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1 Introduction

Since 1920, the development of game theory began and
continues to this day. J. Van Neumann in (1928) [1], gave
the first proof of the central theorem of matrix games. T.
L. Vincent and W. J. Grantham in (1981) [2], presented
different formulations of games. The more general case
achieved under the assumption that there are multiple
decision-makers, each with their cost criterion. We have
now arrived in the territory of game theory while the
game appears when there exists the more general case of
multiple decision-makers [3]. This generalization
introduces the possibility of competition among the
system controllers, called “players” and the optimization
problem under consideration is therefore termed a
”game”. Each player in the game controls a specified
subset of the system parameters , called his control vector,
and seeks to minimize his own cost criterion, subject to
specified constraints [2].

Game theory applications may be found in
engineering, economics, biology, and many other life
fields. Games can be classified into three major classes
matrix games [4,5,6], continuous static games (CSGs) [2,

7] and differential games [8]. In this paper, hybrid studies
on CSGs are provided, in which the decision possibilities
need not be discrete and costs also are related in a
continuous rather than a discrete manner [2]. The game is
called static due to there is no time history involved in the
relationship between costs and decisions. In (1994) [9],
differential games with vector payoff were studied.

Over the past 30 years, the fuzzy set theory has
evolved in several ways in many branches and fields of
study such as engineering, economics, and many other
disciplines. The first publication in the theory of fuzzy
sets was made by L. A. Zadeh in (1965) [10] and J. A.
Goguen (1967) [11]. The theory of the fuzzy set is
derived for solving the problems that have some uncertion
and vague. In (1990) [12], M. Sakawa and H. Yano gave
an interactive approach for solving multi-objective
non-linear programming problems that include fuzzy
parameters in both objective function and constraints. In
(1993) [13], M. S. Osman and A. H. El-Banna studied the
stability of multi-objective non-linear programming
problems with fuzzy parameters. In (1984) [14], M. S.
Osman, A. H. El-Banna, and A. H. Amer presented Nash
equilibrium fuzzy continuous static games. In (1995)

* Corresponding author e-mail: aly_salah@f-eng.tanta.edu.eg

@© 2021 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/msl/100204

60 N SS

Y. A. Elnaga et al.: A Study on NMMHCSG under fuzzy environment

[15], A. Dhingra and S. S. Rao introduced a cooperative
fuzzy game theoretic approach to multiple objective
designs. In addition, in (1995) [16], M. A. Kassem and E.
I. Ammar introduced a study of multi-objective fuzzy
nonlinear programming problems at which the constraints
include fuzzy parameters. Furthermore, in (1997) [17], E.
I. Ammar studies the stability of multi-objective
non-linear programming problems with fuzzy parameters
in both the objectives and the constraints. In (2015) [18],
an interactive approach is presented to solve cooperative
continuous static games that contained fuzzy parameters
in the objective functions by H. Khalifa and R. A.
Zeineldin. Additionally, in (2019) [19], H. Khalifa
provided a novel study of cooperative continuous static
games under fuzzy environment.

In recent years, much of the research has been
presented important concepts about the sensitivity and
parametric study. M. Osman, in (1975) [20], introduced
some of the basic notions that related to sensitivity and
parametric study. These notions include: (i) The set of
feasible parameters, (ii) The solvability set of feasible
parameters, (iii) The stability set of the first kind, (iv) The
stability set of the second kind. Qualitative analysis of
these notions had been made for convex programs with
parameters in the constraints as presented in [21].
Furthermore, the same notions were studied with
parameters in the objective function introduced in [22].
As well as, in (1984) [7], the above parametric notions
were defined for continuous static games.

In this paper, a fuzzy hybrid continuous static games
that consisted of multiple players playing independently
using NES [23,2] and others playing under a secure
concept using MMS [2]. This game having fuzzy
parameters in both the cost functions and the constraints.
These fuzzy parameters are characterized by fuzzy
numbers. The concept of a—level set used for converting
F-HCSGs to a deterministic problem ac—HCSGs. Here a
hybrid Nash Min-Max approach, see [24], used to solve
the deterministic problem. Furthermore, qualitative
analysis of some basic notions in parametric Nash
Min-Max fuzzy hybrid continuous static games is also
presented.

The remainder of this paper is organized as in the
following five sections. In the next section, a formulation
of fuzzy hybrid continuous static games and its solution
concept is developed. Qualitative analysis of some basic
notions in fuzzy hybrid continuous static games is defined
and determined in section 3. In section 4, solution
procedure is suggested. An illustrative numerical example
to clarify the solution aspects is given in section 5.
Finally, some concluding remarks are reported in section
6.

2 Problem Formulation and Solution
Concept

Fuzzy set theory has developed in various ways for
solving problems in which the description of activities

and observations are vague and uncertain. This section
deals with a class of hybrid continuous static games, in
which some players playing independently using NES
and others using a MMS, with fuzzy parameters in both
the cost functions and the constraints.

