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Abstract: In this paper, we investigate the number of nodes of same ooltichromatic balanced trees. We first present a dynamic
programming algorithm for computing the maximum number ed internal nodes in a dichromatic balanced trees1deys in
O(n?logn) time. Then the time complexity is improved @&(n). Finally, we can present aB(n) time algorithm using onlyD(logn)
space based on the special structure of the solution.
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1 Introduction color can be either black or red. A red-black tree satisfies
the following properties called the red-black propertigs|
(1) The color of a node can be either red or black.

The red-black tree is a data structure which was invented  (2) The color of root is black.
originally in 1972 by Rudolf Bayef] with the name (3) The color for all leaves are black.
'symmetric binary B-tree’. It is a special kind of binary (4) The color of the child nodes for every red node
tree, which can be used in computer science formustbe black.
organizing the comparable data, such as numbers or (5) The number of black nodes on every path of the tree
strings. In his paper 'A Dichromatic Framework for from a given node to its descendant leaves are the same.
Balanced Trees’, Sedgewick and Guibas named the data The number of black nodes on any simple path from,
structure red-black tree in 19784][ In their paper, the  put not including, a node down to a leaf is called the
red/black color convention and the properties of theirblack-height of the node, denotéti(x). By the property
trees at length were introduced. A simpler-to-code varian{(s),the notion of black-height is well defined, since all
of the data structure was presented by Anderssidn [ descending simple paths from the node have the same
This variant of red-black tree was called AA-trédsjAn  number of black nodes. The black-height of a red-black
AA-tree is very similar to the red-black tree presentedtree is defined to be the black-height of its root.
previously except that in an AA-tree, its left children may The property (2) is sometimes omitted in practice.
not be red. Sedgewick introduced a more simpler versiorsince the root can always be changed from red to black,
of the red-black like tree he called it the left-leaning but not necessarily vice-versa, this property has littlle
red-black tre€j] in 2008. In the new tree, an unspecified effect on analysis. A binary search tree that satisfies
degree of freedom are eliminated in the implementationyed-black properties (1), (3), (4), and (5) is sometimes
In this paper, we can see that for any sequence otalled a relaxed red-black tree. In this paper we will
operations, the red-black tree can be isometric to either @jscuss the relaxed red-black tree and call a relaxed
2-3 tree or a 2-4 treeq]. red-black tree a red-black tree.

A red-black tree can be defined as follows. Itisakind  We are interested in the number of red nodes in
of binary search tree with colors. In a node of the red-blackred-black trees in this paper. We will investigate the
tree, one extra bit of storage ie reserved for its color, theproblem that in a red-black tree ankeys, what is the
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largest possible ratio of red internal nodes to black  Notice that, & (2%1) :—(Xfl)z <0, and lim&+L =
internal nodes, and what is the smallest possible ratio. 2 the values o™ decrease monotonicalrl]—}ro 2 In the
The organization of the paper is as follows. In the =’ n-1 y ‘

following 3 sections, we describe our presented algorithmspecial case ok = 3,r(n)/b(n) = 2141 gets its maximal

for computing the largest number of red internal nodes invalue of 2 =2.5. Therefore, we have,
a red-black tree om keys. In section 2, we present a

dynamic programming algorithm for the problem. We 0<r(n)/b(n) <
then improve the algorithm to a ne®(n) time algorithm N ~n-1
in section 3. Based on the structure of the solution we

finally come to anO(n) time recursive algorithm usin This formula can also be generalized to genaral
y € aig 9 In the general cases, denote the largest number of red
only O(logn) space. Some concluding remarks are in.

section 4 internal nodes in a red-black tree arkeys bey(n,0) if

' root red andy(n,1) if root black respectively. Then,
r(n) = max{y(n,0),y(n,1)}. We can prove by induction
thaty(n,0) < 2 andy(n,1) < .. It follows that

2 An O(n?logn) time algorithm

((n) < max 2n+12n)  2n+1
2.1 Some formulas for easy cases = 3 '3[ 3

Let T be a red-black tree on keys. The largest and the Therefore, fon > 7, we have

smallest number of red internal nodes in a red-black tree

on n keys can be denoted agn) ands(n) respectively. r(n) Z”T” 2n+1

The values of (n) ands(n) can be easily observed for the ~n—r(n < n_2l - n_1 =25
special case af = 2¢—1 . It is obvious that in this case, 3

when the node colors are alternately red and black from

the bottom level to the top level df, the number of red 2 . . .
internal nodes off must be maximal. When all of its 2.2 O(n IOgn) time dynamic programming
internal nodes are black, the number of red internal node§ol ution

of T must be minimal. Therefore, in the case of
n=2_1, we have, In the general cases, we denote the largest number of red

internal nodes in a subtree of sizand black-heighj to
be a(i, j,0) when its root red and(i, j,1) when its root

