Appl. Math. Inf. Sci.13, No. 1, 11-16 (2019) %N =S¥\ 11

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/130102

On Distributions of Order Statistics for Nonidentically
Distributed Variables

FahrettinOzbey*, Mehmet Gingdr? and Yunus Buldt

1 Department of Statistics, University of Bitlis Eren, BitliTurkey
2 Department of Econometrics, Inonu University, 44280 MalafTurkey.

Received: 12 Jun. 2018, Revised: 12 Aug. 2018, Accepted: 2l 2018
Published online: 1 Jan. 2019

Abstract: In this study, distribution and probability density furais of anyd order statistics oinnid continuous random variables
are expressed. Then, some results connecting distrilsutiborder statistics ahnid random variables to that of order statisticdidf
random variables are given.
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1 Introduction joint pdf and df of order statistics ofinnid random
variables by means of permanents. Childs and
Balakrishnanf4] obtained, using multinomial arguments,
the pdf of X.ni1 (1 <r < n+ 1) by adding another
independent random variable to the origimalariables

Several identities and recurrence relations for prohigbili
density function jpdf) and distribution functiondf) of
order statistics of independent and identically-distigiol

(id) random variables were established by numeroug‘l:X2,--%n. Balasubramanian et &l established the
authors including Arnold et all], Balasubramanian and Identities satisfied by distributions of order statistiasnfi

Beg?], David[3], and Reissf]. Furthermore, Arnold et non-independent non-identical variables through operato

aI.[l], David[3], Gan and Bairﬁ], and Khatrib] obtained methods based on the difference and differential

the probability function §f) anddf of order statistics of ~©Perators. Also, marginal and joint distributions of order
iid random variables from a discrete parent. Coffgy[ statistics from innid / iid continuous and discrete random

defined a multivariate generalization of classical ordervarables / dvectors are obtained in different ways by
statistics for random samples from a continuous©Ungor and Turarf6 17], Gungorflg 19,20], Gungor et

multivariate distribution. Goldie and Mallé&] derived al,',[21]' Yuzbasi and __Gupgozp], Bulut et al.p3,
expressions for generalized joint densities of orderYUzbas! etal24and Gingor and Bulugy].

statistics of iid random variables in terms of In general, distribution theory for order statistics is
Radon-Nikodym derivatives with respect to product complicated when random variables arsid.

measures based onlf. Guilbaudp] expressed the
probability of the functions of independent but not
necessarily identically distributedfid) random vectors
as a linear combination of probabilities of the functions of  From now on, subscripts and superscripts are defined
iid random vectors and thus also for order statistics ofin first place in which they are used and these definitions
random variables. are valid unless they are redefined.

Cao and Wesi[0] obtained recurrence relationships
among the distribution functions of order statistics agsi
from innid random variables. Vaughan and Venahldk[
derived the joinpdf and marginapdf of order statistics
of innid random variables by means of permanents. LetF and fi be df and pdf of X (i=1, 2,...,n),
Balakrishnan{2], and Bapat and Be@B] obtained the respectively. Moreover, X3, X5, ... ,\ X5, are order

In this study, distributions of order statistics iohid
continuous random variables are obtained.

Let X1, Xo, ..., X, beinnid continuous random variables
andXin < Xon < ... < Xp:n be order statistics obtained by
arranging then X's in increasing order of magnitude.
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statistics ofiid random variables witldf FSand pdf f5,
respectively, defined by

1
F= =R (1)
Ns &
and L
fS= =% f, 2
Ns f&
Here,sis a subset of the integef, 2,...,n} with ng >1
elements.

In follows, df and pdf of X, X, ...; Xy
A<ri<rp<..<rg<n,d=1, 2, n)aregiven For
notational convenience we ertgz and yo TR
instead of Sh(—) KKy and
Epnd=rd-~-2%=r22%—rl in the expressmns below,
respectively.

This paper is organized as follows. In section 2, we

give theorems concernirdf andpdf of order statistics of

innid continuous random variables. In section 3, some

results related tdf andpdf are given.

2 Theorems for distribution and probability
density functions

In this section, theorems related w@f and pdf of
Xy Xepiny -, Xegin are given. Theorems connedt and
pdf of order statistics oinnid random variables to that of
order statistics ofid random variables using Eql)(and
Eq. ).

The following theorem can be expressed for jailfit
of order statistics oihnid continuous random variables.

