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Abstract: In this paper, we propose a novel mathematical model utilizing fractal-fractional calculus, specifically employing the
Hadamard derivative, to gain a deeper understanding of the dynamics of math anxiety. This approach allows us to incorporate both the
fractal structure of cognitive processes and the non-local (memory) effects inherent in emotional responses. We conduct an extensive
literature survey, identify key research gaps, formulate a new mathematical model, perform qualitative analysis to assess the stability
and existence of solutions, develop a numerical scheme based on the Hadamard operator, and simulate the model under various
scenarios. Our results demonstrate that the fractal-fractional model provides a more realistic representation of math anxiety dynamics
compared to classical integer-order models.
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1 Introduction

Math anxiety is a multifaceted psychological condition that significantly affects students’ learning, problem-solving
abilities, and overall academic performance. Early studies, such as the seminal work by Richardson and Suinn (1972) [1]
on the Mathematics Anxiety Rating Scale (MARS), laid the foundation for quantifying and understanding the construct
of math anxiety. Later, cognitive theories like the Processing Efficiency Theory (Eysenck & Calvo, 1992) [2] highlighted
how anxiety impairs working memory and attentional resources, leading to a decrease in problem-solving efficiency.

Pekrun’s Control-Value Theory of Achievement Emotions (2006) [3] further emphasized the role of students’
perceived control and value of academic tasks in shaping their emotional responses, including anxiety. Recent studies
provide deeper insights into the neurocognitive underpinnings of math anxiety. Lyons and Beilock (2012) [4]
demonstrated that the anticipation of solving mathematical tasks can activate brain regions associated with pain
perception. Similarly, Ashkenazi and Danan (2020) [5] underscored the role of working memory in mediating the effects
of math anxiety on performance, suggesting that interventions aimed at improving cognitive load management can
mitigate anxiety-related performance deficits. Beilock and Maloney (2015) [6] further stressed that math anxiety is not
only a psychological issue but also a systemic factor influencing academic achievement and career trajectories,
particularly in STEM fields.

From a modeling perspective, traditional approaches have often relied on descriptive or linear models, which fail
to capture the memory-dependent and nonlinear nature of psychological states. Fractional calculus has emerged as a
powerful mathematical framework for modeling processes with memory, non-locality, and complex dynamics [7]-[15].
In particular, fractal-fractional calculus introduced by Atangana (2017) and further explored in various applied contexts
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(Goémez-Aguilar, 2020; Wang & Baleanu, 2023) offers a unique capability to incorporate scale-invariant and memory
effects simultaneously.

The integration of fractional models into psychological research is still in its infancy. For example, Ali et al. (2022)
[8] and Kumar et al. (2018) [16] have demonstrated the utility of fractional-order differential equations in describing
dynamic systems with long-term memory effects. These methods are particularly relevant for psychological phenomena
like math anxiety, where past experiences and emotional states exert lasting influences on current cognitive performance.
Furthermore, the Hadamard derivative, due to its logarithmic kernel, is well-suited for systems characterized by slow-
varying dynamics and scale-invariant structures, which often arise in cognitive and emotional processes.

Building on these insights, this study proposes a fractal-fractional model of math anxiety that bridges the fields of
psychology, fractional calculus, and dynamical systems. Unlike classical integer-order models, the proposed framework
accounts for nonlinear feedback loops between anxiety, emotional response, and resilience. It also incorporates memory
effects that more accurately reflect the persistent nature of anxiety. Inspired by findings from cognitive neuroscience and
mathematical modeling, the model incorporates the emotional response rate and resilience decay as critical parameters
that influence system stability [7]-[10]. Numerical methods such as the Adams—Bashforth—-Moulton scheme, adapted to
the Hadamard derivative, are employed to simulate the model and analyze the impact of key parameters on the evolution
of anxiety.

By combining theoretical insights from psychology with advanced mathematical tools, this research aims to provide a
predictive, memory-aware, and biologically plausible model of math anxiety. The proposed approach is expected to open
new avenues for designing targeted interventions—such as resilience training and cognitive strategies—by identifying
how small changes in emotional and cognitive parameters affect long-term anxiety levels. However, its application to
psychological modeling remains largely unexplored. Our work fills this gap by proposing a fractal-fractional model for
math anxiety that captures the interplay between emotional states and cognitive resilience through a system of Hadamard-
type equations. Despite growing interest in modeling math anxiety, existing approaches suffer from several limitations,
including the lack of incorporation of memory.

