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Abstract: In the present paper, we study and explore the general infinite integral involving the incomplete Aleph–functions. We also

give some corollaries in terms of other incomplete special functions by specializing the parameters of incomplete Aleph-functions (for

example, incomplete I-function, incomplete H-function). The results presented in this paper are unified and general in nature.

Keywords: Incomplete Gamma function, incomplete Aleph–function, Mellin-Barnes contour integrals, infinite integral.

1 Introduction and Preliminaries

Srivastava et al. [1] have studied the incomplete
Gamma–function and incomplete hypergeometric
function. Recently, Srivastava et al. [2] have introduced
and studied the incomplete H–function and the
incomplete H̄–function. Several authors, Bansal et al. [3],
Bansal and Kumar [4] and Bansal et al. [5] have
introduced and studied the incomplete Aleph–function,
the incomplete I–function and calculated the integrals
about the incomplete H–function respectively. More
recently, Kumar et al. [6] have studied the Boros integral
with three parameters involving the incomplete
I–functions and generalized multi-index Mittag-Leffler
function. In this paper, we study the generalized finite
integral concerning the product of the incomplete
Aleph–function, defined here and the elliptic integrals of
the first kind.
The incomplete Gamma functions γ (α,x) and Γ (α,x)
are defined as follows:

γ (α,x) =

∫ x

0
uα−1 e−u du (ℜ(α)> 0;x > 0) . (1)

Γ (α,x) =

∫ ∞

x
uα−1 e−u du, (2)

where, x > 0; ℜ(α)> 0 when x = 0.

We have the following relation:

γ (α,x)+Γ (α,x) = Γ (α) (ℜ(α)> 0) . (3)

Now, we give the expression of the incomplete

Aleph–functions (Γ )ℵ
m,n
pi,qi,τi,r(z) and (γ)ℵ

m,n
pi,qi,r(z) defined

by Bansal et al. [3], as follows:

(Γ )ℵm,n
pi ,qi ,τi ,r

(z) = (Γ )ℵm,n
pi ,qi ,τi ,r



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,n
, [τi (a ji,A ji)]n+1,pi

(g j ,G j)1,m
, [τi (g ji,G ji)]m+1,qi





=
1

2πω

∫

L

Γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G js)

∑r
i=1 τi

[

∏
qi
j=m+1 Γ (1−g ji −G jis) ∏

pi
j=n+1 Γ (a ji +A jis)

] z−sds,

(4)

and

(γ)ℵm,n
pi ,qi ,τi ,r

(z) = (γ)ℵm,n
pi ,qi ,τi ,r



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,n
, [τi (a ji,A ji)]n+1,pi

(g j ,G j)1,m
, [τi (g ji,G ji)]m+1,qi





=
1

2πω

∫

L

γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G js)

∑r
i=1 τi

[

∏
qi
j=m+1 Γ (1−g ji −G jis) ∏

pi
j=n+1 Γ (a ji +A jis)

] z−sds.

(5)

The incomplete ℵ-functions (Γ )ℵm,n
pi,qi,τi,r(z) and

(γ)ℵ
m,n
pi,qi,r(z) defined above exits for x ≥ 0 and the

following validities conditions.
The contour L is in the s–plane and run from σ − i∞ to

σ + i∞ where σ if is a real number with loop, if necessary
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to ensure that the poles of Γ (1− a j −A js) , j = 2, · · · ,n
to the right of the contour L and the poles of
Γ (g j +G js) , j = 1, · · · ,m to the left of the contour L.
The parameters τi,m,n, pi,qi are positive numbers
satisfying 0 ≤ n ≤ pi, 0 ≤ m ≤ qi and a j,g j,a ji,g ji are
complex numbers. These poles of the integrand are
assumed to be simple. We have the following conditions:

Ωi > 0, |arg(z)|< π

2
Ωi, i = 1, · · · ,r (6)

Ω j ≥ 0, |arg(z)|< π

2
Ωi and ℜ(ζi)+1 < 0, (7)

where

Ωi =
n

∑
j=1

A j +
m

∑
j=1

G j − τi max
1≤i≤r

(

pi

∑
j=n+1

A ji +
qi

∑
j=m+1

G ji

)

, (8)

and

ζi =
m

∑
j=1

g j −
n

∑
j=1

a j + τi

(

qi

∑
j=m+1

g ji −
pi

∑
j=n+1

a ji

)

+
pi −qi

2
, i = 1, · · · ,r. (9)

