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Abstract: In this Paper, we introduce a new definition of the cover so-called fuzzy soft p-cover. According to this notion, we define
a new type of compactness in fuzzy soft topology so- calledp∗-compactness which is extension to Kandil’s compactness inthe fuzzy
topology [7] and is avoid some Chang’s deviations in the fuzzy and fuzzy soft topology [4]. Some of their basic results, properties and
relations are investigated with some necessary examples.
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1 Introduction

The concept of compactness is one of the basic and the
most important notions in topology. In soft topological
space, compactness was first introduced by Zorlutuna et
al. [19]. Chang first studied compactness in fuzzy
topology [4], but it has many deviations. So, there are
different researches for fuzzy compactness have been
introduced to avoid these deviations ( see [6,7,8,9,10] ).
Then Gain et al.[5] and Osmanoglu & Tokat [13] have
introduced the notion of compactness in fuzzy soft
topology as a generalization of Chang’s fuzzy
compactness [4]. Also, Mishra & Srivastava [12] studied
fuzzy soft compactness as a generalization of Lown’s
fuzzy compactness [8].

Throughout this Paper, we introduce and study a new
type of cover and compactness in fuzzy soft topology
so-called p-cover andp∗-compactness which is extension
Kandil’s notion [7], development of Chang’s notion [4] in
fuzzy topology, and is general than that which are
presented in [5,13]. Some basic results, relations and
theorems related to thep∗-compactness are studied with
some necessary examples.

2 Preliminaries

In this section, we recall the basic definitions which will
be needed in this paper. Throughout this work,X refers to
an initial universe,E be the set of all parameters forX and
IX is the set of all fuzzy sets inX , whereI = [0,1] .

Definition 2.1. [10,18] A fuzzy set A of X is a set
characterized by the membership functionA : X −→ I and
A can be represented by ordered pairsA = {(x, A(x)) : x

∈ X , A(x) ∈ I}, A(x) represents the degree of
membership ofx in A for x ∈ X . A fuzzy pointxλ ∈ (0,1]
is a fuzzy set inX given by xλ (y) = λ at x = y and
xλ (y) = 0 otherwise for ally ∈ X . For α ∈ I, α ∈ IX

refers to the fuzzy constant function where,
α (x) = α ∀ x ∈ X . The support ofA ∈ IX is the crisp set
S (A) = {x ∈ X : A(x)> 0} . For A,B ∈ IX , the basic
operations for fuzzy sets are given by Zadeh ( see[18] ).

Definition 2.2. [11,14] A fuzzy soft set fE = ( f ,E) over
X with the setE of parameters is defined by the set of
ordered pairsfE = {(e, f (e)) : e ∈ E , f (e) ∈ IX}. Here
f is a mapping given byf : E −→ IX and the valuef (e)
is a fuzzy set callede-element of the fuzzy soft set for all
e ∈ E. The family of all fuzzy soft sets overX is denoted
by FSS(X ,E).

Definition 2.3. [1,2,11] Let fE , gE are two fuzzy soft sets
overX . Then we have:
i) The fuzzy soft setfE is called a null fuzzy soft set,
denoted by0̃E if f (e) = 0 for every e ∈ E where,
0(x) = 0 ∀ x ∈ X .
ii) If f (e) = 1 for every e ∈ E, then fE is called an
universal fuzzy soft set denoted bỹ0E where,
1(x) = 1 ∀ x ∈ X .
iii) fE is a fuzzy soft subset ofgE , denoted byfE ⊑ gE if
f (e)⊆ g(e) ∀ e ∈ E.
iv) fE and gE are equal if fE ⊑ gE and gE ⊑ fE . It is
denoted byfE = gE .
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v) The complement offE is denoted by f c
E where,

f c : E −→ IX is a mapping defined byf (e)c = 1− f (e)
for all e ∈ E. Clearly,( f c

E)
c = fE .

vi) The union of fE andgE is a fuzzy soft sethE defined
by, h(e) = f (e)∪g(e) ∀e ∈ E and denoted byfE ⊔gE .
vii) The intersection offE andgE is a fuzzy soft sethE
defined by,h(e) = f (e)∩ g(e) ∀e ∈ E and denoted by
fE ⊓gE .