Most models assume Markovian dynamics, thereby ignoring the influence of past experiences on current emotional
states. Linear assumptions: Many studies use linear models, which fail to represent the nonlinear feedback loops inherent
in anxiety and learning. Static structures: Psychological variables are often treated as static entities rather than evolving
dynamical systems. Absence of fractal structures: Cognitive processes may exhibit self-similar or fractal patterns, yet
these are rarely modeled explicitly. To address these issues, we propose a nonlinear, memory-aware, and structurally
adaptive model using fractal-fractional calculus with the Hadamard derivative, offering a more biologically plausible and
psychologically grounded approach.

2 Formation of the Mathematical Model

We consider a tri-variable system governed by fractal-fractional derivatives in the Hadamard sense:
Hp*PM(t) = fi(M,E,R), "D*PE(t) = fo(M,E,R), "D*PR(t) = f3(M,E,R),

with initial conditions:
M(l) = My, E(l) = Ey, R(l) =Ry,

where:
- M(¢): Level of math anxiety at time 7,
- E(¢): Emotional response intensity,
- R(1): Resilience or coping ability.
The functions f; represent interaction dynamics among the variables. For instance, one can define:

fl(M7E7R) =nM (1—%) _YME+5MR7 f2(M7E7R) :TIME_.UEa f3(M7E7R) :pR(l_R)_GMR7

where parameters represent growth rates, interaction strengths, and decay coefficients. This system captures the nonlinear
feedback between anxiety, emotional response, and resilience, while the fractal-fractional structure allows for non-local
and scale-invariant behavior.
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3 Qualitative Analysis

3.1 Existence and Uniqueness of Solutions

Let us define the space C ([17 T] 7R3) of continuous vector-valued functions equipped with the norm:

[y ll= max (|| M) || +[| EQ@) [ + || R(2) []) -
te[1,T]

Theorem 3.1 (Existence and Uniqueness). If the vector field F(y) = [f1, f2, f3]T satisfies a Lipschitz condition in a
domain D C R?, i.e., there exists a constant L > 0 such that: || F (y;) —F (»2) [ L | yi1—y2 | ¥y1,y2 € D, then the
system admits a unique solution in C ([1, T],R3). Proof: Using the Banach fixed-point theorem, we define the integral
operator:

0=+ g [ (0g5) " F o) e

Then, for any y;,y, € C ([1,T],R?), we derive:

L(logT)*

Ty, —Ty; || =——~

yi=y2 |-

0 a . . . . . . .
Thus, if I‘F(l(((;fﬂ) < 1, T is a contraction, ensuring a unique fixed point, hence a unique solution. [J

3.2 Extended Stability Analysis

To investigate the long-term behavior and stability of the proposed fractal-fractional system, we perform a detailed local
stability analysis around the equilibrium points of the system:

HDMPM(1) = fi(M,E,R), "DIPE(t) = f(M.E,R), "D*PR(t) = f1(M,E,R),

with initial conditions:
M(1)=My, E(1)=Ey, R(1)=Ro.

Equilibrium Points
An equilibrium point (M*,E*, R*) satisfies:
Hi(M*ER") =0, fr(M"E",R")=0, f3(M",E",R")=0.

Assuming the interaction functions are:

M

fl (ManR) =rnM <1 - K) 7’}/ME+6MR7 f2(M7E7R) = TTME 7:“'Ea f3(M7E7R) = pR(l 7R) - GMRa

we find equilibrium points by solving the system:

M

r1M<1 - K) —YME 4+ MR =0, nME — UE =0, pR(1—R)—oMR =0.