We have the following relation:

(Γ )ℵm,n
pi,qi,τi,r (z)+

(γ)ℵm,n
pi,qi,τi,r (z) = ℵm,n

pi,qi,τi,r (z) . (10)

ℵm,n
pi,qi,τi,r (z) is the Aleph–function defined by Südland et

al. [7] and studied by many authors, for eg, Choi and
Kumar [8,9], Kumar et al. [10], Kumar and Choi [11],
Ram and Kumar [12], Saxena and Kumar [13], Südland et
al. [14], and etc.
If we set τi → 1, then the incomplete ℵ–functions
(Γ )ℵm,n

pi,qi,τi,r (z) and (γ)ℵm,n
pi,qi,r (z) reduce respectively to

incomplete I-functions (Γ )I
m,n
pi,qi,r (z) and (γ)I

m,n
pi,qi,r (z) (see

also, [6]), given as follows:

(Γ )Im,n
pi ,qi ,r

(z) = (Γ )Im,n
pi ,qi ,r



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,n
, (a ji,A ji)n+1,pi

(g j ,G j)1,m
, (g ji,G ji)m+1,qi





=
1

2πω

∫

L

Γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G js)

∑r
i=1

[

∏
qi
j=m+1 Γ (1−g ji −G jis) ∏

pi
j=n+1 Γ (a ji +A jis)

] z−sds,

(11)

and

(γ)Im,n
pi ,qi ,r

(z) = (γ)Im,n
pi ,qi ,r



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,n
, (a ji,A ji)n+1,pi

(g j ,G j)1,m
, (g ji,G ji)m+1,qi





=
1

2πω

∫

L

γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G j s)

∑r
i=1

[

∏
qi
j=m+1 Γ (1−g ji −G jis) ∏

pi
j=n+1 Γ (a ji +A jis)

] z−sds,

(12)

under the same conditions that above with τi → 1. Now, we

suppose r = 1, the incomplete I-functions (Γ )I
m,n
pi,qi,r(z) and

(γ)I
m,n
pi,qi,r(z) reduce respectively to incomplete H-functions

(Γ )H
m,n
p,q (z) and (γ)H

m,n
p,q (z), given as follows:

(Γ )Hm,n
p,q (z) = (Γ )Hm,n

p,q



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,p

(g j ,G j)1,q





=
1

2πω

∫

L

Γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G js)

∏
q
j=m+1 Γ (1−g j −G js) ∏

p
j=n+1 Γ (a j +A js)

z−sds,

(13)

and

(γ)Hm,n
p,q (z) = (γ)Hm,n

p,q



z

∣

∣

∣

∣

∣

∣

(a1,A1,x) , (a j ,A j)2,p

(g j ,G j)1,q





=
1

2πω

∫

L

γ (1−a1 −A1s,x) ∏n
j=2 Γ (1−a j −A js) ∏m

j=1 Γ (g j +G js)

∏
q
j=m+1 Γ (1−g j −G js) ∏

p
j=n+1 Γ (a j +A js)

z−sds,

(14)

under the same conditions verified by the incomplete I-functions with r = 1. By
using the formula (5), we have the following relations:

(Γ )Im,n
pi,qi,r

(z)+ (γ)Im,n
pi,qi,r

(z) = Im,n
pi,qi,r

(z) , (15)

the function I
m,n
pi,qi,r(z) being the function defined by Saxena

[15], and

(Γ )Hm,n
p,q (z)+ (γ)Hm,n

p,q (z) = Hm,n
p,q (z) . (16)

2 Required integral

In this section, we give an generalized infinite integral, see
Prudnikov et al. [16, Ch 2.2.11, page 314].

Lemma 1.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ dx = 21∓α υ zα−υ











Γ (2α)Γ (υ−α)
Γ (1+α+υ)

2−υ Γ (2υ−2α)Γ (α)
Γ (1+2υ−α)











, (17)

where

|arg (z)|< π , 0 < ℜ(α)< ℜ(υ) .

3 Main integrals

Now, we will give a general infinite integral.
Let

Xα ,υ =
xα

(

x+ z+

√

{

x2

z2

}

+ 2xz

)υ . (18)

Next, we define the unified infinite integral involving the
incomplete Aleph–functions. the general result with an
unified infinite integrals with several parameters.