Definition 2.4. [2] A fuzzy soft pointxe
α overX is a fuzzy

soft set overX defined as follows:

xe
α

(
e
′
)
=

{
xα i f e

′
= e

0 i f e
′
∈ E −{e}

where,

xα is the fuzzy point inX with support x and value
α, α ∈ (0,1]. The set of all fuzzy soft points inX is
denoted byFSP(X ,E). The fuzzy soft pointxe

α is called
belongs to a fuzzy soft setfE , denoted byxe

α ∈̃ fE iff
α ≤ f (e)(x) . Every non-null fuzzy soft setfE can be
expressed as the union of all the fuzzy soft points
belonging tofE . The complement of a fuzzy soft pointxe

α
is a fuzzy soft set overX .

Definition 2.5. [2,14] Let X be an universe set,E be a
fixed set of parameters andδ be the collection of fuzzy
soft sets overX satisfies the following conditions:
i) 0̃E , 1̃E belong toδ ,
ii) The union of any number of fuzzy soft sets inδ is in δ ,
iii) The intersection of any two fuzzy soft sets inδ is in δ .

In this case(X ,δ ,E) is called a fuzzy soft topological
space. The members ofδ are called fuzzy soft open sets in
X and denoted by,FSO(X ,δ ,E). A fuzzy soft setfE over
X is called fuzzy soft closed inX iff f c

E ∈ δ and denoted
by FSC (X ,δ ,E).
Example 2.6.1) Let X be an universe set andE be a set
of parameters forX , then the familiesδ = {0̃E , 1̃E} and
δ =FSS(X ,E) are called an indiscrete fuzzy soft topology
and discrete fuzzy soft topology onX , respectively.
2) Let X be an infinite set andae

t be any fixed fuzzy soft
point onX . Then the following collections:
i) δae

t
= {1̃E}∪{ fE ∈ FSS (X ,E) : ae

t q̃ fE},
ii) δ∞ = { fE ∈ FSS(X ,E) : S( f c(e)) is a f init subset o f X

and e ∈ E}∪{0̃E} define the fuzzy soft topologies overX .

Notation. [15] For xe
α ∈ FSP(X) the fuzzy soft setOxe

α
refers to a fuzzy soft open set containsxe

α and Oxe
α is

called a fuzzy soft neighborhood ofxe
α . The fuzzy soft

neighborhood system ofxe
α denoted by,NE(xe

α) is the
family of all its fuzzy soft neighborhoods. In general, for
fE ∈ FSS(X ,E) the notationO fE refers to a fuzzy soft
open set containsfE and is called a fuzzy soft
neighborhood offE .

Definition 2.7. [2] The fuzzy soft setsfE and gE in
FSS(X , E) are said to be fuzzy soft quasi-coincident,
denoted byfE qgE iff there existe ∈ E andx ∈ X such that
f (e)(x) + g(e)(x) > 1. If fE is not fuzzy soft
quasi-coincident withgE , then we write fE q̃gE , i.e.
fE q̃gE iff f (e)(x)+ g(e)(x)≤ 1, that is,

f (e) (x) ≤ gc (e) (x) for all x ∈ X , e ∈ E.
A fuzzy soft pointxe

α is said to be soft quasi-coincident
with fE , denoted byxe

α q fE iff there exists e ∈ E,
α + f (e)(x)> 1.

Theorem 2.8. [15] i) Let (X ,τ) be a crisp topological
space. Then the collection:
δτ = {χ̃A : A ∈ τ} forms a fuzzy soft topology onX
induced byτ.
ii) Every fuzzy soft topological space(X ,δ ,E) defines
crisp topology onX in the formτδ = {A ⊆ X : χ̃A ∈ δ}
which is induced byδ .

Definition 2.9. [17] A fuzzy soft topological space
(X ,δ ,E) is said to be:
i) Fuzzy soft R0 (for short, FSR0 ) iff for every xe

α ,
ye

β ∈ FSP(X ,E) with xe
α q̃ye

β impliesxe
α q̃ye

β .

ii) Fuzzy soft R1 (for short, FSR1 ) iff for every xe
α ,

ye
β ∈ FSP(X ,E) with xe

α q̃ye
β implies there existOxe

α and
Oye

β
∈ δ such thatOxe

α q̃Oye
β
.