Theorem 2.1.
n,..., Mg, M m
Frl,rz,..., rd:n(X17X27 7Xd) = C Z l FJI (Xl)‘|
my,..., Mp, My I=
d+1 my
(=)™t

wherex; < X% < ... < x4, C = [33(my—mu_1)!] 7,

mp=0,my;1 =n, Fj; (X44+1) = 1,Xw € R, 3p denotes sum
over alln! permutationgjy, j2, ..., jn) Of (1,2,...,n), and
Yn=t-m, , denotes sum over al("} W) subsets

! / ! /
= {1, T2, Ttmy 1}y T = {T3,Tp,0, Ty, ¢} Of
/ . . . /
TUT = {jmy_ 141 imy 142> Jmy} » TNT = 0.

Proof. It can be written

Frl,rz,...,rd:n(xl,xz, ,Xd) =
P{Xrl:n <X, Xrgn <X,y

Xegin <Xd - @)

Eq. @) can be expressed as

n,...,mMg, M

%)= Mg, 7nb7mch [HF“ b 1

[ [ [File) - F“(xl)]l
l=mg+1

n

Frl,rz,...,rd:n(xlaxb ooy

[1—Fj(xa)]
l=mg+1
n,. 7msmz [ 1
= C F] X]_
my, .. vn}27ml Z I_! !
d+
[FJI(XW) FJ|(XW71)]~
w=2l=my_1+1
(5)
By considering expression &%, r,. . ryn(X1,X2,...,Xq) in
Eqg. 6), writing
My
[Fj, (%) — Fjy (Xw—1)] =
l=my_1+1
My . t—=my-1
(-1) Fr (% Fr (Xw-1),
t=%71 nr_t My—1 r! Tl W I_! Tl "

and using Eqg.§) in Eq. (), Eq. 3) is obtained.

i -1
It can be written C - yp . O

(n—my)! > Py instead of§ p in the above theorem.

Here, Y pn .mm denotes sum over alin!
permutauons(Jl,Jz, o jn) of (1,2,...,n) for which
j1 <2 <o <lmp imtt < imps2 < oo < jm, ... and

< jn. Moreover, 5, ~denotes sum
img) Of (1,2,...,1).

Jmg+1 < jnu+2 <.
over all permutations§j, j2, ...

In theory of order statistics, it is usually assumed that
X1,Xa,..., Xn are identically distributed. However, in many
practical situations, it is necessary to allow for
nonidenticallyF;, F, ..., F.

The following theorem is based on Theorem 2.1 in
terms ofdf of order statistics ofid continuous random
variables.
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Theorem 2.2.
Frora,.rain(X1, X2, ..., Xd Z z z n'C[FS(Xl)]ml
k= rrzw (1ymet (mN—mel)
w=2t=my 1 t—my1
[F0w)] ™ P ()™
(7)
Proof. Eq. @) can be expressed as
Fr17r27...7rd:n(X17X27 7Xd) = (8)
z Z P{erlzn <X, Xrszzn <X, er i < Xd}

Eq. (7) is obtained from Eq.3) and Eq. 8). Thus, Eq.7)
is obtained.

We now express the following theorem for joiptif
of order statistics oihnid continuous random variables.

Theorem 2.3.

froro.rgn(X1, X2, ., Xd

o3 ffres)
d+1 rw—1 w1
. ll—lz tzrzi (_1)rwflftn =‘Zr ) ( ||1 F (xw)> 9)

rw—1—t

d
IE! Frl’ (Xw—l)] WI:l1 firy (Xw),

wherex; < X2 < ... < Xd, D = 133 [(ry —rw_1— 1)1,
ro=0,rgr1 = n+ 1, andy,, denotes sum over all

=t—rw-1
'w—rw—
(/twfrwvfll), , sul?sets ro= {11, T2, oo, Ty 1 1
T = {T17T27-"5Trw—t} of TUT = {JFW,1+17]TW,1+23
. !
co b TNT =0.

Proof. Consider

P{X1 < Xry:n < X1+ OX1, X2 < Xrpin < Xo + OX2,

10
s Xd < Krgin < Xg+ OXg ) (10)

Dividing Eqg. (10) by |‘|\°,‘\,=1<5xW and then letting
O0X1,0X%o, ..., 0Xq tend to zero, we obtain

D%{l’! Fj (x1) ] fjrl(xl)

~[i‘| [Fii () — F,.m)}} f, (%)

I=r;+1

frl,rz,...,rd:n(XLXZw - Xd

< ) TT 1= Fj (k)]
I=rq+1
(11)

Eq. 11) reduces to

fr17r27...7rd:n(xla X2, .., Xd

)=D3 rj‘fﬁ-l <xl>]