2.1 General Structure of Fuzzy Hybrid
Continuous Static Games

Firstly, let we introduce the general structure of fuzzy
hybrid continuous static games (F-HCSGs) involving
fuzzy parameters in both the cost functions and the
constraints as follows:

Let u = (u1,u,...,up) € R™ denote the control vectors
for player i € Ty = {1,2....m} C {1,2....mym+1,...;r}
(the set of all players), v = (vi,v2,...,v,) € T C R ™
denote the composite control vectors for player
jeEh ={m+1,..r} and ® ¢ T C R denote the

composite control for other remaining players. Where
r

(u,0,0) € R, s = Z se are all composite control. Each
e=1

player [ = {1,2....m, m+1,...,r} selects his control

seeking to minimize a scalar-valued criterion

Fi(x,u,v,0,4) M
Subject to n equality constraints
gi(x,u,v,0,b), i=1,...n 2)

where x € R" is the state vector. The composite control is
required to be an element of regular control constraint set
Q € R4, defined by

Q={(u,v,0) €R* | h;[{(u,v,0,b),u,0,0,6] >0}
3)
where j = {1,...,q}, x = {(u,v,,b) is the solution to
(2), the functions Fj(-) : K" x R* — Rl gi(-) : R"
xR — R, A2 : R x RS — R are assumed to be C!
with | dg(x,u,v,®,b) / dx | # 0 in a ball about a solution

S
i
=

> P

P M 3 P4

Fig. 1: A special fuzzy number P with continuous trapezoidal
membership function
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point (x,u,V,®,b), and

a=(a1,@2, .., 1 s r ),
G = (11,12, s s @l 15 o5 1y, )

b= (b1,by,....5,),  bo=(be1,ber,....Den,)
&= (C1,62y.0,Cg); Gk = (Ca1,Ch2s s Chny)

represent a vector of fuzzy parameters in the cost
function, equality and inequality constraints respectively.
These fuzzy parameters are assumed to be characterized
by fuzzy numbers. The real fuzzy numbers form a convex
continuous fuzzy subset of the real line whose
membership function p;(P) are defined as the following
(see Fig. 1):

1.A continuous mapping from R’ to the closed interval
0,11,

2.Constant on (—oo, pi]: us(P) =0,V p € (—oo, p1],

3.Strictly increasing on [py, p2],

4.Constant on [py, p3]: u3(P) =1,V p € [p2, p3],

5.Strictly decreasing on [p3, p4],

6.Constant on [d,): Us(P) =0,V p € [p4, o).

Then, several F-HCSGs may be formulated depending on
the variety chosen of the optimality concepts by the
players i and j in the game (1) - (3) as shown in the
following subsection.

2.2 Nash Min-Max Fuzzy Hybrid Continuous
Static Game

This section deals with an established hybrid Nash
Min-Max approach for solving F-HCSG. This approach is
based on the fact that the game is presented as a hybrid
game between multiple players playing independently
using Nash equilibrium solution and others playing under
a secure concept using Min-Max solution with fuzzy
parameters in both the cost functions and the constraints.
The fuzzy parameters are characterized by fuzzy
numbers. The concept of a—level set used for converting
F-HCSG to a deterministic problem a—HCSG. Here
hybrid Nash Min-Max approach used to solve the
deterministic problem c—HCSG.

2.2.1 Problem Formulation

Consider the following Nash Min-Max fuzzy hybrid
continuous static game (NMMFHCSGs) problem that
involving fuzzy parameters in both the cost functions and
the constraints. The game consists of two teams, the first
team decided to play independently under NES with
players set i € Ty = {1,2....m} C {1,2....mm+1,....,r}

Subject to
x,u,0,¢) =0, ={1,...,n},

) 0
hy(e,u,0,d) > 0,0 =1{1,....q},
Q={xeR" (wv)ew| Y )20 ={L,...q},

) 0

) 0

ok (x,u,0,8) =0,K = {1,....¢},

v (x,u,v,f) >0,L={1,...,¢}
and

Max  Fj(x,u,v,b), j¢ 1

Subject to

gr(x,u,0,¢6)=0,1={1,...,n},
Q= {reR (w)ew (’;]f(izdi - {{1],7.::573}}:

v (x,u, 0, f) >0,L=1{1,....¢}

where (u,0) € R*,s =51 + 52+ ... + 5, are all composite
control. The functions F;(-),i = 1,....m,Fj(-),j =m+1,
ety g1(), I = {1, nk by (), ={1,...,q},0x(-),K =
{1,...0},w(-),L = {1,...,g} are assumed to be C' with
| dg(x,u,v,¢)/dx| # 0 and | d@(x,u,v,e)/dx| #0in a
ball about a solution points (x,u,v,c) and (x,u,v,e)
respectively, also

d:(dl,az, ,dm), di:(dil,d,g,...,dimi),
b= (bustsohr)y  bj=(Bjpmer)s b)),
E=(61,62,,Cn), G =(Cn,8,.Cty),
d=(di,dy,.. ,Jq), cij:((ijl,cijz,...,cijqj),
e=(81,82,..,8), &k = (Pk1,8Kk2, K1y ),
=l fe), fo=fu1, fras oo ficy)

represent a vector of fuzzy parameters in the cost
function, equality and inequality constraints respectively.
These fuzzy parameters are characterized by fuzzy
numbers. The real fuzzy numbers form a convex
continuous fuzzy subset of the real line whose
membership functions p;(P) as shown in Fig. 1.