Definition 2.10. [16] A fuzzy soft topological space
(X ,δ ,E) is said to be:
i) Fuzzy soft T1 (for short, FST1 ) iff for every xe

α ,
ye

β ∈ FSP(X ,E) with xe
α q̃ye

β implies there existOxe
α and

Oye
β
∈ δ such thatOxe

α q̃ye
β andxe

α q̃Oye
β
.

ii) Fuzzy soft T2 (for short, FST2) iff for every xe
α ,

ye
β ∈ FSP(X ,E) with xe

α q̃ye
β implies there existOxe

α and
Oye

β
∈ δ such thatOxe

α q̃Oye
β
.

iii) Fuzzy soft regular (for short,FSR ) iff for every
xe

α ∈ FSP(X ,E) and f E ∈ δ c with xe
α q̃ fE implies there

existOxe
α andO fE ∈ δ such thatOxe

α q̃O fE .

iv) Fuzzy soft normal (for short,FSN ) iff for every
fE , gE ∈ δ c with fE q̃gE implies there existO fE ,OgE ∈ δ
such thatO fE q̃OgE .

v) Fuzzy softT3 (for short,FST3) iff it is FSR andFST1.

vi) Fuzzy softT4 (for short,FST4) iff it is FSN andFST1.

3 Fuzzy softp∗-compact spaces

In this section, we are going to introduce a new definition
of fuzzy soft cover according to this definition we
introduce a new type of compactness in fuzzy soft
topological spaces so-calledp∗-compactness.

Here we mention that Gain et al.[5] and Osmanoglu
& Tokat [13] have introduced the definitions of cover and
compactness in fuzzy soft topology as a generalization of
Chang’s notion [4]. Their definitions are as follows:

Definition 3.1. [5,13]
i) A family A of fuzzy soft sets is a cover of fuzzy soft set
gE if gE ⊑⊔{ fiE : fiE ∈ A , i ∈ J}. It is open cover if each
member ofA is a fuzzy soft open set. A subcover ofA is
a subfamily ofA which is also a cover.
ii) Let (X ,δ ,E) be fuzzy soft topological space andfE ∈
FSS(X ,E). A fuzzy soft setfE is called compact if each
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fuzzy soft open cover offE has a finite subcover. A fuzzy
soft topological space(X ,δ ,E) is called compact if each
fuzzy soft open cover of̃1E has a finite subcover.

Definition 3.2. A family γ = { fiE : i ∈ J} of a fuzzy soft
sets is a p-cover of a fuzzy soft setgE iff for all xe

α ∈̃gE
there existsi0 ∈ J such thatxe

α ∈̃ fi0E . It is an open p-cover
iff every member ofγ is a fuzzy soft open set.
A sub p-cover ofγ is a subfamily ofγ which is also a fuzzy
soft p-cover.

Note 1. Clearly, every fuzzy soft p-cover is a fuzzy soft
cover in the sense of Definition 3.1. But the converse may
not be true in general as shown by the following example.

Example 3.3Let X be an infinite set andγ = { fnE : n ∈N}
be a family of fuzzy soft sets overX defined byfn (e) (x) =
1− 1

n wheree ∈E ,n∈N andx∈ X . Thenγ is a fuzzy soft
cover of1̃E . But γ is not a fuzzy soft p-cover of̃1E . Indeed
for xe

1∈̃1̃E there no exist any element inγ containingxe
1.

Definition 3.4. Let (X ,δ ,E) be a fuzz soft topological
space andfE ∈ FSS (X ,E) . Then:
i) fE is called a fuzzy soft p-compact set iff every fuzzy
soft open p-cover offE has a finite fuzzy soft open
p-subcover. In general(X ,δ ,E) is a fuzzy soft p-compact
space iff1̃E itself is a fuzzy soft p-compact set.
ii) (X ,δ ,E) is called a fuzzy softp∗-compact space iff
every fuzzy soft closed set overX is a fuzzy soft
p-compact set.

Example 3.5. i) Every fuzzy soft setfE with a finite
support of f (e) , e ∈ E is p-compact (i.e. every finite
fuzzy soft set is a p-compact set).
ii) A cofinite fuzzy soft space(X ,δ∞,E) is a fuzzy soft
p∗-compact space,whereδ∞ is defined as in the case 2) of
the Example 2.6.

