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Abstract: Sequential testing procedure is developed for shape parameter of power function distribution. Sequential Probability Ratio
Test (SPRT) is developed for testing the hypothesis regarding the (shape) parameter of power function distribution. The robustness of
SPRT is studied. The expressions for the operating characteristic (OC) and average sample number (ASN) functions are derived and
the results presented through tables and graphs.
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1 Introduction

Power function distribution is mostly used in depiction of population data where sample size is predictable. This
distribution is also counted as a life testing model to fit thefailure data. Power function distribution is a specific caseof
Pareto distribution. Meniconi and Barry (1995)[5] discussed the application of Power function distribution. They proved
that the Power function distribution is the best distribution to check the reliability of any electrical component. In
reliability/survival testing this distribution measureshazard rate in specified time interval.
The pioneering work of sequential test is proposed by Wald (1947)[12], who developed Sequential Probability Ratio Test
(SPRT) for testing a simple null hypothesis against a simplealternative hypothesis. As a measure of the performance of
SPRT, Wald obtained the expression for the Operating Characteristic (OC) and Average Sample Number (ASN)
functions. The robustness of the SPRT, dealing with the testing of the parameters under consider has undergone a change
has been studied by various authors, while dealing with different probabilistic models useful in reliability/survival
analysis. Epstein and Sobel (1955)[2] applied the SPRT for testing the simple null hypothesis against simple alternative
hypothesis regarding the parameter of exponential distribution. Harter and Moore (1976)[3] conducted Monte Carlo
study to investigate the robustness of SPRT for exponentialdistribution. Montagne and Singpurwalla (1985)[6]
generalized the results of Harter and Moore (1976)[3]from Weibull to a class of distribution having an increasing failure
rate. They obtained inequalities for OC and ASN functions inorder to demonstrate the robustness. For sequential tests
and their robustness for the parameters of some families of continuous distribuions, one may refers to Phatarfod
(1971)[9], Chaturvedi, Kumar and Surinder (2000)[1], Surinder and Naresh (2009)[10] Parameshwar, Nagaraj and
Gudaganavar (2010)[8] and Surinder and Mukesh (2013)[11].
In this paper, we have developed the Sequential Testing Procedure for the parameter of power function distribution. In
section 2, we describe the basic introduction of power function distribution. In section 3, we develop the SPRT and
obtained the expressions for the OC and ASN functions for parameter. In section 4, we have also studied the robustness
of the SPRT when the parameter under consideration has undergone a change. Finally, we illustrate implementation of
SPRT for power function distribution, in Section 5.
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2 Set Up of the Problem

Let the random variable(rv)X follows the Power function distribution presented by the probability density function
(pdf)

f (x) =
C(x− a)(C−1)

(b− a)C
; a < x ≤ b (1)

whereC is the shape parameterC > 0 anda,b are the boundary points. Takinga = 0 the pdf converted in to

f (x) =
Cx(C−1)

bC ; 0< x ≤ b (2)

Given a sequence of observationX1,X2,X3, · · ·,Xn from (2.2), suppose one wish to test the simple null hypothesisH0 =
C = C0 against simple alternative hypothesisH1 = C = C1. The expression for the OC and ASN functions are obtained
and their behaviour is studied through graphs and tables.

3 Testing the Hypothesis for C

The SPRT for testing simple null hypothesis against simple alternative hypothesis, corresponding ratio is

Zi = log[
f (xi,C1)

f (xi,C0)
] = log(

C1

C0
)+ (C1−C0)logxi +(C0−C1)logb (3)

Now we choose two numbers A and B such that 0< B < 1 < A. At the nth stage acceptH0 if ΣZi ≤ (logB), rejectH0
if ΣZi ≥ (logA), otherwise continue sampling by taking the(n+1)th observation.αε(0,1) andβ ε(0,1) areTypeIst and
TypeIInd errors respectively, whereA = (1−β

α ) andB = ( β
1−α ).

The OC function of SPRT is given by

L(C) =
(Ah −1)
(Ah −Bh)

(4)

where h is the non zero solution of the given equationE(eZi) = 1
or

∫ b

0
[

f (xi,C1)

f (xi,C0)
]h f (xi,C)dxi = 1 (5)

After solving we get,

h =
C[(C1

C0
)h −1]

(C1−C0)

On substitutingd = (C1−C0),a = (C1
C0
) we get

Cah = hd+C (6)

Taking logarithm in both sides in (3.4),
hlog(a)+ log(C) = log(hd+C)

hlog(a) = log(1+
hd
C

)

hloga =
hd
C

−
h2d2

2C2 +
h3d3

3C3

Taking approximation upto 3rd degree of h,we get quadratic equation

2d3h2−3Cd2h+6C2d −6C3loga = 0 (7)