2.2.2 Solution Concept

Let we now introduce solution concept formal definitions
for solving NMMFHCSGs problem (4) as follows:

Definition 2.1. (¢— Level set [12]) The a—level set
(a—cut) of fuzzy numbers d,-,Ej,El,Jj,ék,and fi are
defined as the ordinary set Iy, (d,b,&,d, é, f) for which the
degree of their membership function exceeds the level o
where I, (d,b,é,d,é, f) defined by

Nﬁi(ai) >,
(the set of all players). On the other hand, the second one (b)) > a
use a MMS between the players j € T, = {m+1,...,r} Hp;\Pj) = &,
as: . c >a,

Fa(dab)57d7éaf): (a,b,c,d,e,f) 'LLC,(CI)_
NMMFHCSG: g, (ds) = o,
Min Fi(x,u,v,d), i=1,2,...,m Uey (ex) >
Fi(x,u,v,b), jetC {m+1,...,r} 4) uy (fr)>a
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where i = 1,....m,j = m+ 1,...,n,I = {1,...,
{1,..,q},K={1,...,¢},and L={1,....6}.
By using Definition 2.1. and for a certain degree of «,
NMMFHCSG problem (4) can be transferred into
non-fuzzy a —NMMHCSG as follows:
a- NMMHCSG:
Min Fi(x,u,v,a), i=1,2,...,m
Fj(x,u,v,b), jetC{m+1,....r} 5)

n} =

Subject to
gr(x,u,v,¢) =0,1 ={1,...,n},
h v,d)>0,J ={1,....q},
Q=cxeR" (u,0) eR’ s, 0,d) { @
ok (x,u,v,e) =0,K ={1,...,},
f) =z

(a,b,c,d,e,f) S FO!( 5 E)J)é7f~)
and
Max Fj(x,u,v,b), j¢ 7t
Subject to
gr(x,u,v,¢) =0,1 ={1,...,n},
h d)>0,J={1,....q},
Qe vy egw| 0D g}
ok (x,u,v,e) =0,K ={1,...,0},
v (x,u,v,f) >0,L={1,....¢}

(a7b7c’d’e’f) G Fa(d7g’57j7é’f)

Definition 2.2. (¢ —Nash Min-Max solution) A point u* =
(u?,vj, ®*) € Q is an a—Nash Min-Max point if and only
if foreachi=1,2,...mand j=m+1,....r

F}[C(u*7c7)7u*aa;€] < E[C(ulvv Y ) Mivvj'vw*aai} (6)
and
Fil8(uj ,vj,0,ek),ui Vi, 0,b;] <
Fj [C(M*>e;()?u*7bﬂ < @)
Fj [C(ufvVjvw*ve;()?uf?vj?w*?bj]

for all (u;,v;,®) such that (u;,V;,®) € Q, (i4;,v;, ) € Q
and (i;,Vj, w) € Q defined by:

Q= {(u;,vj,a)) eR’

h (G (ui,vj, @,¢),ui,vj, @,d] >0,
v [ & (uiyvj, 0,e),u;,vj,0,f] >0
where x = {;(u;i,vj,c), x = {(ui,vj,e) are the solution to
g(x,u;,vj,c) =0and @ (x,u;, vj,e) =0 respectively, and
the corresponding values of parameters a;,b},¢; and ey
are called ox—level optimal parameters. Now, under calling
the definition 2.1 and 2.2, then c—NMMHCSG problem
(5) can be transformed into the following form
o- NMMHCSG™:
Min Fj(x,u,v,a),i=1,2,...m
Fj(x,u,v,b), jetC{m+1,...r} (8)

Subject to
g1(x,u,v,¢) =0, ={1,...,n},
hy(x,u,0,d) > 0,0 ={1,...,q},
Q= XEER",(M,I))EEKS J(xuv ) { q}
Ok (x,u,v,e) =0,K = {1,..., 0},
vL(xu,v,f) =0,L={1,...¢}
Ai<ai<A;, i=12,..m
Bi<bj<Bj, j=m+1,..r
C<c<C, I={12,..,n},
D;<d;<D;, J={1,2,...q},
Eg <ex <Eg, K=1{1,2,..10},
F<fi<F, L={1,2,..¢6}
and
Max F}‘()C,M,U,b),j¢’t
Subject to

Q={xeR" (u,0)eR*

ok (x,u,0,e

v (x,u,0,f) > 0,L={1,....¢}
Ai<ai <A, i=1.2,...,m,
B;j<b;<Bj, j=m+1,..,n,
C<c<C, I={12,..,n},
D;<d;<D;, J={1,2,...4},
Ex <ex <Ex, K={1,2,..0},
FL<fu<F, L={12,..6}

where (A140). (B,B). (Co.Gr). (02D0). (Ex.Fr).
and (Fy,Fy) are the a—level set of the fuzzy parameters
aj, bj,cr,dy, eg and fj, respectively.

