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1 Introduction

In statistical pattern recognition, we suppose that an
independent identically distributed (i.i.d.) training

(Xm,g(l)) , (x<2>,9<2>) e (X<m>,9<m>)

taking values in R? x {1,2,...,C} is at our disposal. Given
a new random variable (X,8), such that X € R is an
observation, our goal is to predict its corresponding
unobservable class 0, this class takes values in a finite set
{1,2,....,C}. Let & be a function (classifier) from R¢ to
{1,2,...,C}, the probability of misclassification is
P(6(X) #0).

sequence

If the joint distribution of (X, 0) is known, we get the
Bayes classifier 6* (The minimal probability of error)
which is the best classifier (see Devroye et al. [1], Gyorfi
et al. [2]). Mostly, the joint distribution of (X,0) will be
unknown, and based on the training sequence

D, = ((X(l),g(l)),<X(2)79(2))7...7()(("1),9("1))),

which consists of n i.i.d. random pairs with the same
distribution as (X,0). The object is to minimize the
finite-sample risk R,, (unconditional probability of error).

The supervised pattern recognition model is
considered the core of many contributions to the
statistical literature in recent years, the nearest neighbor
rule is a popular and simple method to classify patterns in
non-parametric situations; it was first originally suggested

and studied by Fix and Hodges [3],[4], and several results
in different directions are available, e.g., Dasarathy [5],
Devroye et al. [1], Gyorfi et al. [2], Biau and Devroye [6],
and Zhao and Lai [7].

In addition, there is a wealth of studies for the error
estimation of the nearest neighbor rules, e.g., Cover and
Hart [8], Cover [9], Fukunaga and Hummels [10], Psaltis
et al., [11], Snapp and Venkatesh [12], Irle and Rizk [13].
Moreover, there exists a rather large amount of literature
on nearest neighbor distances, e.g., Kulkarni and Posner
[14], Evans et al. [15], and Liitidinen et al. [16].

In this paper, we study the classification of a random
variable 6 taking values in {0,1} given a sample X in R¢
with metric p, which we denote the pair as (R?,p). The
object is to find upper bounds on the expected nearest
neighbor distance for the distributions that have
unbounded support, and derive bounds for the
finite-sample risk R,, in terms of the expected nearest
neighbor distance, we then estimate upper bounds for
some distributions. We look at real-valued observations
and study the multidimensional case.

2 Nearest Neighbor Classification

Given any i.i.d. training sequence Dy, and (X, 0) another
independent sample of the same distribution, such that X
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is an observed pattern and our goal is to guess its
corresponding 6. By using suitable tie-breaking, the
nearest neighbor rule assigns X to a class 6() with the

property HXfX(") < HX fX(j)H forall i # j.

In the following, let the class-conditional distributions
F; be absolutely continuous with corresponding densities
fi for each I € {1,2}, let f = p1fi + pafa denote the
mixture density and let S be its support in RY. By
B(e,x) = {¥ €R?: ||x—x|| <&} we will denote the
closed ball of radius € at x.
Assume that the conditional mean of 6 given X = x is
defined as

m(x) =P(6=1|X=x)=E(6|X =x),
and the conditional variance as
o*(x) =PO=1X=x)—[P(O=1X =x)?
— m(x) - (m(x))"

The finite-sample risk R, can be written in integral form
as following, compare [13] and [14]:

Let X' denote the nearest neighbor feature vector in
the training sequence D,,, and let 8’ be the class label
associated with X'. Assume R, (X,X’) refers to the
conditional probability of error for the nearest neighbor
rule which is defined as the probability of
misclassification 6 by 6’ given X and its nearest neighbor
X', then

Ry (X,X') =P (6 #6'|X,X")
=P(6=1,0'=0X,X")+P(6=0,0=1X,X')

=P(6=1[X)P(6'=0|X")+P(6=0X)P(6'=1|X")
6]

The m-sample conditional average probability of error
R, (X) is given by averaging P(0 # 6'|X,X’) with
respect to X', thus

Ry(X)=P(0#0'|X)= [(P(6 #0'|X,X") fin(X|x)dX/,
hence, averaging P (6 # 0’|X) with respect to X to get the
unconditional probability of error (the finite-sample risk
R,,), then

Ry =P(6+6) = /SP(G £ 6'|X) f(x)dx,
_ /S /S P(0#0'1X,X") fyu (¥]x) f(x)dXdx
= m/S/SP(G #0'[x,X") ><1
(P(IX —x|> ¥ =x|))" (&) f(x)dxdx,

where f;, (x'|x) refers to the conditional density of X’ given
X = x, and taken the form:

fn(X]x) =m(1—P(X € B(|¥ —x|,x)))m71f(x’)
—m(P(IX —x|> ¥ —x|))"" F().