Theorem 1.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(Γ )ℵm,n

pi ,qi ,τi ,r
(ZXa,b) dx = 21∓α zα−υ







1

2−υ







× (Γ )ℵm,n+3
pi+3,qi+2,τi ,r





{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

,

(g j ,G j)1,m
,

(a j ,A j)2,n
, [τi (a ji,A ji)]n+1,pi

[τi (g ji,G ji)]m+1,qi
,

{

B1

B2

}



 . (19)

Provided that

|arg(z)| < π , 0 < ℜ(α) < ℜ(υ) and we have the

following conditions: 0 < a,b,x′, 2a − b, a − b,
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0 < ℜ(α) + bmin16 j6m ℜ
(

g j

G j

)

< ℜ(υ)

+amin16 j6m ℜ
(

g j

G j

)

+ 1
2
, Ωi > 0, |arg(z)| <

π
2

Ωi,

i = 1, · · · ,r or Ωi ≥ 0, |arg(z)|< π
2

Ωi and ℜ(ζi)+1 < 0,

Ωi and ζi is defined by (8) and (9) respectively,

where

A1 = (−υ ;b) , (1− 2α;2a), (1+α −υ ;b− a);

B1 = (1−υ ;b),(−α −υ ;a+ b); (20)

A2 = (−υ ;b) , (1− 2υ + 2α;2b− 2a), (1−α;a);

B2 = (1−υ ;b),(α − 2υ ;2b− a). (21)

Proof.To prove the (19), first we express the modified
incomplete Aleph–function in Mellin-Barnes contour
integral with the help of (4) and interchange the order of
integrations which is acceptable due to absolute
convergence of the integral involved. Next, expressing the
quantity X{.} in function of x and collecting the power of

x, then we have I (say), as given by

I =
∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(Γ )ℵm,n

pi ,qi ,τi ,r
(Z Xa,b) dx

=

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ

× 1

2πω

∫

L

Γ (1−a1 −A1t,x′) ∏n
j=2 Γ (1−a j −A jt) ∏m

j=1 Γ (g j +G jt)

∑r
i=1 τi

[

∏
qi
j=m+1 Γ (1−g ji −G jit) ∏

pi
j=n+1 Γ (a ji +A jit)

]

× Z−t X−t
a,b dt dx. (22)

On changing the order of integration, we arrive at

I =
1

2πω

∫

L

Γ (1−a1 −b1t,x′) ∏n
j=2 Γ (1−a j −A jt) ∏m

j=1 Γ (g j +G jt)

∑r
i=1 τi

[

∏
qi
j=m+1 Γ (1−g jit −G jit) ∏

pi
j=n+1 Γ (a ji +b jit)

]

×
∫ +∞

0

xα−at−1

(

x+ z+
√

A+2xz
)υ−bt

Z−t dxdt. (23)

By replacing α by (α − at) and υ by (υ − bt) respectively
then applying lemma 1, this gives

I =
∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(Γ )ℵm,n

pi ,qi ,τi ,r
(Z Xa,b) dx

= 21∓α zα−υ 1

2πω

∫

L

Γ (1−a1 −A1t,x′) ∏n
j=2 Γ (1−a j −A jt) ∏m

j=1 Γ (g j +G jt)

∑r
i=1 τi

[

∏
qi
j=m+1 Γ (1−g ji −G jit) ∏

pi
j=n+1 Γ (a ji +A jit)

]

×















2at z−at+bt Γ (2α−2at)Γ (υ−α+at−bt)
Γ (1+α+υ−at−bt)

z−at+bt 2−υ−at+bt Γ (2υ−2α+2at−2bt)Γ (α−at)
Γ (1+2υ−α+at−2bt)















Z−t (υ −bt)dt. (24)

By applying the definition of the Gamma incomplete
Aleph–function by the contour integral (see the equation
(4), we have desired result (18).

Theorem 2.By the similar method as done in (19), we
prove the following formula about the incomplete gamma

Aleph-function:

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(γ)ℵm,n

pi ,qi ,τi ,r
(ZXa,b) dx = 21∓α zα−υ







1

2−υ







× (γ)ℵm,n+3
pi+3,qi+2,τi ,r





{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

,

(g j ,G j)1,m
,

(a j ,A j)2,n
, [τi (a ji,A ji)]n+1,pi

[τi (g ji,G ji)]m+1,qi
,

{

B1

B2

}



 (25)

with the same conditions and notations that (19).

