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Abstract: In this Paper, we introduce a new definition of the cover diedduzzy soft p-cover. According to this notion, we define
a new type of compactness in fuzzy soft topology so- catfedompactness which is extension to Kandil’s compactnesiseiriuzzy
topology [7] and is avoid some Chang’s deviations in the fuzzy and furfiytepology (]. Some of their basic results, properties and

relations are investigated with some necessary examples.
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1 Introduction

Definition 2.1. [10,18] A fuzzy set A of X is a set
characterized by the membership functlonX — | and

The concept of compactness is one of the basic and th@ can be represented by ordered paies {(x, A(X)) : X

most important notions in topologyn soft topological
space, compactness was first introduced by Zorlutuna

al. [19]. Chang first studied compactness in fuzzy
topology H], but it has many deviations. So, there are
different researches for fuzzy compactness have bee

introduced to avoid these deviations ( sé€7[8,9,10] ).
Then Gain et alj] and Osmanoglu & Tokat1[3] have

introduced the notion of compactness in fuzzy soft
topology as a generalization of Chang's fuzzy

compactness]. Also, Mishra & Srivastaval?] studied

e

¢ X, A(X) € I}, A(x) represents the degree of
membership ok in A for x € X. A fuzzy pointx, € (0,1]

is a fuzzy set inX given byx, (y) =A atx=y and

X (y) = 0 otherwise for ally € X. Fora €1, a € X
refers to the fuzzy constant function where,
a(x) =a VxeX. The support oA € X is the crisp set
S(A) = {xeX:A(x)>0}. For AB ¢ IX, the basic
operations for fuzzy sets are given by Zadeh ( $8e).

Definition 2.2.[11,14] A fuzzy soft setfg = (f,E) over

fuzzy soft compactness as a generalization of Lown’sX with the setE of parameters is defined by the set of

fuzzy compactness].

ordered pairse = {(e,f (€)) :ec E , f(e) € IX}. Here
f is a mapping given by : E — IX and the value (e)

Throughout this Paper, we introduce and study a news a fuzzy set called-element of the fuzzy soft set for all
type of cover and compactness in fuzzy soft topologye e E. The family of all fuzzy soft sets ovet is denoted

so-called p-cover ang*-compactness which is extension
Kandil’s notion [7], development of Chang’s notiod][in

by FSS(X, E).

presented in §,13. Some basic results, relations and OVerX. Thenwe have:

theorems related to thg*-compactness are studied with
some necessary examples.

2 Preliminaries

In this section, we recall the basic definitions which will
be needed in this paper. Throughout this wotkefers to
an initial universek be the set of all parameters fgrand

IX is the set of all fuzzy sets X, wherel = [0,1].

i) The fuzzy soft setfe is called a null fuzzy soft set,
denoted byOg if f(e) = O for every e € E where,
O(x)=0VxeX.

ii) If f(e) =1 for everye € E, then fg_is called an
universal fuzzy soft set denoted bQs  where,
1x)=1VxeX.

iii) fg is a fuzzy soft subset aje, denoted byfg C ge if
f(e)Cg(e) VeekE.

iv) fe and ge are equal iffe C ge andge C fe. It is
denoted byfg = gg.
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v) The complement offg is denoted byf¢ where,
f¢: E — IX is a mapping defined by(e)° =1— f (e)
for all e € E. Clearly,(f£)® = fe.

vi) The union offg andgg is a fuzzy soft sebg defined
by,h(e) = f(e)Ug(e) Vee E and denoted bye LIge.
vii) The intersection offg andge is a fuzzy soft sehg
defined byh(e) = f (e)ng(e) Ve e E and denoted by
feEMoE.

Definition 2.4.[2] A fuzzy soft pointx§ overX is a fuzzy
soft set oveiX defined as follows:
e Xq if e=e
XC’( ) {g it €cE—{e}
Xq is the fuzzy point inX with supportx and value
a, a € (0,1]. The set of all fuzzy soft points X is
denoted byFSP(X,E). The fuzzy soft point¢ is called
belongs to a fuzzy soft sefie , denoted byx¢ e fe iff

a < f(e)(x). Every non-null fuzzy soft sefe can be
expressed as the union of all the fuzzy soft points
belonging tofg. The complement of a fuzzy soft poix

is a fuzzy soft set ovex.