In the following, by define d,, = p(X,X’) as the
nearest distance at time m, we derive an upper bound on

R, in terms of d,,. Firstly, we provide an upper bound on
Ry (X, X").
Lemma 2.1.

R (X,X') = 6*(X) + 6> (X') + (m(X) — m(X"))*.
Proof. From (1), we have
Ru(X,X")=P(6=1|X)P(6'=0[X")

+P(0=0X)P(6'=1|X")
X)(1=m(X")) +m(X") (1 —m(X))

=m

= m(X)—m(X 2] + [m(X") —m(X')z}
+m(X) [m(X) —m(X")]

|
3
al
=
>
|
=4
sl

— 62(X) + 6> (X') + (m(X) —m(X"))’.

Assumption 1. For some A; > 0 and a > 0, we have
lm(x) —m(x')| < A1p (x,x)% for all x,x’ € R?.

—~

Corollary 2.2. For some appropriate p = max{A;,A%}
independent of m and under assumption (1), we have

Rn(X.X') <20°(X)+ A (dy+dp7) . ()

Proof. From lemma 2.1, we have

Ry (X.X') =20%(X)+ [07 (X') — 0°(X)]
+(m(X) —m(x"))?.

Since

0% (X) — o*(X)|

=|m (X') (1=m(X")) + m(X)(1 = m(X))|
< m (X') =m(X)]
Thus

R (X, X'

)
<26%(X) + |m (X) = m(X)| + (m(X) — m(X"))?
)

+Aip (x,x')a +A%p (x,x')za
<26%(X)+A(d%+dyY).

Lemma 2.3. Suppose that assumption 1 with o < 1 holds,
then we have

R < Reot A [(Edy)® + (Ed2)%)], G)

where R.. denotes infinite-sample risk.
Proof. By taking expected values on (2), we obtain

Ry <R+ A [(Edw)® + (Edy)®)],
where R, = 2E[c2(X))].
Since A(t) =t* is concave for 0 < a < 1, thus

by using Jensen’s inequality, we obtain

Ry < Reo+ A [(Edy)* + (Edy)%)).
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3 Upper bounds for nearest neighbor
distances

In this section, we find upper bounds on the expected
nearest neighbor distance Ed,,, therefore, we can be
derive bounds for the finite-sample risk R,, in terms of
Ed,, and Ed? for x € R?, and estimate upper bounds for
some distributions.

Assumption 2. (a) Suppose that ||X — x|| has a finite
moment generating function y(r,x) = Ee/lX=l for
x€RYand0 << 1.

(b) There exists ¢ > 0 such that for all x in the support of
X and for all € > 0, we have

H(x,€) > cedf(x), 4)

where H(x,€) = —log P(||X — x|| > ¢).

Now we derive upper bounds of Ed,, and Ed,zn for
x € R? and d = 1. The following Corollary provides a
sufficient condition for the validity of the inequality (4)
ford =1.

Corollary 3.1. A  sufficient condition  for
H(x,€) > cef(x) is given by P(|X — x| < €) > cef(x),
where H(x,€) = —logP(|X —x| > €).

Proof. Since

—logP(|X —x| >¢€)=—logP(1—|X—x|<eg),
and, for all 0 <y < 1 we have —log P(1 —y) > y. Hence
—logP(|X —x|>¢€) > P(|X —x| <e¢).
€) > cef(x)

Consequently, a sufficient condition for H (x,
is given by P(|X —x| < &) > cef(x).

Note that, by letting € tend to oo, the second condition
is violated for unbounded support. Moreover, we have:

- P(IX —x| <é¢) > ef(x) if x,x+ €] (x—¢&,x]) is
included in the support of X and f is increasing
(decreasing) on [x,x+ €] ([x — €,x]), respectively.