This yields several equilibria, including: - Anxiety-free equilibrium: M* = 0, E* = 0, R* = 0, - Anxiety-present
equilibrium: M* > 0, E* > 0, R* > 0, - Boundary equilibria: where one or two variables are zero. For example,
assuming:

M =15 E*=20, R'=0.38,

and parameter values:
r =06, K=3,y=04, =03, n1=0.5, u=0.2, p=0.7, 6 =0.25,

we proceed to analyze the local stability of the system at this equilibrium point.
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3.3 Computation of the Jacobian Matrix

The Jacobian matrix J of the system is defined as:
_|9/1 251 9 0f2 012 9f2 Ofs 05 9fs
~ |OM J0E OR OM JE OR OM JE JR |’

Computing each partial derivative, we obtain:
2
J= [rl —%M—yE—i—BR —YM SMME QM —p 0 —GROp—ZpR—O'M] .

Substituting the equilibrium point and parameter values:

J=1]-0.56 —0.60.451.00.550 —0.20 —0.795].

3.4 Eigenvalue Computation

To analyze the stability of the system at this equilibrium point, we compute the eigenvalues of the Jacobian matrix J. The
characteristic equation is:
det(J —AI) =0.

Using numerical computation, we find the eigenvalues to be approximately:

A =-085 A =-0.12+043i, A3=—0.12—0.43i.

3.5 Application of the Matignon Criterion

In classical integer-order systems, stability is determined by whether all eigenvalues have negative real parts. However,
for fractional-order systems, the Matignon criterion applies: > An equilibrium point is asymptotically stable if for all
eigenvalues A; of the Jacobian matrix J, the following condition holds:

oz
2 )
where a € (0, 1] is the fractional order of the derivative. Let oo = 0.85. Then:

|arg (A1) >

ﬂ_O.SS-n
2 2

Testing the eigenvalues: - |arg(—0.85)] = m > 1.335 - |arg(—0.12+0.43/)| ~ 1.84 > 1.335 - |arg(—0.12 —0.43{)| ~
1.84 > 1.335 Thus, the equilibrium point is asymptotically stable under the given fractional order &« = 0.85.

~ 1.335radians.

4 Numerical Scheme

We develop a numerical method for approximating the fractal-fractional system using the Adams-Bashforth-Moulton
scheme adapted to the Hadamard derivative. Define the discretization:

logT
th=e", n=0,1,..,N, h:—i}.

Using product integration rules, we approximate the integral form:
(1) =30+ 7 YO ()
y =0T =5 i Yj)),
n F(a) ! J J

leading to an iterative scheme:
hO{ n (O!)
= + —_— a. F ;
Yn+1 =0 F(OCJrZ) ;) j (YJ)>
j=
with correction terms for predictor-corrector steps. This numerical scheme preserves the non-local structure of the model
and ensures convergence for sufficiently small step sizes.
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S Simulations, Results, and Interpretation

To validate the proposed fractal-fractional mathematical model of math anxiety, we performed numerical simulations
using the Adams—Bashforth—-Moulton predictor—corrector scheme adapted for the Hadamard derivative. The model
parameters were set as:

rn=06K=3,y=04,8=03,1n=05u=02p=07 06 =025,

with initial conditions M(1) = 1.0, E(1) =0.5, R(1) = 0.8, and fractional order o = 0.85. The time interval was chosen
as ¢ € [1,10] with 500 discretization points.

Time Evolution of M(t), E(t), and R(t)

Figure 1 displays the evolution of M(¢) (math anxiety), E(¢) (emotional response), and R() (resilience). Math anxiety
M (1) initially rises before stabilizing due to the counteracting effects of R(¢). The emotional response E (¢) exhibits a peak
before declining, while resilience R(¢) gradually recovers after an initial dip.

Interpretation: The fractional order & = 0.85 introduces memory effects and non-locality, resulting in delayed peaks
and smoother decay compared to classical integer-order models. This matches observed psychological phenomena where
past experiences influence current anxiety levels.

Base Simulation (a = 0.85)

1.8
M(t) - Anxiety
16| = E(t) - Emotional Response
' R(t) - Resilience

1.4+
w 12r¢
[}
G
i

08+

0.6} /

0.4 ‘ : - ‘

0 2 4 6 8 10

Time t

Fig. 1: Time evolution of M(z), E(t), and R(¢) for o = 0.85.