The necessary optimal conditions usable for determining
a—Nash Min-Max solution points to —NMMHCSG
problem (8) may be stated in the following theorem.

Theorem 2.1. If (u*,v*) = (u],v}) € Q is a completely

regular local «a—Nash Min-Max point and if
x* = (u*,v*,c*) is solution to g(x,u*,v*,c*) =0, and
x* = & (u*,v*,e*) is solution to @(x,u*,v*,e*) = 0 then

for each i = 1,2,....om and j = m+ 1,...,r there exist
vectors A(i) € R™, u(i) € R, p(j) € Rm B € 9?42
p(j) € R, B(j) € R2,y(i) € R, 7(i) € R™,8())
R L0(7) € R™M, B(i) € R™,0(i) € R",0(i) € EK
()ecﬁq o(j )e‘ﬁé &(j) € RE,m(j) € RE and 7()) €
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R¢ such that n(j),x(j)>0, j=m+1,...r (44)
oL g, i=12,m © BU)=0, ¢t (45)
ox
dL;

S =0,i=12m (10) ~ Where,
u;
aLl Li[x,u,v,a,b,c,de,f,A,10,p,B,7,8,9,0,0,7] = F;(x,u,v,a)
T O erclmtln) D 2@ v.0) 1 (b v.d) — p' ()9 v,e)
dL; _ AN — A (Nai — A
Lo g Gy B (xuvf) 7 ()@ —A) — ¥ (i) (@ — A1)
a[f' — ¥ (i) (A 8'(j)(bj—Bj)—8'()(B; b))
v, =0 JeTCimtln) a3 - (l)(,,c,) (0)(Cr —er)—6'(i)(ds — D))

J 5
oL _ —0'(i)(D; —dy) — o' (j)(ex —Ex) — &' (j)(Ex — ex)
vy " 0IET A9 ()~ R~ 2 () (FL— fr) (46)

ILi =0.i=1.2....m (15) for each player i € T} = {1,2,...,m}, and
da,db,dc,dd,de,d f ’ e
dL;

s é — —0,jerC{m+1,..r} (16) L;lx,u,v,a,b,c,d,e,f,A,u,p,B,7,6,9,0,0,n] = Fj(x,u,v,a)

a,0b,0c,dd,de,df — A (i)g(x,u,v,¢) — ' (i)h(x,u,v,d) — p' (/)@ (x,u,v,¢)
p— aaLgd =0, j¢r a7 B W, )~ () —A) — ¥ () (@~ A)

G obocoq ol ) —a) — 8 (]) by~ B) & () (B~ by
g(x",u",v* ") =0 ay o
o (" u*,0*,e") =0 a9y =€) =¥ ()G —e)—6'(0)(ds —Dy)
h(x*,u*,v*,d*) >0 (20) —6'(i)(Dy —dy) — &' (j)(ex — Ex) — &' (j)(Ex — ex)
vt 0 ) >0 el PR -7 ()FL-f) (47)

1/ * * * *\ .
R R ut,07,d") =0, i=1,2,0m (22) for each player j € Th = {m+1,...,r}.
B (Hw(x*u*, 0, f)=0,jetC{m+1,....r} (23) While, the partial derivatives of L; are evaluated using the
B et v =0, e 4y o ses o mullipies p(j). B(j) V€T C {m 1.7}

and p(j),B(j) V j ¢ 7 as per the minimization or

ty: .
Y'(i) (@i —Ai) =0, i=12,...m (25) maximization criteria for the player ;.
V() Ri—a) =0, i=12,...m 26)
8'(j) (bj=Bj)=0, j=m+1,..r 27
5'() (Bj—b)) =0, j=m+1,.r 28) 3 Parametric Analysis of NMMFHCSGs
3 (i) (e —C1) =0, I:1,2,...,n (29) . . . ) ) ) )
. _ This section deals with some basic notions in parametric
0'(i) (C—cr) =0, I=1,2,...,n (30)  NMMFHCSGs problem (4). These notions are: (i) The set
0'(i)(dj—D;)=0, J=1,2,....q (31) of feasible parameters, (ii) The solvability set of feasible
S o— parameters, (iii) The stability set of the first kind,
0'(i) (Dy—dy) =0, J=1,2,...q (32) and (iv) The stability set of the second kind.
o'(j) (ex —Eg) =0, K=1,2,....0 (33) Let us consider ¢c—NMMHCSG programming problem
i B (8) where the functions Fi(-) : R" x R x RS x R”
o (J)( K~ K)*Oa K=1.2,.., (34) — Rm, g1(') SR RS R, and (PK() - R
m'(j) (fr—F)=0, L=1,2,..,¢ (35) R x R* — N™ are convex functions and assumed to be
() (FL—f1)=0, L=1,2,....C (36) of class C'. The Function Fi(-) + R" x R" x R¥x

. o R — R" is convex function in vj,j € T C {m+1,....r}
w(i@) >0, i=12,...m (37) . - )

K ] and is concave function in v;, j ¢ T assumed to be of class
B()=0, jerc{m+1,...r} (38 1, and the two functions /iy (-) : K" x R x RS — R,
(@), 7@ =0, i=12,..m (39 wr(r) : Rx R x R* — R are concave and also

N 1 . .