2- P(JX —x| <€) >2¢ef(x) if [x— €,x+ €] is included in
the support of X and f is convex on [x — €,x + €].

3- P(|X —x| <€) > 2¢ef(x) if § = (0,00) and the
probability density function f(x) has a completely
monotonic function, we provide a proof of this statement
in Appendix A.

Lemma 3.2. By assumption 2 for d = 1, and a constant
T > 1, we have

K 1 m
Edy, < T/ l l[/(—,x) PX (dx)
m

. ww(i,x) Py + =KD
K> Tm cm

= K| (m), Ky = K»(m) are constants depending
—0o < K] <0< Ky < oo,

where K
on m such that

Proof. We divide the integral form of Ed,, into three parts
as follows:

Edy = [ ; /O ZP(|Xx| > &)"dePX (dx)
_ 1 | /0 P(1X —x| > £)"deP* (dx)
+ /K j /0 TP(X x| > £)"deP¥ (dx)
+ /K II{Z /O “P(X x| > £)"deP¥ (dx)

= S1(m) + Sy(m) + S3(m), say. (6)

Firstly we find upper bounds for S;(m) and S,(m):
For any 0 < ¢ < 1, use Markov’s inequality and
assumption 2 (a) such that |[X — x| has a finite moment
generating function y(z,x) = E¢/X = x € R. Then

/ P(|X —x| > ¢)"de = / P(el‘xfx‘ > e’g)mds
Jo 0_
< / w(t,x)"e MEde
0
1
— wlt )™
(X",

thus for ¢t = #, 7> 1 we have

o) ] m
P(X — mge <ty [ —
x> e_w(m,x)

Therefore

K 1 m
sim<e [ v(on) P @

—o0

T™m

sz(m)gr/;w(i,x)mpx(dx). ®)

For bounding S3(m), suppose that X has a density f(x),
then

_ /: /mp (IX — x| > €)"deP* (dx)

/ 7me8

where H(x,e) = —logP(|X —x| > ¢).
Using assumption 2 (b) for d = 1 we obtain

/ / —meef (%) ¢ (x)dedx

_ e 1dx:7(K27K]) ©)

K cm cm

x)dedx,

Hence, substituting (7)-(9) in (6) we obtain (5).

Example 1: Suppose X has a density function e *,x > 0.
So, we take K; = 0 and S} (m) vanishes. We have

1
11—t

l[/(t,x) _ Eet\Xfx\ < EX+1x — etx/ etyefydy — olx
0

)
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thus for 7 = 5= we obtain For a constant ¢* > 0 (see Appendix C), and using —K| =

2m
m

W) <ot (1

Consequently, using (8)

- "
S <2 2 (1 d
2(m) < K2e ( +2m1) X

1 "k
=41 il
( +2m1) ¢

For K, = 2logm, it follows

4 1 " 1
Sa(m) < P (1 +m) :O(E) ) (10

since (1+515)" — €2 (m— o).

For ¢ =2, K; =0 and using K> = 2logm in (9), hence

S3(m) < <l°g’"). (1)

m

Substituting (10) and (11) in (5), we obtain

Ed, < (logm) +0(l). (12)
m m

The validity (4) for d = 1 is provided for exponential
distribution in Appendix B.

Example 2: Suppose X has a density function

2
ox) = ﬁeT,x € R, and we take —K; = K> > 0.

For x € R, t > 0, we obtain
WUJ):EémﬂngamﬂmM:amEﬂm

. , - . 1 .
thus, by using Jensen’s inequality for # = .-, we obtain

1 " x|\ ™ x|\ ™
v (—,x) < el (EeW) <elE (eW)
m
S
_ Mgl — o \x\/
e e e
0 V27

e 1 —een? 1
= 2ele2 / e 2 dy<2elex.
0 V21 o

) *}'2
e T dy

Consequently, for K, > 1

S1(m)+ Sz (m) < de? /mexd)(x)dx

K>
e 1 —=1)?
= 4e e 2 dx
JKy 27
de —(Ky—1)?
=4ePX+12>2K) < ———=e¢ 2
( ) (K2—1)

Assume K> = +/2logm—+ 1, it follows

Si(m)+S2(m) < o (%) . (13)

K> =+/2logm+11n (9), hence

«V2logm+1

<
S3(m) < ¢ p”

(14)

Substituting (13) and (14) in (5), we obtain
V21 1 1

Ed, < cY=oemtl g (—) . (15)
m m

The validity (4) for d = 1 is provided for normal
distribution in Appendix C.