U

e

where,

Definition 2.5. [2,14] Let X be an universe seE be a
fixed set of parameters ar@be the collection of fuzzy
soft sets oveK satisfies the following conditions:

i) Og , 1 belong tod,

ii) The union of any number of fuzzy soft setsdns in 9,
iii) The intersection of any two fuzzy soft setsdns in d.

In this cas€ X, d,E) is called a fuzzy soft topological
space. The members &fare called fuzzy soft open sets in
X and denoted by SO(X, d,E). A fuzzy soft setfg over
X is called fuzzy soft closed iX iff f¢ € & and denoted
by FSC(X,d,E).

Example 2.6.1) Let X be an universe set arl be a set
of parameters foK, then the familie® = {Og ,1g} and

0 =FSS(X,E) are called an indiscrete fuzzy soft topology
and discrete fuzzy soft topology o€ respectively.

2) Let X be an infinite set andf be any fixed fuzzy soft
point onX. Then the following collections:

i) 5ate = {15} U{fE S FSS(X,E) . qequ},

i) 0 = {fe € FSS(X,E) : §(f¢(e)) isa finit subset of X
and ec E} U{0g} define the fuzzy soft topologies ovér

Notation. [15] For x5 € FSP(X) the fuzzy soft seD,g
refers to a fuzzy soft open set contaixfs and O, is
called a fuzzy soft neighborhood of,. The fuzzy soft
neighborhood system of5 denoted byNe(x§) is the
family of all its fuzzy soft neighborhoods. In general, for
fe € FSS(X,E) the notationOs. refers to a fuzzy soft
open set containsfg and is called a fuzzy soft
neighborhood of.

Definition 2.7. [2] The fuzzy soft setsfg and gg in
FSS(X, E) are said to be fuzzy soft quasi-coincident,
denoted byfeqge iff there existe € E andx € X such that
f(e)(x) + g(e)(x) > 1. If fg is not fuzzy soft
quasi-coincident withge , then we write feoe , i.e
fefoe iff f(e)(x)+g(e)(x) <1,thatis,

fe)(xX) <gt(e)(x) forallxe X ,ecE.

A fuzzy soft pointx§ is said to be soft quasi-coincident
with fg, denoted byx§qfg iff there existse € E,
a+ f(e)(x) > 1.

Theorem 2.8.[15] i) Let (X,T) be a crisp topological
space. Then the collection:

O = {Xa: A€ 1} forms a fuzzy soft topology orX
induced byr.

i) Every fuzzy soft topological spacgX,d,E) defines
crisp topology orX in the formts = {AC X : xa € 9}
which is induced by.

Definition 2.9. [17] A fuzzy soft topological space
(X,0,E) is said to be:

i) Fuzzy softRy (for short, FSRy) iff for every x§ ,
¥ € FSP(X,E) with x5 Gy impliesX§ dyj.

il) Fuzzy softRy (for short, FSR; ) iff for every x§ ,
¥ € FSP(X,E) with x3dy; implies there exisDy and
Oyg € 0 such tha,e quE.

Definition 2.10. [16] A fuzzy soft topological space
(X,90,E) is said to be:

i) Fuzzy softT; (for short, FSTy) iff for every x§ ,
yg € FSP(X,E) with x{;f,qyf3 implies there exisD,¢ and
Oyg € 0 such thaO,e qyg andxgqoyg.

i) Fuzzy softT, (for short, FSTy) iff for every x§ ,
yg € FSP(X,E) with x‘;dyg implies there exisD,¢ and

Oyf; € 0 such than{e}qug.

iii) Fuzzy soft regular (for short-SR ) iff for every
x5 € FSP(X,E) and fg € d° with x§ Gfg implies there
existOye andOy,. € J such thaD,e GOr, .

iv) Fuzzy soft normal (for shortFSN ) iff for every
fe , gg € 6° with feGge implies there exisDy. ,Og. € &
such thaOys, GOy .

V) Fuzzy softTs (for short,F ST3) iff it is FSR andF ST;.
Vi) Fuzzy softTy (for short,FSTy) iff itis FSN andF ST;.

3 Fuzzy softp*-compact spaces

In this section, we are going to introduce a new definition
of fuzzy soft cover according to this definition we
introduce a new type of compactness in fuzzy soft
topological spaces so-callgd-compactness.