Proof. i) It is obvious.
ii) Let fE ∈ FSC(X ,δ∞,E), then fE is finite or fE = 1̃E .

Now we have two cases:
If fE is finite, then the result holds.
If fE = 1̃E . Supposeγ is a fuzzy soft open p-cover of
fE = 1̃E . Choosexe

1∈̃1̃E , then there isOxe
1
∈ γ and so,Oc

xe
1

is finite. Now takegE = {(e, f (e)) : f (e) = yi
1,e ∈ E and

yi ∈ Ssup
(

Oc
xe
1

)
, i = 1,2, . . . ,n} which is finite, thus for

all yie
1 ∈̃gE there existOyie

1
∈ γ , i = 1,2, . . . ,n, and so the

family {Oyie
1

: i = 1,2, . . . ,n} ∪ {Oxe
1
} is a finite open

p-subcover of fE = 1̃E , then 1̃E is p-compact. Hence
(X ,δ∞,E) is fuzzy softp∗-compact.

Note 2. Clearly, every fuzzy softp∗-compact space is
fuzzy soft compact in the sense of Definition 3.1. But the
converse is not necessary true, this fact can be shown by
the following example.

Example 3.6.Let X be an infinite set andδ = {1̃E}∪{ fE

∈ FSS(X ,E) : fE ⊑ 0.5E}, then it is easy to check that
(X ,δ ,E) is a fuzzy soft compact space but it is not fuzzy
soft p∗-compact. Indeed the fuzzy soft setfE = 0.5E ∈
FSC(X ,δ ,E) and the familyγ = {xe

0.5 : e ∈ E , x ∈ X} is

a fuzzy soft open p-cover offE which has no a finite open
p-subcover. Hence the result holds.

Note 3. Clearly, every fuzzy softp∗-compact space is
fuzzy soft p-compact. But the converse may not be true in
general, this fact can be shown by the pervious example.

Proposition 3.7.Let (X ,δ2,E) be a fuzzy soft p-compact
(p∗-compact) space andδ1 ⊆ δ2, then(X ,δ1,E) is fuzzy
soft p-compact (p∗-compact).

Proof. For the first case, let{ fiE : i ∈ J} be a fuzzy soft
open p-cover of̃1E by fuzzy soft open sets of(X ,δ1,E) .
Since δ1 ⊆ δ2 , then { fiE : i ∈ J} is a fuzzy soft open
p-cover of1̃E by fuzzy soft open sets of(X ,δ2,E). But
(X ,δ2,E) is fuzzy soft p-compact. So that, for allxe

α ∈̃1̃E
there exists{i = 1,2,3, . . . ,n : i ∈ J} such thatxe

α ∈̃ fiE ,
then { fiE : i = 1,2,3, . . . ,n} is a finite fuzzy soft open
p-subcover of 1̃E . Hence (X ,δ1,E) is a fuzzy soft
p-compact space. The proof of the rest case is obvious.

Note 4.Clearly, if X be a finite set, then( X ,δ ,E) is fuzzy
soft p∗-compact. But the convers may not be true as shown
by the following example.

Example 3.8.Let X be an infinite set andδc = {αE : α ∈
I} then(X ,δc,E) is a fuzzy softp∗-compact space.

Corollary 3.9. Let (X ,δ ,E) be the discrete fuzzy soft
topological space, then(X ,δ ,E) is fuzzy softp∗-compact
iff X is finite.

Proof. Let (X ,δ ,E) be the discrete fuzzy softp∗-compact
space. Suppose thatX an infinite set. Since(X ,δ ,E) is
fuzzy softp∗-compact, then for every fuzzy soft closed set
overX is a fuzzy soft p-compact set. LetfE is a fuzzy soft
closed set, then for all fuzzy soft open p-cover offE has
a finite open p-subcover. Takeγ = {xe

α : e ∈ E, x ∈ X},
thenγ is an open p-cover offE which has no a finite open
p-subcover. This is contradiction. HenceX is a finite set.
Conversely, the proof follows direct from Note 4.