So if —Kj, K> have logarithmic growth as in examples
1, 2, we obtain S3(m) = O (mLﬁ) forall B < 1.

Note that, from (12) and (15) there is an additional
logarithmic term over the rates for compact support for
exponentially decaying tails (e.g., exponential and normal
distributions), compare [14]. Indeed, it can show that
these upper bounds are fairly tight and examples 1, 2
illustrate that the expected nearest neighbor distance
depends on the tails of the distributions.

Lemma 3.3. By assumption 2 for d = 1, a constant 7 > 1
and cy,cy > 0, we have

K 1 m
Ed’ < 2T2/ 7 (T—,x) PX(dx)
m

+27:2/ w<i,x> PX(dx)JrM. (16)
K> ™m cem

where K; = K;(m), Ky = K(m) are constants depending
on m such that —0 < K1 <0< Kp < oo,

Proof. Similarly as in the proof of lemma 3.2, we derive
upper bounds for Ed2 by dividing it into three parts

Ed — / / 2eP(|X — x| > €)"deP* (dx)
J—esJ0
K| oo
_ / / 2eP(|X — x| > £)"deP¥ (dx)
J—es Jo
+ / / 2eP(|X —x| > €)"deP* (dx)
D Kz . 0
Ky oo
+ / / 2eP(|X — x| > €)"deP¥ (dx)
D Kl . 0
= S1(m) + S3(m) + S3(m), say. (7
For bounding S/ (m) and S) (m), using assumption 2 (a)
such that |X — x| has a finite moment generating function

v(t,x) =EeX M forxe RO<r<1.
By Markov’s inequality for any 0 < ¢ < 1

- * m
/ 2eP(|X —x| > €)"de = 2/ &P (ez\Xfx\ . ele) de
0 0
< lel(t,x)m/ ce Mg
0

= W‘I/(fvx)m,

@© 2022 NSP
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hence forr = % 7> 1, we have

0o 1 m
/ 2eP(|X —x| > €)"de < 27%y (—,x) :
0 ™m
It follows

w(%,x)mf’x(dx), (18)

S5 (m) SZ‘L’Z/MI[/(%,x)mPX(dx). (19)

K>

For bounding S%(m), suppose that X has a density
f(x) >0, then

Si(m) = / © / T2eP(|X — x| > €)"deP¥ (dx)

—/ 28(/: P(X - x|>8’”PX(dx))d
—/28/ e "M%E) £(x)dxde,

where H(x,€) = —logP(|]X —x| > €).
Using assumption 2 (b) for d = 1, we obtain

oo K-
L (m) S/ 28/ * gmmef() (x)dxde
0 K

oo K> )
< / 28/ cre” 2 dxde
0 9

= 2C1(K2 —Kl)/ ge 2" de
0

Ir2 2c1 (Kx — K,
= 201Ky ki) ) = 2K g
cym cym

where [ f(x)e"*Wdx < y1e~% holds for o > 1, ¥,
are positive constants, any probability density functions
have bounded support and f(x) > 0

Hence, by substituting (18)-(20) in (17) we obtain (16).
Note that, if f,flz f(x)"'dx < o, we show that (see
appendix D).

K>
$50m) < s [ 1) 1)

c=m= Jk,

We can use (21) for exponential and normal distributions
by taking suitable values from K|, K> in examples 1, 2.

Theorem 3.4. Let the conditions of lemmas 2.3, 3.2 and
3.3 be satisfied. Then

Kl 1 m
Ry < R+ A7(1 +21)/ v <T—,x> PX(dx)
. m

+ At(1+427) /Kj‘” (%,x)mPX(dx)

(AR (130 o
m C sz

Proof. This is immediate from the previous results, by
taking o = 1 in lemma 2.3 and after substituting (5) and
(16) in (3), we obtain (22).

