 1, we obtain

(7~ (rt0)2) chr aa @i0)A(s—(540)2) ehL

with
H(2+b)l (ﬂ—(ﬂer)l)lH <1

Then, from the condition (3) of Lemma 1, we have
-1
A Vas)) 2 (+DA(F = (F+D)A) d(vao1v0).

that is
d(Vn,V,hL]) = Sd(vrzflavn)

= 8%d(Vy-2,Vn1)

=< 8"d(vp,vi)=06"&.
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where § = (. +b)A (& —bA)~! and & =d(vy,v1).
Next, we show that {v,,} is Cauchy sequence w.r.t. A. Assume that m > n, for every m,n € N, then we get

d(Vi, Vi) = bd(Vo, V1) + b2 d(Vpi1, Vi) + oo £ 0" d (Vi 1, Vi)
=< b6n§ + b26n+1§ 4o+ pmn 5m71§

m—1
Z bmfrzak é
k=n

m—1

)

k=n

k=n+1 2

b 2 6%5%

m—1

< &Y Bl 8]
k=n

A

m—1

< IIENY 1ok 18]*
k=n

m—1

= 11 °E (i 81" #
< el kf‘,<||b| 181t
(ol 151"
21l T ey
Consider that

IN

151181 = [l H(um (#-(rtnn)”

-+l | (# - +012)

oo

)3 ((f+b),1)

J=0

j
< [Ibl[ 2+ [l 1A ]

< IblC+ 10 sy ) LI +oA1
1 1 1 1

< = < = =1.
21— (F+b)A] ~ 21—

1
2
Thus

(el 131"
I T = msTy

F — 0y as n— oo,

Consequently, {v,,} is Cauchy sequence w.r.t. A. From the completeness of (2", A, d), there exists an element v € 2~
such that lim v,, = v.
m—soo

Since {va,} is a sequence in & and {V,_;} in 2, we find that both sequences converge to the same limit v.
Furthermore, since &2 and 2 are closed sets, this leadsto v € #ZN 2.
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Now, consider

d(Tv,v) b |d(TV, T Vo) +d(T V2, V)
=bd(TVv,T(TVou-1))+bd(T Vo, V)

<bA {d(v,ﬂvzm,l) +d(v,T7Vv)+d(TVon-1,T (T Vam—1))

“rd(y\/zm,l,ﬂV) +d(V,§(yV2m,1))

cd(ﬂvz,n,l,ﬂv)

+bB0 (d(v,ﬂv), d(T Vom—1,T Vom), d(V, T Vo), T+ )
+b d(T Vo, V)

X bAd(V, Vo) +bAd(V,TV)+bAd(Va, Vams1) + bAd(Vay, TV) + bAd(V,Vaps1)

cd(Vo, TV
+ bﬁ O (d(v7§v)7 d(V2m7V2m+1)a d(vav2m+1)7 % )

+bd(V2m+],V).
Taking m — oo, we obtain
d(Tv,v) 22bAd(TV,v)
=2 (b[[[[Alld(Tv,v)
1
<2|b <7> d(Tv,v
I sTere+mn ) 7Y
<2 (%) d(Tv,v)=d(Tv,v),

which is contradiction, then d(.7v,v) =0, and so v = .7v. This means v is a FP of .7. Now, let @ is another FP
of 7 such that @ # v, then

0s < d(v,@) = d(yv,yw)jx[d(v,w)+d(v,yv)+d(w,yw)+d(w,yv)+d(v,yw)}

+B 0 (d(v,ﬂv), do,7m),d(v,7 ), %)
=31d(v,®)
= 3|Alld(v,®)

1
< (3 ZIFEREN

which lead to contradiction. Thus, v = @ then we completed the proof.

) d(v,m) < d(v,0)

If we combine the results of Banach, Kannan and Chatterjea only, we will obtain the following definition and corollary
in C*-algebra Vb — MSs.