Here we mention that Gain et d][and Osmanoglu
& Tokat [13] have introduced the definitions of cover and
compactness in fuzzy soft topology as a generalization of
Chang'’s notion4]. Their definitions are as follows:

Definition 3.1.[5,13]

i) A family <7 of fuzzy soft sets is a cover of fuzzy soft set
ge if ge CU{fie : fie € &,i € J}. Itis open cover if each
member ofe/ is a fuzzy soft open set. A subcover.gfis

a subfamily ofe7 which is also a cover.

ii) Let (X,9,E) be fuzzy soft topological space arig €
FSS(X,E). A fuzzy soft setfe is called compact if each
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fuzzy soft open cover ofg has a finite subcover. A fuzzy a fuzzy soft open p-cover dg which has no a finite open
soft topological spaceéX, J,E) is called compact if each p-subcover. Hence the result holds.

fuzzy soft open cover dfg has a finite subcover. Note 3. Clearly, every fuzzy softp*-compact space is
Definition 3.2. A family y = {fig :i € J} of a fuzzy soft  fuzzy soft p-compact. But the converse may not be true in
sets is a p-cover of a fuzzy soft sgt iff for all x§ €ge general, this fact can be shown by the pervious example.

there existso € J such that€ € fi e. It is an open p-cover Proposition 3.7.Let (X, &, E) be a fuzzy soft p-compact

iff every member _ofy isa fuzzy soft open set. (p*-compact) space andl, C &, then (X, &, E) is fuzzy
A sub p-cover o/ is a subfamily ofy whichis also a fuzzy  goft p-compact§*-compact).

soft p-cover. _ Proof. For the first case, leffig :i€ J} be a fuzzy soft
Note 1 Clearly, every fuz_zy_ soft p-cover is a fuzzy soft open p-cover ofie by fuzzy soft open sets @i, 6;,E).
cover in the sense of Definition 3.1. But the converse MaysSince & C &, , then {fie :i€J} is a fuzzy soft open

not be true in general as shown by the following example.p_cover ofig by fuzzy soft open sets ofX,&,E). But
Example 3.3Let X be aninfinite setangd= { f,z : n€ N} (X,82,E) is fuzzy soft p-compact. So that, for aff, €1g

be a family of fuzzy soft sets ovetrdefined byf, (e) (x) = there exists{i = 1,2,3,...,n:i € J} such that€ cfie ,
1-1 whereec E ,ne Nandxe X. Thenyisafuzzysoft ~ then{fig :i=123,....n} is a finite fuzzy soft open
cover ofig. Butyis not a fuzzy soft p-cover df. Indeed ~ P-Subcover ofle. Hence (X,0,,E) is a fuzzy soft

for x¢€1e there no exist any element jncontaininge. p-compact space. The proof of the rest case is obvious.
Definition 3.4. Let (X,8,E) be a fuzz soft topological Note 4.Clearly, if X be a finite set, the(X, 6, ) is fuzzy
space andg € FSS(X,E). Then: soft p*-compact. But the convers may not be true as shown

i) fe is called a fuzzy soft p-compact set iff every fuzzy PY the following example.
soft open p-cover offg has a finite fuzzy soft open Example 3.8.Let X be an infinite set and. = {ag : a €
p-subcover. In generéK, d,E) is a fuzzy soft p-compact |} then(X, d;,E) is a fuzzy softp*-compact space.

space iffle itself is a fuzzy soft p-compact set. .. Corollary 3.9. Let (X,3,E) be the discrete fuzzy soft
i) (X,0,E) is called a fuzzy soffp’-compact space iff gnological space, thefX, 3,E) is fuzzy softp*-compact
every fuzzy soft closed set oveX is a fuzzy soft i x is finite.

- t set. .
p-compact s Proof. Let (X, d, E) be the discrete fuzzy soft'-compact

Example 3.5.i) Every fuzzy soft setfe with a finite  gpace. Suppose that an infinite set. SincéX, &, E) is
support of f (e), e € E is p-compacti(e. every finite 1,77y softp*-compact, then for every fuzzy soft closed set
fuzzy soft set is a p-compact set). , overX is a fuzzy soft p-compact set. L&t is a fuzzy soft

ii) A cofinite fuzzy soft spacéX, d»,E) is a fuzzy soft  cjosed set, then for all fuzzy soft open p-coverfefhas
p*-compact space,whed, is defined as in the case 2) of 4 finjte open p-subcover. Take= [ :ecE, xeX},

the Example 2.6. theny is an open p-cover of: which has no a finite open
Proof. i) It is obvious. . p-subcover. This is contradiction. HenXas a finite set.
ii) Let fg € FSC(X, d, E), then fg is finite or fg = 1g. Conversely, the proof follows direct from Note 4.