The finite-sample risk R, in one-dimensional is
estimated for each exponential and normal distributions,
respectively, as follows: By the results in examples 1, 2
and theorem 3.4, we obtain

201 1 " Qlogm 4c
ngRw—l——(H- ) + 228 (1+2—1)
m 2m—1 m csm

1\ Al 4
Rm+0<—)+ oem <1+%),
m m sz

and
12eA ),c*\/210 m+ 1 2¢
R < Rt + £ 145+
m~/2logm csm
< 1 > Ac* \/210gm+1 ( 2¢y >
=Rw+o| — 3 ,
m csm

where A, cy,ca,c* are positive constants.

Now we find upper bounds on Ed,, and Ed2, for x € R?
and d > 2, and derive bounds for the finite-sample risk
R

Lemma 3.5. By assumption 2 for d > 2 and a constant
7 > 1 and, we have

By <t w( L) P
m_T‘/im W(%vx) (x)

+7 /m W(L,x) PX (dx)
Jky T\ Tm

I'(1/d) /K22 1-(1/d)
_— d 23
er(mc)('/d) K1, f(x) X, (23)
where Kj; = Kj1(m),K»» = Kx(m) are constants

depending on m such that —eo < K71 <0 < Kpp < oo,
Proof. Similarly as the proof of lemma 3.2, we derive
upper bounds of Ed,, as follows:

Edy, = / ) /0 “P(IX — x| > )" deP* (dx)

K )

:/ ”/ P(|IX — x| > €)"deP* (dx)
— JO

n / / P(|X — x| > €)"deP¥ (dx)
Ky JO

Ky oo
+ / / P(|X — x| > &)"deP* (dx)
Ky J0O
= S11(m) + Sz (m) + S33(m), say. (24)

For bounding S;;(m) and S»;(m), an analogous upper
bounds also hold for d > 2 as the proof of lemma 3.2.
Hence, by assumption 2 (a) and for t = % ,T>1, we

have

- [ [
/j' v (% x) PX(dx), (25)

(IX — x| > €)"dePX (dx)

I /\

@© 2022 NSP
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San(m / / P(|X —x|| > &)"deP* (dx)

] m
<7 / — x| PX(dx). 26
T JKyn v (‘L’m ) ( ) (20)
For bounding S33(m), suppose X with a density f(x) > 0

Sa3(m / / (IX — x|| > £)"dePX (dx)
ll

K
z / —mH (. xs
Ky

where H(x,€) = —logP(|| X — x| > ¢).
Using assumption 2 (b) for d > 2, we obtain

533 /Kzz/ —mce f
Ky

Ko fo) WD e ay-
t dt |d
Ky d( )(l/d) (/0 ¢ ©

x)dedx,

f(x)dedx

4 (1/d)
mcé€ f(x):t:SZW
_ LQ/d) % vi-a)
= W-/Kn F) gy, 27)

Hence, by substituting (25)-(27) in (24), we obtain (23).

Lemma 3.6. By assumption 2 for d > 2, a constant T > 1
and c3,c4 > 0, we have

Ed? < 2r2/K” (i >mPX
< v X (dx)
oo T™m
oo 1 m
+272/ (—, ) PX(d
. ?2 v Km x (dx)
+ C3( ;2; ll), (28)
c4m

where Kj; = Kj1(m),K»» = Kxn(m) are constants
depending on m such that —eo < Kj; <0 < Kpp < oo,
Proof. Similarly as the proof of lemma 3.3, we derive
upper bounds of Ed?, as follows:

Edy — /'m /'m 26P(|X —x|| > €)"dePX (dx)
. 7;(?' 0 .
- / / 2P(||X — || > €)"dePX (dx)
A 700100 0 e}
+ / / 2P(||X — x| > £)"deP¥ (dx)
JKy JO

Ky o
+ / / 2eP(|[X — || > £)"deP* (dx)
K1 0

= 811 (m) + Sy (m) + S33(m), say. (29)

For bounding S}, (m) and S),(m), an analogous upper
bounds also hold for d > 2 as the proof of lemma 3.3.
Hence, by assumption 2 (a) and for r = - | 7> 1, we

™m
have

K; oo
St (m) = [ " /O 2eP(|IX — x|| > €)"deP¥ (dx)