Definition 3.10.Let η = { fiE : i ∈ J} be a family of fuzzy
soft sets andgE ∈ FSS(X ,E). Then:
i) η is said to be have fuzzy soft q-intersection with respect
to (w.r.t. , for short )gE iff there existsxe

α ∈̃gE such that
xe

α q fiE for all i ∈ J.
ii) η is called has the fuzzy soft finite intersection property
(FSFIP, for short)w.r.t. gE iff every finite subfamily ofη
has fuzzy soft q-intersectionw.r.t. gE .

Theorem 3.11.Let (X ,δ ,E) be a fuzzy soft topological
space. A fuzzy soft setgE is p-compact if and only if every
family of fuzzy soft closed sets overX having theFSFIP
w.r.t. gE has fuzzy soft q-intersectionw.r.t. gE .

Proof. Let gE ∈ FSS(X ,E) be fuzzy soft p-compact and
let η = { fiE : i ∈ J} be the family of fuzzy soft closed
sets overX which has theFSFIP w.r.t. gE . Now suppose
η has no fuzzy soft q-intersectionw.r.t. gE . Then for all
xe

α ∈̃gE ∃ i ∈ J such thatxe
α q̃ fiE and so,ηc = { f c

iE : i ∈ J}
is a fuzzy soft open p-cover ofgE . SincegE is p-compact,
then there is a finite open p-subcover ofηc say,{ f c

sE : s =
1,2, . . . ,n ∈ J}. So,{ fsE : s = 1,2, . . . ,n ∈ J} has no fuzzy
soft q-intersectionw.r.t. gE . Contradiction thatη has the
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FSFIP w.r.t. gE . Hence we obtain the result.
Conversely, let the familyη = {Oi

xe
α

: i ∈ J} be a fuzz soft

open p-cover ofgE . Thenηc = {
(

Oi
xe

α

)c
: i ∈ J} has no

fuzzy soft q-intersectionw.r.t. gE . Thusηc has noFSFIP

w.r.t. gE . So there arei1, i2, . . . , in ∈ J such that{
(

Ois
xe

α

)c
:

s = 1,2, . . . , n} has no fuzzy soft q-intersectionw.r.t. gE .

Then{Ois
xe

α
: s = 1,2, . . . , n} is a finite open p-subcover of

gE . HencegE is p-compact.

Theorem 3.12. Every fuzzy soft closed subspace
(X ,δY ,E) of a fuzzy softp∗-compact space(X ,δ ,E) is a
fuzz softp∗-compact space.

Proof. Obvious.

Theorem 3.13.Let (X ,τ) be a topological space, then
(X ,δτ ,E) is fuzzy softp∗-compact if and only if(X ,τ) is
compact.

Proof. Let (X ,δτ ,E) be fuzzy softp∗-compact and the
family {Ai : i ∈ J} is an open cover ofX , then
{ χ̃Ai : Ai ∈ τ , i ∈ J} is a fuzzy soft open p-cover of1̃E .

Since 1̃E is fuzzy soft p-compact, then there is a finite
open p-subcover, say{ χ̃Ai : i = 1,2, . . . ,n } and so, the
family {Ai : i = 1,2, . . . ,n } is a finite fuzzy soft open
subcover ofX . Hence(X ,τ) is compact.
Conversely, let(X ,τ) is compact andgE ∈ δ c

τ , then
gE = χ̃B , B ∈ τc implies B is compact. SincẽχB = gE ,
thenχ̃B = gE is fuzzy soft p-compact. Hence(X ,δτ ,E) is
p∗-compact.

Theorem 3.14.Let(X ,δ ,E) be a fuzz soft topological
space. If(X ,δ ,E) is fuzzy softp∗-compact, then(X ,τδ )
is compact.

Proof. It is similar to that of the necessity part of the above
theorem.

Note 5. The converse of the above theorem may not be
true in general. This is can be shown by the Example 3.6,
whereτδ = { /0,X} is compact.

4 Fuzzy soft separation axioms and
p∗-compactness

Theorem 4.1.Let (X ,δ ,E) be aFST3− space andgE ∈
FSS (X ,E) be a p-compact set, then for allfE ∈ δ c with
fE q̃gE there areO fE , OgE ∈ δ such thatO fE q̃OgE .