Now we have two cases: Definition 3.10.Letn = {fig : i € J} be a family of fuzzy
If fg is finite, then the result holds. soft sets angie € FSS(X, E). Then:

If fe = 1e. Supposey is a fuzzy soft open p-cover of i) is said to be have fuzzy soft g-intersection with respect
fe = 1. Choosexcle, then there i € yand s0Ok 1o (wirt. , for short )ge iff there existsx€ Ege such that
is finite. Now takege = {(e, f (e)) : f (e) =y},ec E and xgqfie foralli e J.
_ S\ o ii) n is called has the fuzzy soft finite intersection property
y € Ssup (Oxg) , I =1,2,...,n} which is finite, thus for  (Esr|p, for shortywur.t. ge iff every finite subfamily ofr)
all yi?Ege there exisOye € y, i =1,2,...,n, and so the has fuzzy soft g-intersectiomr.t. ge.
family {Oye : i =1,2,...,n} U{Ok} is a finite open Theorem 3.11.Let (X,9,E) be a fuzzy soft topological
! space. A fuzzy soft sgfe is p-compact if and only if every

family of fuzzy soft closed sets ovet having theFSFIP
w.r.t. ge has fuzzy soft g-intersectiomr.t. ge.

Proof. Let g € FSS(X,E) be fuzzy soft p-compact and
tn = {fig : i € J} be the family of fuzzy soft closed

p-subcover offg = 1g, then 1 is p-compact. Hence
(X, 0, E) is fuzzy softp*-compact.

Note 2. Clearly, every fuzzy soffp*-compact space is
fuzzy soft compact in the sense of Definition 3.1. But the

nverse is not n ry true, this fact can hown .
converse is not necessary true, this fact can be shown b ets oveiX which has thé=SFIP w.r.t. ge. Now suppose

the following example. . .

o - n has no fuzzy soft g-intersectiomr.t. ge. Then for all
Example 3.6.Let X be an infinite setand = {1} U{fe  xeZqge Ji € J such that Gfie and son€ = {fS @i € J}
€ FSS(X,E) : fg C 0.5¢}, then it is easy to check that is a fuzzy soft open p-cover gE. Sincege is p-compact,
(X,0,E) is a fuzzy soft compact space but it is not fuzzy then there is a finite open p-subcovergfsay,{ f& : s=
soft p*-compact. Indeed the fuzzy soft skt = 0.5¢ 1,2,...,neJ}. So,{fe :s=1,2,...,ne€ J} has no fuzzy
FSC(X,d,E) and the familyy = {x55: ec E, xe X} is soft g-intersectiow.r.t. ge. Contradiction thai) has the

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

88

S. Saleh, A. AL-Salemi: On compactness in fuzzy soft topicialg.

FSFIP wr.t. ge. Hence we obtain the result.
Conversely, let the family) = {0;8 :i €J} be afuzz soft

open p-cover ofje. Thenn® = {(Oi<g ‘ :i€J} has no
fuzzy soft g-intersectiom.r.t. ge. Thusn® has noFSFIP
wrt. ge. Sothere aréy, iy, ... , in € J such thaf (Oixsg)C :
s=1,2,..., n} has no fuzzy soft g-intersectianr.t. ge.
Then{O;fg :s=1,2,..., n}is afinite open p-subcover of
Oe- Hencegg is p-compact.

Theorem 3.12. Every fuzzy soft closed subspace
(X, dy,E) of a fuzzy softp*-compact spacéX, d,E) is a
fuzz softp*-compact space.

Proof. Obvious.

Theorem 3.13.Let (X, 1) be a topological space, then
(X, or,E) is fuzzy softp*-compact if and only if X, 1) is
compact.

Proof. Let (X,d;,E) be fuzzy softp*-compact and the
family {Ai : i € J} is an open cover ofX, then
{Xa : AeT, ied}isafuzzy soft open p-cover df.
Since g is fuzzy soft p-compact, then there is a finite
open p-subcover, say X5 :i=1,2,...,n } and so, the
family {Ai :i=1,2,....n } is a finite fuzzy soft open
subcover oX. Hence(X, T) is compact.