S, (m) / / 2eP(||X — x| > £)"dePX (dx)
o 1 m "
<27 /Kﬂl]/(%,x) P* (dx). 31

For bounding S%;(m), suppose X with a density f(x) > 0

Ky oo
Sy (m) = /K /O 2eP(|X — x| > £)"deP¥ (dx)
11

— /0sz </:I22P(||Xx| > s)mPX(dx)> de

oo K2y -
< / 2e / ¢ mHE) £(x)dxde,
0 JK1

where H(x,€) = —logP(||X —x|| > ¢€).
Using assumption 2 (b) for d > 2, we obtain

K g=)
8% (m) §/ 22/ 28e7mc£df(x)f(x)d8dx

Ky
Ko f0) =@ (= )
Z/KH (mc)z/d (/0 e't dt ) dx,
B (1/d)
meE ) =1 e =
_ 2r(2/d) [ 1-(2/d)
= e /K W dx, (32)

Hence, by substituting (30)-(32) in (29), we obtain (28).
Theorem 3.7. Let the conditions of lemmas 2.3, 3.5 and
3.6 be satisfied. Then

K m
ngRw—l—),T(l—i—Zr)/ ”y/(%,x) P*(dx)

AL (1/d

d(m (>//_d) [, e

2T (2)d) [K2

ey, =

Proof. This is immediate from the previous results, by
taking oo = 1 in lemma 2.3 and after substituting (23) and
(28) in (3), we obtain (33).

We now estimate the finite-sample risk R, for
exponential and normal distributions, respectively, for
X € R4, d =2 as follows:

Example 3: Let X be an exponential distribution with a
density function e~ x,y > 0. Taking T = 2,K;; =0
and K> = 2logm in (33), we obtain

1 2m
+2m71)

2(logm)?

+% {ﬁ(1;)2+m]

401
Rp < Rot+—5 (1
m

K 1 m 1 21 1\?  2(logm)?
< 272/700 y/(—m,x) PX(dx), (30) :Rw+0(—m2)+—ﬁmc {ﬁ(“z) + =
© 2022 NSP
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where )
00 m

fl(zz (‘L‘m’ ) Px(dx) < m2 (1 +2m 1) = O(m%) )

since (1 + )zm

Zinlfl —e (m - 00)7

[ o W= [ o
JK; JO

11
v 1\?
<2”dudv4<1—> :

2logm p2logm
0 JO m

and

K 2logm p2logm
/ 7 ) @D gy = / / dudv = 4(logm)?.
0 0

'Kll

Example 4: Let X be a normal distribution with a density
function ﬁe’()‘zﬂz)/z,foo < x,y < oo, Taking 7 = 1 and
—K11 = K> = +/2logm in (33), we obtain

1.28334 A 8logm
Ry <R V2
"= +nm210gm+\/mc { T \/me ] ’
where

o X 1.2833
-fKZQ (’L’m’ ) P ()C) = wmZlogm’

such that, for ¢t = E and using Jensen’s inequality, we

have: ”
1 X— X\ — z
II/(‘L‘m ’x) (Eel“ XH) E (eH XH) =E (e )’
where
Z =X = x| = VX1 —x)?+ Ko —x:)? = \/X[* + X7,
and X{ =X —x1, X} =Xo — x2.
Hence Z has a Rayleigh distribution, that is,

f2(z )ZZe*ZZ/Z 2> 0, see [17].
eize? /zdz*e2 /mze—(z—1)2/2dz

=) 0
{/ (z—1)e —e 02, /we(zl)z/zdz}
0
< 1+4V2me? =5
oo 1 m
/ w( x) ¥ (dx)
1.6))
5 ]33/ / )2 gy
Ky J Ko
5133 (g, 5.133¢"(2loem) 12833
= 21(Kn)2¢ T 2n(2logm)  mmllogm’

. oo _ 2
since [ e s KL ~(&2),

2Tlogm
/ Fl)=/a dx*4/ f(x)"2dx

V2logm  v/2logm 1
=4 / e WA guay < 2\/2m,
0 V2am

such that

21 2 oo 2
fO\/ OgM\/Lz_ﬂe u/4du§\/§f0 ﬁe u/4du§§,

(2/d) gy = 4 [ V2108 [NV2IR™ gy — 8log 8.

and

S fx)'

Conclusion. We have found upper bounds on the
expected nearest neighbor distance for the distributions
that have unbounded support and estimated bounds for
the finite-sample risk R, in terms of the expected nearest
neighbor distance. We provided rate of convergence for
expected nearest neighbor distance Ed, in the
one-dimensional unbounded support which we showed

that Ed,, converges at rate of o ( ) for all B < 1, and it

depends on the tails of the distributions for which there is
an additional logarithmic term compared with the rates
for compact support for exponentially decaying tails. We
looked at real-valued observations and given some
contributions for x € RY and d > 2. We found upper
bounds for the exponential and normal distributions as
typical.