4 Special cases

In this section, we give special cases of our main results
concerning the incomplete I–functions and incomplete H–
function, We have

Corollary 1.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(Γ )Im,n

pi ,qi ,r
(Z Xa,b) dx = 21∓α zα−υ







1

2−υ







× (Γ )I
m,n+3
pi+3,qi+2,r









{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

,

(g j ,G j)1,m
,

(a j ,A j)2,n
, [(a ji,A ji)]n+1,pi

[(g ji,G ji)]m+1,qi
,

{

B1

B2

}









, (26)

provided that, |arg(z)| < π , 0 < ℜ(α) < ℜ(υ) and we
have the following conditions: 0 < a,b,x′,b − 2a,b− a,

0 < ℜ(α) − bmin16 j6m ℜ
(

g j

G j

)

<

ℜ(υ)− amin16 j6m ℜ
(

g j

G j

)

+ 1
2
,Ωi > 0, |arg(z)| < π

2
Ωi

for i = 1, · · · ,r; Ωi > 0, |arg(z)| < π
2

Ωi, i = 1, · · · ,r or

Ωi ≥ 0, |arg(z)|< π
2

Ωi and ℜ(ζi)+ 1 < 0, where

Ωi =
n

∑
j=1

A j +
m

∑
j=1

G j − max
1≤i≤r

(

pi

∑
j=n+1

A ji +
qi

∑
j=m+1

G ji

)

, (27)

and

ζi =
m

∑
j=1

g j −
n

∑
j=1

a j +

(

qi

∑
j=m+1

g ji −
pi

∑
j=n+1

a ji

)

+
pi −qi

2
, i = 1, · · · ,r. (28)

Corollary 2.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(γ)Im,n

pi ,qi ,r
(Z Xa,b) dx = 21∓α zα−υ







1

2−υ







× (γ)I
m,n+3
pi+3,qi+2,r









{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

,

(g j ,G j)1,m
,

(a j ,A j)2,n
, [(a ji,A ji)]n+1,pi

[(g ji,G ji)]m+1,qi
,

{

B1

B2

}









, (29)

under the same conditions that the corollary 1.
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Corollary 3.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(Γ )Hm,n

p,q (Z Xa,b) dx = 21∓α zα−υ







1

2−υ







× (Γ )H
m,n+3
p+3,q+2











{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

, (a j ,A j)2,p

(g j ,G j)1,q

{

B1

B2

}











. (30)

Provided that, |arg(z)| < π , 0 < ℜ(α) < ℜ(υ) and we

have the following conditions: 0 < a,b,x′,b− 2a,b− a,

0 < ℜ(α)+a min
16 j6m

ℜ

(

g j

G j

)

< ℜ(υ)+b min
16 j6m

ℜ

(

g j

G j

)

+
1

2

, Ω ≥ 0, |arg (z)|< π
2

Ω , and ℜ(ζ )+1 < 0, where

Ω =
n

∑
j=2

A j +
m

∑
j=1

G j −
(

p

∑
j=n+1

A j +
q

∑
j=m+1

G j

)

, (31)

and

ζ =
m

∑
j=1

g j −
n

∑
j=2

a j +

(

q

∑
j=m+1

g j −
p

∑
j=n+1

a j

)

+
p−q

2
. (32)

Corollary 4.

∫ ∞

0

xα−1

(

x+ z+

√

{

x2

z2

}

+2xz

)υ
(γ)Hm,n

p,q (Z Xa,b) dx = 21∓α zα−υ







1

2−υ







× (γ)H
m,n+3
p+3,q+2











{

2−aza−bZ

2a−bza−bZ

}

∣

∣

∣

∣

∣

∣

∣

∣

∣

(a1,A1,x
′) ,

{

A1

A2

}

, (a j ,A j)2,p

(g j ,G j)1,q

{

B1

B2

}











. (33)

Remark.We have the same generalized finite integral with
the ℵ–function [12,7], the I-function [17,15] and the
Fox’s H-function [18,19].

5 Conclusions and Future work

The significance of our given results lies in their manifold
generality. First, by specializing the various parameters as
well as variable in the incomplete Aleph-functions
(Γ )ℵm,n

pi,qi,τi,r (z) and (γ)ℵm,n
pi,qi,τi,r (z), we can obtain a large

number of results involving remarkably broad variety of
useful special functions which are explicable in terms of
I-function defined by Saxena [15], H-function, Meijer’s
G-function, E-function, and hypergeometric function of
one variable. Secondly, by specializing the parameters of
unified infinite integral given in this paper, we can also
get plenty of integrals involving the incomplete
Aleph–functions, the incomplete I–functions and the
incomplete H-functions.
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