Conversely, IgX,1) is compact andge € oF, then
Oe = XB , B € 1° implies B is compact. Sincg = g,
thenxs = ge is fuzzy soft p-compact. Hend&, &;,E) is
p*-compact.

Theorem 3.14.Let(X,d,E) be a fuzz soft topological
space. If(X,d,E) is fuzzy softp*-compact, ther{X, 15)

is compact.

Proof. It is similar to that of the necessity part of the above
theorem.

Note 5. The converse of the above theorem may not be
true in general. This is can be shown by the Example 3.6

wherets = {0,X} is compact.

4 Fuzzy soft separation axioms and
p*-compactness

Theorem 4.1.Let (X, d,E) be aFST; — space andge €
FSS(X,E) be a p-compact set, then for &t € &¢ with
feGoe there areOy. , Og. € & such thaOs_ (O, .

Proof. Let (X, d,E) be aFST3 — space, fg € o0° andge

€ FSS(X,E) is fuzzy soft p-compact, then for every
ygegE there existoyg , Ofz € d such thatOyqufE.
Clearly, {Oyg : y;égg} is a fuzzy soft open p-cover of
Oe. Sincegg is fuzzy soft p-compact, then there exists a
finite fuzzy soft open p-subcover ofge say,
{O'yle; :i=12,..., n}. One readily verifies that

Oy = u{‘:loiyg and Or. = MfL,0}_ have the required
property.

Theorem 4.2.Let (X, d,E) be aF ST,-spacex €

FSP(X,E) andge be fuzzy soft p-compact witk§ Goe,
then there areO,e and Og. € & such thatOxe GOq .
Moreover, if fe and ge are fuzzy soft p-compact with
fefige, then there areOf. and Og. € 0 such that
OquOgE.

Proof. It is similar to that of the above theorem.

Theorem 4.3. Every fuzzy soft p-compact set in
FST,-space is a fuzzy soft closed set.

Proof. Let gg be a fuzzy soft p-compact setiST,-space
(X,0,E), then from the above theorem we have for every
X 00e there existO,e € J such thaD,e Gge thatiis, for all

Xg €0 there exist©ye €  such thaDy €gg. Therefore,

Ot is fuzzy soft open. Hence the result holds.

Theorem 4.4. Every fuzzy soft p*-compact To-space
(X,0,E) is a fuzzy soffTs-space.

Proof. Let (X, d,E) be a fuzzy sofip*-compactTl,-space
andfg, ge € 0° with fefge. Since(X, d,E) is fuzzy soft
p*-compact, therfg, ge are fuzzy soft p-compact and so,
from Theorem 4.2, there exi€s., Oy € & such that
O+ GOg. . Hence(X, d,E) is a fuzzy softl-space.

Theorem 4.5. Let (X,8,E) be a FSR;-space. Then

(X,0,E) is aFST,-space if and only if every fuzzy soft
p-compact set is closed.

Proof. The necessity follows from Theorem 4.3 .
Conversely, let every fuzzy soft p-compact set is closed,
then (X,9,E) is a FST;-space (seellf], Theorem 3.4).
Since (X,9,E) are FSR; and FSTy, then (X, 9,E) is a

F ST,-space (se€lfp], Theorem 3.9).

Theorem 4.6.Let (X,d,E) be a fuzzy soft topological
space, then everg*-compact-SR;-space is a fuzzy soft
regular(normal) space.

Proof. Let (X, 3, E) be ap*-compacF SR;-space andg €
0°¢ with x5 §fe. Then for all fuzzy soft poimygefg we

have,xgqu. Since(X, 0,E) is FSRy, then there exisD,e
an(NjOy?i € o such thatoxgqoyg. Then the family{Oyg :
yge fe} is a fuzzy soft open p-cover dt. Since(X, ,E)
is fuzzy softp*-compact, therfe is fuzzy soft p-compact,
and so there exislﬁ)'y% : ygefE ,i=12....n}tisafinite
fuzzy soft p-subcover ofg. Now takeo;gt = mi”:loixg and
Oy, = |_|i”=10iy?i ,then O , O, € & andOj, GO, . Hence
the result holds. The proof of the rest case is similar.

Corollary 4.7. Let (X,9,E) be fuzzy softp*-compact,
then the following statements are equivalent:
i) (X,9,E) is fuzzy softR; .

ii) (X,9,E) is fuzzy soft regular,
i) (X, d,E) is FSRy and fuzzy soft normal.

Proof. Obvious.
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