. NS0, i 1 4 assumed to be of class C' with | dg(x,u,v,b)/dx| #0in
8 (J), 5 ()20, j=m+1,.r (40 a ball about a solution point (x,u,v,b) and
v (i), 9 (i) >0, i=1,2,....m (41) | d¢(x,u,v,e)/dx| # 0 in a ball about a solution point
0 (l) é (l) >0 i=1.2 m (42) (X,I/l,'l),@), RM x R"2 — R" and R x R2 — RI.

(), 5()>0, j=mt1,..r (43) For this problem, let we define the following notions:
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3.1 The Set of Feasible Parameters

The set of feasible parameters S for a—NMMHCSG
problem (8) is defined by

S = {q c R 2(2n+q+L+¢g+s) | Q(q) # 0} (48)
where g = (c,d, e, f) and 2(g) is defined in (8).

3.2 The Solvability Set of Feasible Parameters

The solvability set of Feasible Parameters S; for
a—NMMHCSG problem (8) is defined by

The solution of }

problem (8) exist
49)

S1(P) = {(p,q) € RAATartieizy

where p = (a,b) and g = (c,d,e, f).

3.3 The Stability Set of the First Kind

Suppose that P* = (p*,q") € S;(P) with a corresponding
oo—Nash Min-Max solution ®* = (u*,v*a*b*,
c*,d*,e*, f*) to the problem (8) then the stability set of
the first kind corresponding to ®* denoted by S, is
defined by

S (0*) ={P € S$(P) | ®" is solution to problem (8) }  (50)

The following algorithm can be constructed for
determining the stability set of the first kind S (™) based
on Theorem 2.1. section 2.

Algorithm 3.1.

Step 1:Starting with any P* € S1(P) and then using a
suitable algorithm to solve ¢ —NMMFHCSGs
problem (8), we obtain an ox—Nash Min-Max
solution ®* = (u™,v*,a*,b*,c*,d*x, e*x, f*).

Step 2:Substituting in the system of equations (9) -
(45) that stated in Theorem 2.1. section 2, we
obtain N as follows:

IF; (x*,u*,v* a") & ~ [ dgr (x*,u*,v* c")
e

! é ) (P v*’d*))]
- _KZI‘HPK( )(awk(x*bux’v ’e*))}
- Li i) (a“’L("*’;‘x’”*’f*)/)} ~o,

| o (Pt v*’d*))]

I I
Me T~
| he)l

NS
=l
5L

|
Ms

$ 0 ()

/=1

[ (8({)1( (x*(,;:;,v*,e*)):|

i

814,

aF,( ; 0%, b%) {; (ag,(x ;xv c))]
| o (Pt (x*’gi’u*’d*))}
[E e (2]

S Fout ot Fr
-l (PSS ’ax’"'f)/)]=o,jef

(ag
=
~
=N

7N

NS)

>

~

—

=

q*
| =

- *
c

*

L

N

N———

—_

T

~
Il

-

(o)

>
T

~
I

,u*, 0" b%) dgr (x*,u*,v*,¢")
8vj {Z}L ( dv;

ez

/=1

A 8(p1((x*,u*,v*,e*)
—| ¥ pel) (PG

-Kgl K( ) an
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Ms
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T
ll‘ o~
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<.
=
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=
q*
N
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*
N
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=
=
P
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<
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¥ peti) (2N | o)+ o) =o.
|K=1

[ ¢ _ al]/L(X*,M*,'U*,f*) B ) _0}
L0 (M () + )

where .
w(i) = 0,B(j) = 0,7(i) = 0,3(i) = 0,8(j) = 0,6(j) =0,
19()>019()>09()>09(')>0,o(j)20 >0
n(j)>0,7(j) > 0and B(j) <

Note that, this system denoted by N represents H
equations in the M unknowns which are linear in
A,p.B.7.7.8,8,9,0,0,0, 6,5, mand 7. If H= M,
we can obtain A, u,p,B, 7, }‘/,5,3,19,1\9,9, 0,0,5,7 and
7 explicitly. Otherwise, if H < M, then we obtain A,p as
a function of other multipliers.

Step 3:The stability set of the first kind is defined by

) m—+r+3n+

A 7
S(0")={PeR (q+“€+2s> ’(6,g,g,ﬁ,y> eEN
b) b 7677t

and ©* = (u*,v*,a*,b*,c* ,d*x,e*, f*) is the solution of
problem (8).