Definition 12. Suppose that (2", A,d) be a C*-algebraVb—MSs. Then T : U2 — P U2 is called a cyclic Banach-
Kannan-Chatterjea type (CBKCT) mapping if the following inequality satisfies: Forall v € &, © € 2,

d(Tv,7m) 2 A |dv,0)+d(v,7Vv)+d(®,T70)+d®,TVv)+d(v,T70)], (6)

1
361 2+ l1Bl)

Corollary 3. Suppose that & and 2 are non-empty closed subset of a complete C*-algebra Vb —MS (2 ,A,d) and
7 be a CBKCT mapping. Then, 7 has a UFP in 2N 2.

where ¢ > 1 and A € Ay such that |A]| <
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Now, we present nontrivial examples to support Corollary 2 as follow:

Example 5. Consider 2" = [0,4] be a Banach space, and the mapping d : 2" x 2~ — A" is defined by
dv,o)=|v-o|’.7
where p > 1 and . is the identity mapping. Then (2°,A",d) is a C*-algebra Vb — MS with b = 27.

v
Define the mapping .7 : U2 — U2 by TV = 1 where & = [0,2] and 2 = [0, 1]. First of all, we prove
that .7 is a CM:

Assume ve ¥ = 0<v<2 - 0§%§%
:>0§§V§% = Jvel.

Suppose e 2 —=0<o <1 — OS%S%
ﬁoﬁfﬁféi = Joc.

Hence, .7 is cyclic.
Now,

p
d(v,0)+d(v,7o)+d®,7Vv) = |[v-a|° .7+ v*g 'jJr"w*%Hp.ﬂ,

(-2)--2)
_ {H <2ip>2<§>p 7 (Iv-al’.7)
] e

1\? 1
(2_1’) I d(v,0) = T d(Tv,7o).

from the fact ||k — p||” < 27(||x||” + ||p||” ), we get

d(v,o)+d(v,7o)+d(@,Tv) = |v—o|’ .f+%

Then
d(Tv,7®) 2 A[d(v,0)+d(v,70)+d(®,TV)],

where A =227 . .7 Therefore all hypotheses of Corollary 2 are satisfied and 0 is a UFP of .7.

Example 6.  Assume that all assumptions of Example 5 are satisfied. Let 2 = (&)1<ij<<n € #,(C) and
W = (wij)i<ij<<n € Mn(C)", where .#,(C)* represent the set of all m x n-matrices with complex entries. Then the
matrix equations be

fffz.%f(f)@k:%.
k=1
Define the metric d : 2" x 2 — AT as follow
dZ.9)=|Z-%|".«a,

where p > 1 and o € A*. Then (2°,A",d) isa C*-algebra Vb — MS with b = 27.
Also, we construct the mapping .7 : U2 — U2 such that

1 L
7%= <kzl_@k (D@*’)@HW),
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where 21,%,...,%, € M,(C) suchthat ¥ _, |Z||* <1 and || #|| = 1. Now, we show that .7 is a CM:
Let e =0<2<2
= 0< 9 Z <29
= 0< I (Z) D <29 Dk
—0< (f@;(g)@k) < %(2 f@;@k)
k=1 k=1
1

1 /8, 1/&
:>ZW§Z<I;I%(EZ)@,(+W>§Z<2k21@k%+w>

1 1
— < < Z
— <1721 < 4 (

k=1

1
+3171)

1 1 &
— I <1721 < (53 L 19+ 171)
h—1

1 1
— < < [ Z
— 311721 < (3

Y % %
k=1

ﬁ%ﬁﬂfgi = JZec2.

Similarly, if % € 2, we can show that 7% € &. Thus .7 is a cyclic.

Now,
AT, TU) = (kfl@ @kw/) (kfl@ @k+7/)p.a
H{Z(kfl@ @k+W) @}
{ i(kfl@,: @k—l-W)}—i—{@—f'f}p.a

p
.

= 2”1{

i<§:}%j(f)@k+w>@

1 p

Ef——(Z@k %+W)

.a+|@—ff||1’.a}

= {|§5‘f YI.o+ |Z-TY|.a+ || —-Z|P. }

'{wf V|- 7%+ |- mn}

=20 l{dff@ +d ¥, T¥)+dZ, 9@)} 7.

It follows that
dTZ,T%) = A [d(f,@)—i—d(@,ﬂf)—i—d(f,y@) ,
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where A =27~!..#. The form of the previous inequality is equivalent to the next form:
d(Tv,T7w) <X A [d(v,w) +d(@,7v)+dv,7m)|.

Therefore all assumptions of Corollary 2 are verified and 0 is a UFP of .7.