The roots are
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h =
3Cd2±

√

48C3d3 loga+39C2d4

4d3

ASN for power function distribution

E(N/C) =
L(C)logB+[1−L(C)]logA

E(Zi)
(8)

Now calculateE(Zi) from (3.1),whereE(Zi) 6= 0,

E(Zi) = log(
C1

C0
)+ (C1−C0)

∫ b

0
logxi f (x)dxi +(C0−C1)logb

= log(
C1

C0
)+ (C1−C0)

∫ b

0
logxi

Cx(C−1)
i

bC dxi +(C0−C1)logb

E(Zi) = log(
C1

C0
)−

(C1−C0)

C
(9)

4 Robustness of SPRT for the Scale Parameter of Power Function Distribution

Let us suppose that the parameterC has undergone a change then the pdf in (2.2) becomef (xi,C,b1) . To study the
robustness of SPRT developed in section 4 with respect to OC function, considerh as the solution of the equation

∫ b1

0
[

f (xi,C1,b)
f (xi,C0,b)

]h f (xi,C,b1)dxi = 1 (10)

After solving we get

(
b1

b
)h(C1−C0)C(

C1

C0
)h = h(C1−C0)+C

Let φ = ( b1
b ),a = (C1

C0
),d = (C1−C0)

The equation is written as
C(ah)(φhd) = hd+C

(ah)(φhd) = [
hd
C

+1] (11)

Taking logarithm in both sides in (4.2) and we get results

h2d3

3C3 −
hd2

2C2 +
d
C
− log(a)− d log(φ) = 0 (12)

ASN function for SPRT can be obtained as follows

E(N/C) =
L(C)logB+[1−L(C)]logA

Eb1(Zi)

Eb1(Zi) =
∫ b1

o
Z f (xi,C,b1)dxi (13)

Eb1(Zi) = log(
C1

C0
)+ (C0−C1)logb+(C1−C0)

∫ b1

0
logxi f (xi,C,b1)dxi

= log(
C1

C0
)+ (C0−C1)logb+(C1−C0)[logb1−

1
C
]

Eb1(Zi) = log(a)− d log(
1
φ
)+

d
C

(14)

whereφ = ( b1
b ),a = (C1

C0
),d = (C1−C0)
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5 Implementation of SPRT for power function distribution

The nature of SPRT in case of power function distribution is described as, letX1,X2,X3, · · ·,Xn be identically independent
distributed r.v’s from power function function distribution (2.2), whereC > 0,we wish to test the simple null
hypothesisH0 = C = C0 against simple alternative hypothesisH1 = C = C1(> C0) having pre-assigned 0< α,β < 1.
which are (A and B) defined in section 3 andZi defined as

Zi = log[
f (xi,C1)

f (xi,C0)
] = log(

C1

C0
)+ (C1−C0)logxi +(C0−C1)logb (15)

Let n(≥), i = 1,2, ...,. The SPRT summarized and simplified to the following. LetY (n) = ∑Xi and N=first integer(n ≥ 1)
for which inequalityY (n)≤ c1+ dn or Y (n)≥ c2+ dn holds with constants

c1 =
ln(B)

(C1−C0)
,c1 =

ln(A)
(C1−C0

),d =
ln[(C1

C1
)b(C0−C1]]

(C1−C0)

At the stoping stage of sampling, ifY (N) ≤ c1+ dN we acceptH0 and ifY (N) ≥ c2+ dN we rejectH0 for different
values of N, where A and B are the fixed constants.Fig.3 shows acceptance and rejection region for null hypothesis,when
H0 =C0 = 20,H1 =C1 = 25,b = 1,α = β = 0.05. The calculated values constants arec1 = −0.9108,c2 = 0.59713 and
d = 0.01938. from these constants ifY (N)≤ 0.019N−0.9108 we acceptH0 and ifY (N) ≥ 0.019N+0.59714 we accept
H1.At the intermediate stage, we continue sampling.

Fig. 1: OC function and ASN function for testing whenC1 = 20, C2 = 25, b = 1,α = β = 0.05.

Fig. 2: Robustness of OC and ASN functions for testingC0 = 20, C1 = 25, b = 1,α = β = 0.05, p = φ .
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Fig. 3: Acceptance and rejection region for testingC0 = 20, C1 = 25, b = 1,α = β = 0.05, p = φ .

6 Conclusion

The values of OC and ASN functions for the casesb < b1,b = b1,b > b1 are plotted inFig.2 respectively. From theFig.2
we observe that forb < b1andb > b1, the OC curve is not shifted to any other side of the curve. From theFig.2 it is clear
that SPRT is robust, as the deviation in OC and ASN functions are insignificant. Thus we conclude that for the present
model, the SPRT for testing the hypothesis regardingC, is highly robust for changes in the value ofb .
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