3.4 The Stability Set of The Second Kind

Suppose that P* € S;(P) with a corresponding oc—Nash
(u*,0*) = (ul ,v]) i=1,2,....m

and j =m+1,...r to problem (8), and x (k) denotes either
the unique side of Q2 which contains u* defined by

Min-Max solution u* =

g6 (u,0,¢%),u,0,¢ =0

VI=1{1,2,...n},

hy &y (u,0,¢"),u,0,d*] =0

vJez c{l1,2,...q9},

hy (&1 (u,0,¢"),u,0,d*] >0

VJI¢Z,

X w

R TS o A

VL [& (u,0,¢"),u,0, f] =0

VYLeZ, C{l,2,..,6},

v & (u,v,e),u,0, (] >0

VL%Zz,

C<c"<C,D<d" <D,

E<e¢ <E,F<f*<F

Then the stability set of the second kind of problem (8)
for each player corresponding to x (k) denoted by IT(k) is
defined by

(k) ={Pes (P K)#0}

’mOPl( )N

where

FlG (u*’c*)’u*’a*}

= Min (F; [Cl (”76)7’47“])
Vi=1,2,....m,
Fj[CZ(u*ve*)vu*vb*]

= Min (Fj [Cz (u,e),u,b])
+1,...,r

mop.(p) = qu* € R

S
INIA

ST

v j
A
c

I/\ I/\ \
I/\ I/\ 5
al >

& IS
INIA

Q

and

gr1C1 (u,v,¢),u,v,c] =0
VI=1{12,..n},

hy (&1 (u,v,¢),u,0,d*]=0
vJezZ c{l,2,...4q},
hy & (u,v,¢),u,0,d) >0
VJI¢Z,

ok (& (u,0,€) ,u,v,e] =0
VK={12,..0,

VL[S (u,v,e),u,0,f]=0
VLeZ C {1,2,...c),
v (6 (u,v,€),u,0,f] >0
VL2,

(u,0) € R*

C<c
E<e

IN N
= Sl

<C,D<d
<E,F<f

Now the following algorithm can be used to determine the
stability set of the second kind as follows

Algorithm 3.2.

Step 1:Choosing P* € S;(P) and find the
corresponding a— Nash Min-Max solution
(u*,v*) for the problem (8).

Step 2:Determine the side x(k) for which
(u*,v*) € x(x). This determination is carried
by substituting in the constraints by (u*, ")
to find the active constraints and inactive one.

Step 3:Compute the stability set of the second kind
I1(x) by solving the following Kuhn-Tucker
conditions
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(pK[uve]_O v [u,v0,f] >0
(ai—Ai) >0, (Ai—a;) >0,
(bi—8;) =0, (B~
(c1=C1) >0, (C1—c1) 20,
(dj—Dy) >0, (D;—d;) >

(ex — EK)>O (Ex —ek)
(fu—FL) >0, (FL—f1) >
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where

u(i) = 0.8()) = 0,7(0) = 0,() = 0,5()) > 0,8())
0,9(i) >0,0(i) >0,6(i) >0 6(') >0,0(j) >0,6())
0,7(j) >0,7(j) > 0and B(j) <

Note that this system is linear in l,u,p,ﬁ,y, 5/,6,3,19
9,0.0,0,56,m and 7 and non-linear in u,v,a,b,c.d,
and f. This system can be solved if F;(-),i = 1,2,...,m,
Fi(:),j =m+1,.,rg(),I ={1,2,....n},0x(-),K =
{1,2,...,£} are linear or quadratic functions, h;(-),
J={1,2,...,q} and yi(-), L ={1,2,...,} are linear or
nonlinear functions.

AVARAY,

(SN

4 Solution Procedure for Solving
NMMFHCSGs [Problem (4)]

Solution procedure for solving NMMFHCSGs problem
(4) can be summarized in the following steps

Step 1:Ask the decision maker to specify a¢—cut where
0<a<l).

Step 2:Employing Definition 2.1. and Definition 2.2.
section 2, for a certain (o), Nash Min-Max
fuzzy hybrid continuous static games easily
converted to ¢ —NMMHCSG problem (8).

Step 3:State the necessary optimal conditions that
stated in Theorem 2.1. section 2.

Step 4:Solve the system of equations (9) - (45) by
using any computer package, i.e. [gamultiobj]
built-in MATLAB tool, to get o—Nash
Min-Max solution point to problem (8).

Step 5:Using Algorithm 3.1. and Algorithm 3.2.,
section 3, to determine the stability set of the
first and second kind corresponding to
a—Nash Min-Max solution point from Step 4,
respectively.