Proof. Let (X ,δ ,E) be aFST3− space , fE ∈ δ c andgE
∈ FSS (X ,E) is fuzzy soft p-compact, then for every
ye

β ∈̃gE there existOye
β
, O fE ∈ δ such thatOye

β
q̃O fE .

Clearly, {Oye
β

: ye
β ∈̃gE} is a fuzzy soft open p-cover of

gE . SincegE is fuzzy soft p-compact, then there exists a
finite fuzzy soft open p-subcover ofgE say,
{Oi

ye
β

: i = 1,2, . . . , n}. One readily verifies that

OgE = ⊔n
i=1Oi

ye
β

and O fE = ⊓n
i=1Oi

fE
have the required

property.

Theorem 4.2.Let (X ,δ ,E) be aFST2-space,xe
α ∈

FSP(X ,E) andgE be fuzzy soft p-compact withxe
α q̃gE ,

then there areOxe
α and OgE ∈ δ such thatOxe

α q̃OgE .

Moreover, if fE and gE are fuzzy soft p-compact with
fE q̃gE , then there areO fE and OgE ∈ δ such that
O fE q̃OgE .

Proof. It is similar to that of the above theorem.

Theorem 4.3. Every fuzzy soft p-compact set in
FST2-space is a fuzzy soft closed set.

Proof. Let gE be a fuzzy soft p-compact set inFST2-space
(X ,δ ,E), then from the above theorem we have for every
xe

α q̃gE there existsOxe
α ∈ δ such thatOxe

α q̃gE that is, for all
xe

α ∈̃gc
E there existsOxe

α ∈ δ such thatOxe
α ∈̃gc

E . Therefore,
gc

E is fuzzy soft open. Hence the result holds.

Theorem 4.4. Every fuzzy soft p∗-compact T2-space
(X ,δ ,E) is a fuzzy softT4-space.

Proof. Let (X ,δ ,E) be a fuzzy softp∗-compactT2-space
and fE , gE ∈ δ c with fE q̃gE . Since(X ,δ ,E) is fuzzy soft
p∗-compact, thenfE , gE are fuzzy soft p-compact and so,
from Theorem 4.2, there existO fE , OgE ∈ δ such that
O fE q̃OgE . Hence(X ,δ ,E) is a fuzzy softT4-space.

Theorem 4.5. Let (X ,δ ,E) be a FSR1-space. Then
(X ,δ ,E) is a FST2-space if and only if every fuzzy soft
p-compact set is closed.

Proof. The necessity follows from Theorem 4.3 .
Conversely, let every fuzzy soft p-compact set is closed,
then (X ,δ ,E) is a FST1-space (see [16], Theorem 3.4).
Since (X ,δ ,E) are FSR1 and FST1, then (X ,δ ,E) is a
FST2-space (see [16], Theorem 3.9).

Theorem 4.6.Let (X ,δ ,E) be a fuzzy soft topological
space, then everyp∗-compactFSR1-space is a fuzzy soft
regular(normal) space.

Proof.Let (X ,δ ,E) be ap∗-compactFSR1-space andfE ∈
δ c with xe

α q̃ fE . Then for all fuzzy soft pointye
β ∈̃ fE we

have,xe
α q̃ye

β . Since(X ,δ ,E) is FSR1, then there existOxe
α

andOye
β
∈ δ such thatOxe

α q̃Oye
β
. Then the family{Oye

β
:

ye
β ∈̃ fE} is a fuzzy soft open p-cover offE . Since(X ,δ ,E)

is fuzzy softp∗-compact, thenfE is fuzzy soft p-compact,
and so there exists{Oi

ye
β

: ye
β ∈̃ fE , i = 1,2, . . . ,n} is a finite

fuzzy soft p-subcover offE . Now takeO∗
xe

α
=⊓n

i=1Oi
xe

α
and

O fE = ⊔n
i=1Oi

ye
β
, then O∗

xe
α

, O fE ∈ δ andO∗
xe

α
q̃O fE . Hence

the result holds. The proof of the rest case is similar.

Corollary 4.7. Let (X ,δ ,E) be fuzzy softp∗-compact,
then the following statements are equivalent:
i) (X ,δ ,E) is fuzzy softR1 .

ii) (X ,δ ,E) is fuzzy soft regular,

iii) (X ,δ ,E) is FSR0 and fuzzy soft normal.

Proof. Obvious.
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