Appendix.

A. Proof the sufficient condition P(|X —x| < €) > 2¢ef(x)
of the inequality H(x,e) > cef(x) when S = (0,) and
the probability density function f(x) has a completely
monotonic function.

Recall that, a function (probability density function) f(x)
with domain (0,c0) is said to be completely monotone
function if all derivatives of the f exist and
(—=1)" £ (x) >0 for all x > 0 and n > 0, see Feller [18].
By corollary 3.1 we have

H(x,e) = —logP(|X —x| > ¢)
> P(IX —x| <e)
—F(X+e)_F(X—¢). (34)

Therefore, we can get a good asymptotic estimates for
F(X +¢€)—F(X —¢€), by using the Taylor expansion for
the functions F(X + ¢€) and F(X —¢) as € — 0,
respectably, we have

fe | fwe | f'x)e
a3

111 4 (4) 5

i 53)8 i g)g o (39)

F(X+&)=F(X) +

/ 2 11 3

F(X— &) = F(X) - f(lx!)S +f(;c!)8 f (3x!)8
11 4 (4) 5

O R

Substituting (35) and (36) in (34) yields.

H(x,e) > F(X+¢€)—F(X—¢)

_ 2fe | 2/ | 2fW(x)ed

Y 3! s; T

> 2ef(x) >0, (37)
where, f)(x) >0 forn=0,2,4,---.

Then, the inequality H(x,€) > cef(x) holds with ¢ = 2 if
a probability density function f(x) is a completely
monotone (e.g., the densities proportional to the functions
(1+x) % x 2" x@De= and ¢“(0 < o0 < 1) are
satisfying this criterion).
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B. Proof the validity of the inequality (4) for d = 1 for
exponential distribution.

Since the probability density function of the exponential
distribution is a completely monotone, so the inequality
(4) for d = 1 validity with ¢ = 2. Then S3(m) < 2" and
we used it.

Or, applying a different way: If [x — &,x+ €] C [0,
by convexity P(|1X —x| < €) > 2¢ef(x).

If (x — €) <0, then

—logP(|X —x| > ¢€)

o), then

—logP(X >x+¢€)

= —]ogef(xw) =x+€&> Ef(x).
This shows validity with ¢ = 1. Substituting by K; =0
and K, = 2logm in (8) we obtain S3(m) < ZIOgm

C. Proof the validity of the inequality (4) for d = 1 for
normal distribution Due to symmetry it is enough to treat
x>0.Lete >0.

(a) If x+€ > —x, then

P(X—x|<€)>P(X-x<X<x)>e0(x).

(b) So assume x — € < —x, i.e. € > 2x. We can show

—logP(|X —x| > ¢)
—log(P(X < —(e—x))+P(X >x+¢))
—(e—x))=—log2 —logP(X >¢&—x)

11 —x?
> —log2 —log : 5 e 2
—x\2n

=log (\/E/Z) +log(e —x) 4 (£ —x)*.

(c) For x > 1, then log(e — x) > 0 and from & > 2x we
have (€ —x)2 > & > Leg(x).

And, for x < 1 if € > 2, then log(e¢ —x) > 0 and we
proceed as above, and if € < 2 we have
P(|X — x| < &) > ce, where ¢ = infj,.3¢(y), hence
P(|X —x| <¢&) > cep(x).

Therefore, we can find a constant ¢* > 0 such that
—logP(|X —x| > €) > c*ep(x), forall x,& > 0.

D. Proof (21)

/ / (|x — x|>\/_) dePX (dx)

/ —mH(x
/ / e~ VeI £(x)dedx
<cm\/5f(x) =t=de= %)

K> ¥ -
:/K] %(/O te dt)dx

2 /‘K2 f(x)" .

c2m? Jx,

) f(x)dedx
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