. I L /| black respectively. Since in a red-black treerokeys we
r(n)=r(2*-1)= Z} 2 =2 2 7 have} logn < j < 2logn, we have,
1= 1=
k-1 K+l ok—1-2|(k-1)/2
_2 1 _2tioaetEenR VK = max  amjk) 1)
3 41(k-1)/2] 3 %Iogngjgzlogn
2k+1 _ 2(k—1) nod 2 2k+1 —2+k nod 2
= 3 = 3 Furthermore, forany ¥ i <n, 3logi < j < 2logi, we
_2(2*~1)+k mod 2 2n+log(n+1) nod 2 can denote,
3 n 3
Then, the number of black node@) must be, au(i.j) = 02?3’/‘2{a(t’ I-Lh+ai-t-1j-11}
as(i,j) = max {a(t,j,0)+a(i—t—1,j,0
b(n) = n—r(n) o) = R a0 - &l =t 401
_p_2ntlogin+1) mod 2 as(i, j) =0ggg>/<2{a(t,1 —Ll)+ali—-t-1,j,0)}
- 3 Py - . . .
3 (2)

Therefore, the ratio of red internal nodes to black

internal nodes is, Theorem 1For each 1 <i < n,5logi < j < 2logi, the

values of a(i, j,0) and a(i, j,1) can be computed by the

r(n)/b(n) = 2n+log(n+1) nod 2 following dynamic programming formula.
~ n-log(n+1) nod 2
If k nod 2 = 0, thegni(ln)/b(n) = 2, otherwise ai.0.0) = 1+ oyl )
k mod 2=1,r(n)/b(n) = 5. a(i,j,1) =maxas(i,j),ax(i, ), as(i, j), aai,j)}
It follows that for anyk, if n=2X—1, therr (n)/b(n) < o
i Proof.
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For each K i <n,3logi < j < 2logi, letT (i, j,0) be
a red-black tree on keys and black-height with the  a(i,j,1) > max {a(t j,0)+a(i—t—1,j—1,1)} = aai, ))
largest number of red internal nodes, when its root red. Ost<i/2
T(i,],1) can be defined similarly when its root black. The (10)
red internal nodes off (i,j,0) and T(i,j,1) must be Therefore, we have,
a(i, j,0) anda(i, j, 1) respectively. - o

(1) We first look atT (i, j,0). Since its root is red, its ai,J,1) = max{au(i, j), az(i, ), as(i. ), aa(i, )} (A1)
two sons must be black, and thus the black-height of the - op, the other hand, we can assume the sizes of subtrees
corresponding subtreésandR must be bothj —1. For | sndR aret andi —t — 1,0<t <i/2, WLOG. In the
each 0< t < i/2, subtrees T(t,j — 1,1) and it case, if we denote the number of red internal nodes

T(i—-t—1,j—1,1) connected to a red node will be a i, | andRto ber(L) andr(R), then we have that(L) <
red-black tree omkeys and black-height Its number of a(t,j—1,1) andr(R) <a(i—t—1,j—1,1), and thus we

red internal nodes must be have,

l+at,j—11)+ai—t—1,j—1,1). In such trees,

T(i,],0) achieves the maximal number of red internal a(i, j, 1) < max {a(t i—LD+ai—-t—1j-1,1)}=om,]))
nodes. Therefore, we have, o<t<i/ 12)

a(i,j,0) > max {1+a(t,j—1,1)+ali—t—1,j—1,1)} For the other three cases, we can conclude similarly
Osts<i/2 that
4)

On the other hand, we can assume the sizes of subtrees
LandRaret andi—t—1,0<t <i/2, WLOG. Ifwe 4 i 1)< max {at.iO)+ali—t—1i 0" =a-(i.i
denote the number of red internal noded.iandR to be (1,5, 1) < 0<t<i/ {alt,},0)+a( 1.0} = az(i, )

r(L) andr(R), then we have that(L) < a(t,j —1,1) and (13)
r(R)<a(i—t—1,j—1,1). Thus we have,
1)< max {a(t,j—1,1)+a(i—t—1,j,0 a
ai,j,0) <1+ max{a( -11)+a(i—-t—1,j—1,1)} a1, 1) 0<t<i/2 { () )+al 1.0)} = j( )J)
14
N . ®)
Combining #) and ©), we obtain, a(i, j, 1)<0£nax {a(t,j,0)+ali—t—1,j—1,1)} = aa(i, ))
t<i
a(i,j,0)=1+ max {at,j—1,1)+ali—t—1,j—1,1)} (15)
Ost<i/2 ©) Therefore, we have,