5 Numerical Example
Let us consider the following Nash Min-Max hybrid

continuous static game with fuzzy parameters. The game
consists of four players whose cost functions are

= (u; — — 8ur +5uy

= (up + as) —|—2u1

= (6+uyg) — (u3+ 10) + dsus
F4 = (u3 +10) — (ugy +6) + asu;

respectively. Assuming that the first two players plaiyng
independently using NES with control vectors u; and u,,
respectively. The remaining players playing under a secure
concept using MMS with control vectors u3 and u4, where

d—uy—ur>0,6—2u;—up >0, —10<uz <4,
—6<uy<4,u; >0, and up >0
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with the membership functions:

0, —o0 < q; <Py
2
ai—Pp
- Pi<a; <P
(Pil_Pi2) ) i1Sap Sy
ui(a;) =< 1, Py <a; <Pj3
2
ai —P3
1 Pz <a; <P
(Pi47Pi3) 5 3>a; S 4
0, Py <a; <o
and
P=1, P, =2, Pi3 =4, Py =5,
Py =3, Py =5, Py3 =9, Py =10,
Py=0, Pp=01,  Py=03,  Py=05

See Fig. 2. Taking a = 0.36,
34 <a;<9.8, 0.02<a3 <0.46.
According to the Definition 2.1. and , Definition 2.2.,
section 2, for ¢ = 0.36, NMMFHCSG converted to

then 1.2 < a; < 4.8,

04l / \ «=036

. > ap
) 1 2 3 4 5 6

Membership function for the fuzzy number a; = [1 ,2,4,5]7
(@)

Afprmmmm o m o m oo o

00 | N

08 H \\

07 / ! \

06 1

05 / i \\

04 / | o 0.36

03 \

02 // \

041 / |

0 . \ ——> )
0 1 2 3 4 5 6 7 8 9 10 1 12

o =0.36

i L i L T
3 01 02 03 04 05 06

Membership function for the fuzzy number
a3 = 1[0,0.1,0.3,0.5)7

Fig. 2: Membership function for the fuzzy numbers d;,d; and a3

a—NMMHCSG as the following NLPP
Min F; = (i 701)2—8u2+5u1,

= (ur 4 a2)* 4 2uy,

= (64 uy) — (u3 4 10) + azuy, for P; Min-Max,
or Fy = (u3 4 10) — (ug + 6) + azu , for P, Min-Max
Subject to

4—u—up >0, 6-2u1—ur >0, uy >0, up >0,

—10<uz <4, -6<us <4, 1.2<a; <48,
34<ay; <98, 0.02<a3 <046

and
Max Fy = (u3 +10) —
(64 us) —

(ug + 6) + azu , for Py Min-Max,
or i3 = (uz +10)+ a3u32, for P, Min-Max
Subject to

4d—uy—ur >0, 6 —2u;—ury >0, u;y >0, up >0,
—10<u3 <4, -6<uy <4, 1.2<a; <438,
34<a;<9.8, 0.02<a3 <046
According to Theorem 2.1. section 2, the first two players
playing independently, then the Lagrangian function for
this team can be defined by using equation (46) as follows
— (1) (4—ur —up)
3 (D)ur — pa(D)uz — ps(1)
He (1) (4 —u3) — 7 (1) (ug 4 6) — ug(1) (4 —ua)
— (1) (a1 —1.2) — pyo(1) (4.8 —ay) — 11 (1) (a2 —3.4)
—pi2(1) (9.8 —az) — mi3(1) (a3 — 0.02) — p14(1) (0.46 — a3)

L= (u —a1)2 —8uy + Suy
— (1) (6 —2u1 —up) —
(u3+10) —

L= (ux+a)? +2u; — 1, (2) (4—uy —un)

— 12(2) (6 = 2uy —up) — p3(2)uy — Pa(2)uz — pis(2)

(3 +10) — p6(2) (4 —u3) — 17(2) (us +6) — g (2) (4 — us)

—H9(2) (a1 = 1.2) —u10(2) (4.8 —ar) — p11(2) (a2 —3.4)

—U112(2) (9.8 —az) — u13(2) (a3 —0.02) — p14(2) (0.46 — a3)
On the other hand, the remaining players P; and P, playing
under Min-Max solution then

1.For determining the Min-Max solution for player P; ,
as shown in (47), define

= (64 uy) — (u34+10) + azui — ui1(3) (4 — uy — un)
— 12(3) (6 = 2uy — uz) — 3 (3)u1 — ua(3)uz — us(3)
(13 +10) = pe(3) (4 — u3) — pi7(3) (us +6) — ps(3)

(4 —ug) — po(3) (a1 — 1.2) — mio(3) (4.8 —ay)

—t11(3) (a2 —3.4) — u12(3) (9.8 — a2)

— ,LL13(3) (03 — 0.02) — ,LL]4(3) (0.46 — 03)
For internal solution to the system of equations that
produced from applying the necessary conditions (9) —

(45) that stated in Theorem 2.1. the ¢x—Nash Min-Max
solution for player P; is
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(uy,u3,u3,u},ai,a5,a3) = (0,0,4,4,1.2,3.4,0.02)

Keeping the solution (0,0,4,4,1.2,3.4,0.02) we get
w(l)=0vVi=1,..,14 and I = 1,2,3 except u3(1) =
Po(1) = pa(2) = u11(2) = pe(3) = pg(3) = wi3(3) # 0.
Then Kuhn-Tucker conditions gives p3(l) = 2.6,
”9(1) = 247”](2) = 07”’4(2) = 685.”“1](2) = 685
He(3) = 0.84,ug(3) = —1,113(3) = 16.