4 Solving nonlinear integral equation

In this part, assume 2" = C([0,1],A) where C[0, 1] denotes the set of all real continuous functions on [0, 1], A be a
Banach algebra and the nonlinear integral equation

V(1) = (/01 K(t,s,v(s))ds) Iy Vieo1], )
where .#, is the identity of A, K :[0,1] x [0,1] x A — A is a continuous function and let

Tv(i) = (/OIK(t,s,v(s))ds> e @®)
Define the metric as follows:

d(v,@) = |v(t) —a@)|" . Ia ©

Clearly, (27, A,d) is a C*-algebra valued b-metric spaces with b = 27.
Leta,b € 2 and ag,by € A such that

apg = a(t) = b(l‘) =< by. (10)
For all 7 € [0, 1], Consider
1
a(f) = (/ K(t,s,b(s))ds) A (an
0
1
b(t) = </ K(t,s,a(s))ds) e (12)
0
Assume that for all 7 € [0, 1], K (¢,s,.) be a decreasing function, that is,
Vvoeh, jrk = K(t,s,v(s)). Iy <X K(t,5,0(5)). In. (13)
Also, Let
K (1,5, v(s)) — K(t,5,8(5)] < pt [v(5) — @(s). (14)

Theorem 7. Under the conditions from (9) to (14), the equation (7) has a unique solution.

Proof.Let A| and A, be a closed subsets of 2" such that

Ar={vi)e Z: vit)Ib)} X (15)
Ay={vi)e X : v(it)=alt)} X (16)
Define the map .7 : 2~ — %2 by

Tv() = (/OIK(t,s,v(s))ds) I, (17
We shall prove that

T (A1) C Ay, T(A2) CA (18)
Let v(¢) € Ay, thatis

v(t) = b(t). (19)
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Using condition (13), we get
K(t,5,v(s)). Iy = K(t,8,b(5)) . Fp Vit,s€]0,1]. (20)

By integration and using condition (11), we obtain

</01K(t,s,v(s))ds) Iy </01K(t,s,b(s))ds) Ia = alt) @1)

Then, we obtain .7V € A,.

By a similar way, let v € A, that is,

v(t) = a(r). (22)
Using condition (13), we obtain

K(t,5,v(s)). 5 2 K(t,s,a(s)). Ia Vit,s€]0,1]. (23)

By integration and using condition (12), we find

(./(;IK(t,s,v(s))ds) In = (/OIK(t,s,a(s))ds) I < blo). o1

Then, we have 7V € A;.
Now,

d(Tv,7®) = |Tv(t)— Ta0)|". Iy

-1 o] p
:‘ / K(t,s,v(s))ds—/ K(t,s,@(s))ds|| .Za
Jo Jo
1
=< A IK(2,s,v(s))—K(t,s,@(s)) ||" ds. In
< ["w V) - a9l ds. 5
= [Iip |V(s)—w(s)|”/0]ds} I
<[5 gV ELET PN TORLETPY

P
- (%) [||v—af|P In+||Tv—o|F . Iy+]||v— To|P .JA}

Then,

d(Tv,7®) < A {d(v,w)qtd(w,ﬂv)ntd(v,fw)}

p
where A = (%) . Therefore all conditions of Corollary 2 are satisfied and 0 is a unique fixed point of 7.

5 Conclusions

In fact, fixed point theory (FP) with its practical application is a dynamic, exciting, and crucial topic in the overall
context of functional analysis. Due to its positive implications, Several authors have used this theory to explain and
illustrate many generalizations, improvements and extensions to a variety of distance spaces with beneficial applications.
In this manuscript, we interested in the results of Banach, Kannan and Chatterjea in the setting of C*-algebra valued
b-metric spaces (C*-algebra Vb — MSs). We introduced some new definitions in C*-algebra Vb — MSs such as A-cyclic
Banach-Kannan type (A-CBKT) mapping, A-cyclic Banach-Chatterjea type (A-CBCT) mapping, and A-cyclic
Banach-Kannan-Chatterjea type (A-CBKCT) mapping in the main theorems. Also, we dealt with cyclic Banach-Kannan
type (CBKT) mapping, cyclic Banach-Chatterjea type (CBCT) mapping, and cyclic Banach-Kannan-Chatterjea type
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(A-CBKCT) mapping in the objective corollaries. These definitions generalize and extend the mathematical results in
the scientific literature. On the other hand, we introduced some nontrivial examples and application to the result related
to cyclic Banach-Chatterjea type mapping for solving a nolinear integral equation.As a future work, our results can be
utilized in other spaces such as C*-algebra valued metric spaces (C*-algebra VMSs), C*-algebra partial valued metric
spaces (C*-algebra PVMSs), and C*-algebra valued bipolar metric spaces (C*-algebra Bl — VMSs). Also, contraction
condition can be improved, generalized, and extended to contain @-contractions according to Berinde[54] and
{-contractions in the context of Khojasteh et al.[55].
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