(2) We now look afT (i, j,1). Since its root is black, o -
there can be 4 cases Of(ItS tV\)IO sons such as red and red, a(i,J,1) < maxa(i, ), az(i. ), as(i, ), aa(i, )} (16)
black and black, black and red or red and black. If the  combining (1) and (L6), we obtain,
subtreel or R has a red root, then the black-height of the
corresponding subtree must peotherwise, if its rootis  a(i, j,1) = max{a.(i, j), a2(i, j), as(i, ), aa(i, )} (17)
black, then the black-height of the subtree musj bel.

In the first case, both of the subtrdesandR have a The proof is completdll
black root. Foreach @t <i/2, subtreeJ (t,j —1,1) and According to Theorem, our algorithm for computing
T(i—t—1,j—1,1) connected to a black node will be a a(i,j,k) is a standard 2-dimensional dynamic
red-black tree om keys and black-height Its number of  programming algorithm. By the recursive formu &nd

red internal nodes must k&t,j — 1, 1)+a(i—t—1,j — (3), the dynamic programming algorithm for computing

1,1). In such treesT (i, j, 1) achieves the maximal number the largest number of red internal nodes in a red-black

of red internal nodes. Therefore, we have, tree onn keys can be implemented as the following
Algorlthm 1.

a(i,,1) 202272{3(@1'—17 D+a(i-t=1j-1,1}=0(,]) "itis obvious that the Algorithm 1 requir€(n?logn)
- ) time andO(nlogn) space.

For the other three cases, we can conclude similarly 1he algorithm for computings(n), the smallest
that number of red nodes in a red-black treerokeys can be

built similarly.

al, j,1) = max, {a(t,j,0)+ali —t—1,j,0)} = az(i, ])
g 3ANn improved O(n) time recursive algorithm
a(i,j,1)> max {a(t j—1,1)+ali—t—1,j,0} =as(i, j) We have computed(n) and the corresponding red-black

0<t<i/2 trees using Algorithm 1. We can list some pictures of the
9) computed red-black trees with largest number of red
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Algorithm 1r(n) Algorithm 2 r(n)
Input: Integern, the number of keys in a red-black tree Input: Integern, the number of keys in a red-black tree
Output: r(n), the largest number of red nodes in a red-black treeOutput: r(n), the largest number of red nodes in a red-black tree
onn keys onn keys
1: for alli,j,k,0<i<n0<j<2logn and 0< k< 1ldo 1: for alli,j,k,0<i<n0<j<2logn and 0< k< 1ldo
2:  a(i,j,k)«<0 2:  a(i,j,k)«<0
3: end for 3: end for
4: a(1,1,0) «+ a(2,1,1) + a(3,2,0) « L;a3,1,1) + 2 4: a(1,1,0) «+ a(2,1,1) + a(3,2,0) « L;a(3,1,1) + 2
{boundary conditiok {boundary conditioh
5: fori—4tondo 5: fori=4tondo
6: forj=3 1 logi to 2logi do 6: forj= 2Iogl to 1+ 1Iogl do
7: a;+ max {a(t,j—1,1)+ali-t-1,j-1,1)} 7: o+ max {a(t,j—1,1)+ali—t—-1,j—1,1)}
0<t<i/2 0<t<i/2
8: ag<—o<rrt1§x {a(t,]j,0)+a(i—t—1,j,0)} 8: ag<—omax {at,j,0)+a(i—t—1,j,0)}
9: Cf3<— max {a(t j—L1)+a(i—-t—1,j,0)} 9: Cf3<— max {a(t i—L1)+ai—-t—1,j,0)}
10: a4<—omax {a(t j,0)+ai—t—1,j—11)} 10: a4<—omax {a(t j,0)+ai—t—1,j—1,1)}
11: a(i, j,0) <~ max{1+aj,a(i, j,0)} 11: a(i, j,0) <~ max{1+ay,a(i, j,0)}
12: a(i,j,1) «+ max{ai,0z,0a3,04,a(i,j,1)} 12: a(i,j,1) «+ max{ai,0z,0a3,04,a(i,j,1)}
13:  end for 13:  end for
14: end for 14: end for
15: return Org&xl {a(n,j,k)} 15: return Orglfg(l {a(n,j,k)}
logn<j<2logn 1logn<j<i+%logn

