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Abstract: In this work, we consider nonlinear implicit neutral Katugampola fractional differential equations with impulse effects and
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1 Introduction

In recent two decades, fractional calculus has grabbed the
attention of many researchers and remarkable
contributions have been made to both theory and
applications of fractional differential equations.
Fractional equations have incredible applications in
various sciences such as material sciences, mechanics,
seepage flow in porous media, in fluid dynamic traffic
models, population dynamics, economics, chemical
technology, medicine and many other related fields. In
fact, fractional differential equations are considered as an
option model for nonlinear partial differential equations.
The nonlinear oscillations of earthquake can be described
by the fractional differential equations. The details on the
theory and its applications can be found in books [1,5,6,
14,24] and references given therein. Neutral type
differential equations mainly look as models of electrical
network arise in high speed computers, for example these
are used to interconnect switching circuits. Benchohra et
al. [7] studied the existence and stability for implicit
neutral fractional differential equations with finite delay
and impulses. Many physical and engineering problems,
for example, fluid dynamics, electronics and kinetics can
be modeled in the form of the implicit differential
equations(IDEs). For more details, see the papers [2,27].

Moreover, the state of many phenomena and processes

considered in optimal control theory, biology,
biotechnologies, etc. are frequently subject to
instantaneous perturbation and experiences sudden

changes (impulses) at specific moments of time. The
length of the time of these changes is very small and
negligible in comparison with the total duration of the
process considered. Such processes and phenomena with
short-term external influences can be modeled as
impulsive differential equation. For the general theory of
such differential equations, we refer to the books [8, 10,
20,22] and the papers [13,26]. We consider the nonlinear
implicit neutral Katugampola fractional differential
equations with impulse effects and finite delay,

PDY, [u(x) = W(x, )] = h(x,ux, PDY u(x)),

Lk 0<o<l,
(D

for each x € (X, Xpmr1], m=0,1,..
Au|x:xm :Im(u r;), m=1,...k,

X

u(x) = ¢(x), x € [-r0],r >0,

where P DY is the Katugampola fractional derivative in
Caputo sense, h : J X PE([-r0,R) x R — R,
v J x PE([—r0],R) — R are given function with
W(Ov(P) - Oa Iy met([irvo]aR) - Rv and
¢ € PE([-r0,R), 0=x0 <x] < ... <xp <xpr1 =T,
and PE([—r,0],R) is a Banach space. For each function u

* Corresponding author e-mail: emelsayed @mans.edu.eg

© 2019 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/sjm/060203

30 NSP

M. Janaki et al.: A note on nonlinear implicit neutral Katugampola FDEs...

defined on [—r,T] and for any x € J, denote by u, the
element of PE([—r,0],R) defined by u,(0) = u(x+ 0),
0 € [—r,0], that is u,(-) means that the history of the state
from time x — r up to time x, and
Auly—y, = u(xh) —u(x,), where
u(xh) = limy_yg+ u(xm +1) and u(x;,) = lim;_,o- u(x, +1)
represents the right and left limits of u at x = X,
respectively. This paper is divided into five sections, in
which second section provides some basic definitions,
notations, lemmas and theorems. In third section, we
obtain the existence results of the solutions of the
considered problem. The fourth section is concerned with
Ulam-Hyers-Rassias stable result. At the end, an example
is included.

2 Prerequisites

In this section, we introduce basic notations, definitions,

lemmas and theorems that are used for the main results.

Let T >0, J=[0,T] and €(J,R) be the Banach space of

all continuous functions from J into R with the norm
[[u]|o = sup{[u(x)[ : x € J}.

Let Jo = [x0,x1] and Jn = (X, Xy 1], wherem = 1,2, .. .k,
and —r=ty<t; <---<t;p<tpy; =0with [l <k.
Consider the set of functions

BE([—r0],R) ={u: [-r0] = R:uec C((tn,tmt1],R),
m=0,1,...,1, and there existu(z,, ) and
u(ty), m=1,2,...,1, withu(t,) = u(ty)}.

PBE([—r,0],R) is a Banach space with the norm

ullge = sup |u(x)[.

xe[—r0
PBE([0,T],R) ={u:[0,T] = R:ue €((xn,Xmr1],R),
m=1,...,k, and there exist u(z,, ) and

u(th), m=1,2,... k, withu(x,,) = u(x,)}.
PBE([0,T],R) is a Banach space with the norm

lull¢ = sup |u(x)[.
x€[0,T]

n is a Banach space with the norm

lully = supfu(x)].
x€[—rT]

£'(3.R) is the space of Lebesgue-integrable functions u :
J — R with the norm

= [ uts) s,

ACNI) = {h : J — R : mh,...hD ¢
€(3,R) and A" isabsolutely continuous}. We
consider either @ > 0, or w > 0 for the remaining
sections.

Definition 1./18,21] The fractional(arbitrary) order
integral of the function h € £ ([0,T],Ry) of order
o € R, is defined by

1 X

ICO ]’l — —/ o (Dflh d

0t (X) F(CO) 0 ()C S) (S) S,

where I is the Euler gamma function defined by I'(®) =
o x? lemxdx, 0 > 0.

Definition 2./18,21] For a function h € A&"(J), the
Caputo fractional order derivative of order @ of h, is

defined by

1

(“Dy-h)(x) = Th-o).

/(;x (x—s)" 2" (5)ds,

where n = [®] 4+ 1 and [®] denotes the integer part of the
real number @.