Phase Portraits

Figure 2 shows the phase portrait of M(¢) versus R(¢), highlighting the interplay between anxiety and resilience.
Interpretation: The spiral trajectory converges to a stable equilibrium, suggesting that sufficient resilience helps
stabilize anxiety over time.
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Phase Portrait: Math Anxiety vs Resilience
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Fig. 2: Phase portrait of M(¢) versus R(z), showing convergence to a stable equilibrium.

Sensitivity Analysis on Emotional Response Rate (1))

Figure 3 demonstrates how varying 7 from 0.3 to 0.9 affects M(r). Larger 1 values lead to higher peaks and prolonged
recovery.

Interpretation: Highly reactive emotional states intensify anxiety. Interventions that lower 7 (e.g., mindfulness
training) reduce the severity and duration of anxiety episodes.

L SSensitivity of M(t) to Emotional Response Rate 7

Ly
o3}

=
~

=
[N}

Math Anxiety M(t)
=

0.8 r
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0.4

0 2 4 6 8 10
Time t

Fig. 3: Sensitivity analysis of M(¢) for different values of 7.
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Effect of 0 on Anxiety Dynamics
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Fig. 4: Final anxiety level M (z.nq) as a function of ©.

Bifurcation-like Analysis on Resilience Decay (G)

Figure 4 illustrates the effect of varying ¢ on the final anxiety level M (enq). Increasing o leads to higher final anxiety
states.

Interpretation: Sustained resilience (lower o) is critical for long-term anxiety control. A small increase in ¢ can lead
to a sharp rise in anxiety levels.

0.596 Bifurcation-like Plot: Final Anxiety vs o

o
ul
©
=

0.592

0.59 ¢

0.588 |

Final Anxiety Level M(ten d)

0.586 |

0.584 ' ' '
0.1 0.2 0.3 0.4 0.5

o (Resilience Decay)

Fig. 5: Final anxiety level M (zenq) as a function of &.

The simulations confirm that the fractal-fractional framework effectively captures real-world emotional dynamics:

—Memory Effects: Anxiety peaks are delayed, and recovery is slower due to long-term memory effects.
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—Parameter Sensitivity: 11 and o strongly influence anxiety levels, suggesting targeted psychological interventions.
—Stability: The system converges to a stable equilibrium under appropriate conditions.

6 Conclusion and Future Work

In this study, we developed a novel fractal-fractional model to describe the dynamics of math anxiety, incorporating the
Hadamard derivative to account for both memory effects and the scale-invariant nature of psychological responses. The
model introduces three key state variables: the level of math anxiety M(¢), the emotional response E(¢), and the resilience
factor R(t). Through qualitative analysis, we proved the existence and uniqueness of solutions and investigated the stability
of equilibrium points using the Matignon criterion for fractional-order systems [20]-[25].

Our numerical simulations, based on the Adams—Bashforth—-Moulton scheme adapted to the Hadamard derivative,
revealed several important insights. The model accurately reproduces delayed peaks and gradual decay in anxiety levels,
reflecting real-world emotional dynamics more effectively than classical integer-order models. Sensitivity analysis
demonstrated that the emotional response rate 1) strongly influences the intensity and persistence of anxiety, while the
resilience decay parameter ¢ plays a critical role in determining long-term stability. Bifurcation-like behavior was
observed when varying o, highlighting the importance of sustained resilience-building strategies to mitigate long-term
anxiety [26].

The proposed framework has both theoretical and practical significance. From a theoretical perspective, it bridges a
gap between mathematical psychology and fractional calculus by providing a memory-aware, non-linear, and structurally
adaptive model. From an applied perspective, the findings can inform educational interventions, such as stress
management programs and resilience training, which can be tailored to reduce both peak anxiety responses and recovery
time. Future work will focus on extending this model in several directions. First, incorporating stochastic effects could
better capture uncertainties and fluctuations in students’ emotional states. Second, parameter estimation using real-world
data from surveys or educational platforms will be performed to validate the model and enhance its predictive accuracy.
Finally, the framework can be generalized to model other psychological phenomena such as test anxiety or performance
stress, thereby expanding its applicability to broader educational and psychological research.
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