Algorithm 3r(n)
nodes. From these pictures of the red-black trees withnput: Integern, the number of keys in a red-black tree
largest number of red nodes in various size, we carOutput: r(n), the largest number of red nodes in a red-black tree
observe some properties ofn) and the corresponding onnkeys
red-black trees as follows. 1: for alli,j,k,0<i<n0<j<2logn and 0< k< 1do
(1) The red-black tree on keys withr(n) red nodes 2  a(i,j,k) <0
can be realized in a complete binary search tree, called &a3: end for
maximal red-black tree. 4: a(1,1,0) «+ a(2,1,1) + a(3,2,0) « L;a3,1,1) + 2
(2) In a maximal red-black tree, the colors of the nodes ~ {boundary conditioh
on the left spine are alternatively red, black, fromthe  5: fori=4tondo , _
bottom to the top, and thus the black-height of the red- 6:  t« 2H°9U~1 — 1y min{2llooll~1 j _2llogi) 4 1}

black tree must bg logn. 7 for j= slogito 1+ jlogido
From these observations, we can improve the dynamic®: apeatj-Ll)+ai-t-1j-11)
programming formula of Theorem 1 further. The first % az «aft,j,0) +a(i —t —1,j,0)

improvement can be made by the observation (2). Sinc aga(t,j—11)+ali -t -1,i,0)

the black-height of the maximal red-black tree iokeys j
1o ; . 12: a(i, j,0) < max{1+aj,a(i,j,0)}

must be 1+ 5 logi, the loop bodies of the Algorithm 1 for , .

1 - a(i,},1) < max{ay, az, a3, 0s,a(i, j, 1)}
j can be restncted tp= Llogito 1+ 1 5logi, andthusthe  14:  endfor
time complexity of the dynamic programmlng algorithm 15: end for
can be reduced immediately @n?) as follows. 16: return max {a(n,j,k)}

It is readily seen from observation (1) that every glogng?'éﬁglogn

subtree in a maximal red-black tree must be a complete P e
binary search tree. If the size of a complete binary search
treeT is n, then the size of its left subtree must be

left(n) = 2L°9n/=1 _ 1 4 min{2llogni=1 n _plloan] | 1}

ag<+at,j,0)+a(i—-t—1,j—-1,1)

The time complexity of Algorithm 3 is reduced

and the size of its right subtree must be substantially to O(n), but the space costs remain
unchanged. In the insight of above observations (1) and
right(n)=n—left(n)—1 (2), we can build another efficient algorithm to compute

Therefore, the maximal range 9t < i/2 of the r(n) using onlyG(logn) space as follows.

Algorithm 2 can be restricted to= left(i), and thus the
time complexity of the dynamic programming algorithm Theorem 2Let n be the number of keysin a red-black tree,
can be reduced further ©(n) as follows. and r(n) be the largest number of red nodesin a red-black
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h(m) h(m) < 1
d(m) =< 1+d(4m)+d(4m+1) +d(4m+2) +d(4m+3) h(m) mod2=1 (18)
d(2m)+d(2m+1) h(m) mod2=0
where
_ [ 1+[logn] — [logm] srtrmr <N
h(m) = { [logn| — |logm| ot her wi se (19)

tree on n keys. The values of r(n) = d(1) can be computed by the algorithm is only the stack space requirement of
by the following recursive formula. recursive calls. The recursive depth is at mostiognd
Proof. therefore the space cost of the algorithn®igogn).

In a maximal red-black tree, we can label the nodes as
a pre-order sequence like a heap. The root is labeled 1.
For each nodéin the tree, its left child is labeled 2nd 4 Concluding remarks
its right child is labeled 2+ 1. If we denoted(i), the
largest number of red nodes ahd), the height of the e have suggested a new dynamic programming solution
subtree rooted at node, then it is obvious that for computing the maximum number of red internal nodes
r(n) =d(1). Itis not difficult to verify that in the case of in a dichromatic balanced trees amkeys. The new

s TegT > M. we have h(i) = [logn] — [logi],  dynamic programming algorithm require®(n?logn)

otherwiseh(i) = 1+ [logn] — |logi]. time andO(nlogn) space. We then improve the algorithm
It can be verified directly that ii(i) < 1, thend(i) =  to a newO(n) time algorithm. Based on the structure of

h(i) the solution we finally come to a@®(n) time recursive

It follows from observation (2) that #fi(i) is even then  algorithm using onlyO(logn) space.
nodei is red and its left and right subtrees rooted at nodes The smallest number of red internal nodes in a red-
2i and 2 + 1 are both maximal red-black trees of black black tree om keys will have similar properties. We will
root. In the case oh(i) odd, the node is black and its  study the problem further.
four grand children rooted at nodes 4i + 1, 4i + 2 and
4i 4+ 3 are all maximal red-black trees. Therefore, we can
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