If by <ay < by,c1 < a5 < cz,d) < ay < dy, then

b1 - 1.2,192 Z 1.2,6‘1 - 3.4,62 Z 3.4,d1 :O.02,d2 Z 0.02

i.e., the stability set of the first kind for player P3
corresponding to the solution wj = (0,0,4,4,1.2,
3.4,0.02) is

P31 <p32=12-9p31 < p33 < p34,
0§P3l < 12

. g31 <gq32 =34—9q31 < q33 < g4,
S2(w3) =4 (p,qr)
0 S%l S 347

r31 <r3p = 0.2-9r31 <r33 <3y,
0 §r3] S 0.02

To determine the stability set of the second kind for player
Ps, let we define the following unique side of constraints
that defined by

d—uy—upy >0,6—2u; —uy >0,
X = (M],M27M3,M4) uj :07 uz :()7 us :47 U4 :47
a) = 1.2, ay = 3.4, as =0.02

then the stability set of the second kind for player Ps as

wi(l)=0Vvi=1,..,14and [ =1,2,3 except

u3(1) =2.6,u9(1) =2.4,141(2) = 0,14(2) = 6.8,
p11(2) = 6.8, 16(3) = 0.84, ug (3) = —1, u13(3) = 16,
P31 Spn=12-9p3; <p33 <p3,0<p3 <12
q31 < g3 =34—9q31 <q33 < 34,0 < g3; <3.4,
r31 <13 =0.2-9r31 <r33 <r3,0<r3 <0.02

2.To determine the a—Nash Min-Max solution for
player P4, let we define

Ly = (uz +10) — (ug +6) + azuf — 1 (4) (4 — uy — up)
— 2(4) (6 — 2uy —u2) — pa(4)ur — Ha(4)uz — pis(4)
(u3+10) — pi6(4) (4 —u3) — w7(4) (us +6) — pg(4)

(4 — Lt4) — u9(4) (a1 — 1.2) — u10(4) (48 — al)
—H11(4) (a2 —3.4) — w12(4) (9.8 — a2)

— [,L13(4-) (a3 — 0.02) — [,L14(4-) (0.46 — a3)

Applying the necessary conditions (9) — (45) that stated
in Theorem 2.1. we get ¢ —Nash Min-Max solution for
player Py as follows

(uy,us,uy,uy,ai,a5,a3) =(0,0,4,1.09,1.2,3.4,0.46)

Keeping the solution as wj = (0,0,4,1.09,1.2,3.4,0.46),
then the stability set of the first kind for player Py is

par < pap =12=9ps1 < pa3 < paa,
0<py <12,

S (wi) =4 (pa,r) q4(1) iq42=34*9q41 < 43 < qaa,
<q41 < 34,

ra; <rgp < rg3 =4.6—9r41 < ryy,
0 <ry < 046

To determine the stability set of the second kind for player
Py, let we define the following unique side of constraints
by

d—up—uy >0, 6—2u; —uy >0,

ur =0, up =0, u3 =4, ug = 1.09,
a;=12,ay=3.4,a3=0.46

xX(x) = (ur,up,u3,u4)

then the stability set of the second kind for player Py is
given by

w()y=0Vvi=1,..,14and [/ =1,2,3 except
Ho(1) =2.4, pa(2) = 6.8,

ﬂ]](2) = 687 ,U,]3(3) = 167

P41 < pap =12—9p41 < pa3 < pag,0 < pgy < 1.2,
q41 < q42 =34 —9q41 < q43 < q44,0 < g4 < 3.4,
141 <140 =0.2—=9r41 <rg3 <r4q,0 <141 <0.46

6 Conclusion and Recommendations

This paper deals with fuzzy hybrid continuous static
games with multiple players having fuzzy parameters in
both cost functions and constraints playing independently
and others playing with the secure concept. All fuzzy
parameters are characterized by fuzzy numbers. The
solution to such types of games depends on converting the
fuzziness problem to a deterministic one. Through the
using of ar—level set, the fuzzy hybrid continuous static
games has been converted to a non-fuzzy oo—HCSG
problem. Nash Min-Max solution for solving such type of
a—HCSG is presented. The stability set of the first and
second kind have been determined. Finally, the solution
aspect has been illustrated through an illustrative
numerical example.

Recommendations for future work include, solving
industrial optimization problems that have the same
formulation of the proposed fuzzy hybrid game.
Furthermore, the development of the procedure to obtain
a general structure of Nash Min-Max fuzzy hybrid
continuous static game.
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