(12)
d+1 rp—1
' [l_l |_| (Fj, (w) — Fjy (Xw—1 ] I_l Fire %)
w=2l=ry,_1+1
By considering the expression &f r, .. ryin(X1,X2, ..., Xd)
in Eq. (12), writing
fw—1
(Fj (%w) — Fjy (dw-1)] =
I=ry_1+1
w1 Lt t—ry 1 ry—1-t
_1 fw—2— F X F / XW* s
2 Y ;( [ Fol m) [T Fol-a)
(13)

and using Eq.13) in Eq. (12), Eq. ©) is obtained. We can
write D™y g . OF (N—rq)! 3 instead ofyp in
the above theorem. Hergop, denotes sum over all

..... o, rq
nl permutations(jy, jo, .. ,Jn) of (1,2,...,n) for which
Jl < J2 <. < Jrl 1, Jr1+1 < Jr1+2 < . < jrzfl!

g1 < er+2 < ... < jn. Moreover, zpd denotes sum

over all permutation(sjl, j25-Jrg) OF (1,2,...,10).
The following theorem can be obtained from E40)
in terms ofdf andpdf of iid continuous random variables.

Theorem 2.4.
frl,rz,...,rd:n(XLXZa < Xd Z Z n'D )]rl 1
w=2t=Tw 1 t —Tw-1 (14)

-[FS<xW>1‘—rw1[FS<xWmfw-l-t} [ 15000

Proof. Eq. (1L0) can be expressed as

Z Z P{xq < erl:n <X+ 00Xy, X2 < erz:n < X2+ OXo,

o Xd < X < Xd + X}
(15)
Dividing Eg. (@15 by |‘|W 10Xy and then letting
0X1, OXo, ..., OXq tend to zero, Eq.1(4) is obtained.

3 Results for distribution and probability
density functions

In this section, some results related dé and pdf of
Xriins Xeginy - Xrgen @re given. Also, these results connect
df andpdf of order statistics oinnid random variables to
that of order statistics afd random variables.

We now obtain three results falf of order statistics
of innid continuous random variables from Theorem 2.1
and Theorem 2.2.
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Result 3.1.

Frl:n(xl) = z

(16)

Proof. In Eq. @) and Eq. ©), if d =1, Eqg. (6) is
obtained.

Result 3.2.

Fin(x) =1- n_1| Zti(—l "t nr,;_thﬁ( (x1)
=53 [1—ti(—1)”t (?) [FS(xl)]”t] :

17)
Proof. In Eq. (16), if r, =1, Eq. (L7) is obtained.

Result 3.3.

Frin(X1)

ZI’! h0a) (18)
=2 >IF

Proof. In Eq. (16), if r; =n, Eq. (L8) is obtained.
Next results for pdf of order statistics ofinnid

Result 3.5.

frn(X)

n-t
nr/znft Lll FT'/(Xl)] ")

i ) [

nlﬁ
-3 SN -y

(20)
Proof. In Eq. (19), if r1 = 1, Eq. Q0) is obtained.
Result 3.6.
n—-1
frn(x1) = W Z r!':h (x1) | fjp(x2) 21)

=3 Yl )
Proof. In Eq. (19), if r; =n, Eq. @1) is obtained.
The following two results are given for joinddf of
two and more order statistics.

Result 3.7.

fLan(X1, X2) =

e
- =Zt—1 Lﬂ F (xz)] lnﬁt Fy (xl)l

i (x) fjp (%2)

n—-1 o
=3 Sn(n- 1)t= (—1)n-2t (?_ f)

[Fo()] PP 0a)]™ 5 0x) 9(x).
(22)
Proof. In Eq. @) and Eq. 14),if d=2,r; =1 andr, =n,
Eq.(22) is obtained.

continuous random variables can be obtained from

Theorem 2.3 and Theorem 2.4.

The following three results are given fpdf of single

order statistic.

Result 3.4.

frym(x) = (rl_—_rlz [rll_fl:“ " ]

) n _1\h—t

200 2 LQF' Xl] | ) (19)
-3 3n(y) Fewr

DU W

Proof. In Eq. @) and Eq. 14), if d =1, Eqg. Q9 is
obtained.

Result 3.8.

=}

fl,Z,...,an(XlaX27 s X |

t= 7t

lI_!Frl Xk] fi2 (1) i, (%2)- Fji (%)

I3 (k)

[FR060]" 5 (xa) F9(x2). FS(%c).
(23)
Proof. In Eq. @) and Eq. 14), if d=kandr; =1,r, =
2,...,rk=k, Eq. 23) is obtained.

4 Conclusion

Some results connecting distributions of order statisifcs
innid random variables to that of order statistics iif
random variables are given.
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