Definition 3./18,21] Let a € [0,T], § > 0 such that
a+ 06 < T. For a function h € A€"[a,T], the
Caputo-order derivative of order @ of h, is defined by

(PDh) (x) = ﬁ /ﬂx— $)" O R (s)ds,

where n = [®] 4+ 1 and [®] denotes the integer part of the
real number @.

Definition 4./715,16,17] The generalized left-sided
fractional integral PI.h of order ® € C(Re(w) > 0) is
defined by

-0 ,x
(plglh)(x):?(w)/o (xP —sP)2 P~ Ip(s5)ds, (2)

for x > 0, if the integral exists.

Definition 5./15,16,17] The generalized fractional
derivative, corresponding to the generalized fractional
integral (2), is defined by

pa)7n+l

(PDG ) (x) = Figy (&' P k)" 5 (60 = 5P)" 01 sP LR (s)ds,

3)

if the integral exists.

Lemma 1./25] Let ® > 0 and n = [@] + 1. Then

n—=1 pm
P12 (PD2, h(x)) = h(x) - ZOhT(!O) "

Lemma 2./25] Let @ > 0, then the differential equation
PDQ h(x) = 0 has solutions

xP xP

p
h(x)=bg+bi(—)+b 2+...+bn7 X (”*1),
(x) = bo l(p) z(p) l(p)

bieR i=0,1,2,....n—1,n=[ow]+ 1.
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Lemma 3./25] Let @ > 0, then

PIE. (PDEh(x)) = h(x) +bo+b1(%p)

xP xP
+by(—) 4+ by _(”*1),
z(p) 1(p)

forsomeb; cR,i=0,1,2,....n—1,n=[0] + 1.

Lemma 4./25] Let w: [0,T] — [0, +o0) be a real function
and o(-) is a non-negative, locally integrable function on
[0,T] and there are constants a >0 and 0 < @ < 1 such
that

w(x) < a(x) +a/0x (xP —5P) s Pw(s)ds.

Then, there exists a constant K = K(®) such that

w(x) < o(x) JrKa/OX (P —sP) s P a(s)ds,

forevery x € [0,T].

Now we consider the integral inequality of Gronwall type
for piecewise continuous functions which was introduced
by Bainov and Hristova [4].

Lemma 5.Let for x > xo > 0, the following inequality hold,

) <a(x +/ x,s)u(s)ds+ Y Bu(x)u(xm),

X0 <X <X

where B, (x) (m € N) are non-decreasing functions for x >
X0, a € PE([x0,0),R), a is non-decreasing and g(x,s) is
a continuous non negative function for x,s > xo and non
decreasing with respect to x for any fixed s > xo. Then, for
X > xo, the following inequality is valid:

u@) <a(@) T[] (1+ﬁm(x))exp(l/):g(x,s)ds>.

X0 <Xm <X

Now, we consider the concepts of Wang et al. [27] and
introduce Ulam’s type stability concepts for the problem
(1). See the papers [3,9,19,23,25]. Let u € PC(J,R),
€>0, ¢ >0and a € PE(J,R;) be non decreasing. We
consider the set of inequalities

PD®[u(x) = w(x,ux)] — h(x,ux,P D u(x))| <&,
X E (Xm, Xmr1], m=1,...k, @
(A, ~ Tl | <&, m =1,k

the set of inequalities
P D, () — W, 10)] — 0 PDE, ()| < x(x),
X € (XpyXmr1], m=1,.. .k, &
‘Au|x o= Il ) <@ m=1,...k;

and the set of inequalities

1P D, u(x) — W, )] — o, P D ()] < £t ().
X € (xrmmerl]a m = 17"'k7

(6)
’Aulx =X Im( ) <ep,m=1,...,k

Definition 6.The problem (1) is Ulam-Hyers stable, if
there exists a real number cpy > 0 such that for each
€ > 0 and for each solution u; € PE(J,R) of the
inequality (4), there exists a solution u, € BE([—r,0],R)
of the problem (1) with

lur(x) —uz(x)| < cppe, x € 3.

Definition 7.The problem (1) is generalized Ulam-Hyers
stable, if there exists O € C(Ry,R.), 0,4(0) =0 such
that for each solution u; € PE(J,R) of the inequality (4),
there exists a solution uy € PE([—r,0],R) of the problem
(1) with

lur (x) —ua(x)| < Oy i(€), x €.

Definition 8.The problem (1) is Ulam-Hyers-Rassias
stable with respect to (., @), if there exists cpx o > 0 such
that for each € > 0 and for each solution u; € PE(J,R)
of the inequality (6), there exists a solution

up € PE([—r,0],R) of the problem (1) with
u1 (x) —u2(x)| < cppa€(@(x)+9), x€J.

Definition 9.The  problem (1) is  generalized
Ulam-Hyers-Rassias stable with respect to (o, @), if there
exists  cpra > 0 such that for each solution
uy € YBQ(C{ R) of the inequality (5), there exists a solution
up € PE([—r,0],R) of the problem (1) with

|1 (x) — w2 (x)| < cppa((x) +9), x €.
Remark.From the above definitions, we get
(i)Definition 2.10 = Definition 2.11;

(ii)Definition 2.12 = Definition 2.13;
(iil)De finition 2.12 for at(x) = ¢ = 1 = Definition 2.10.

Remark.A function u € PE(J,R) is a solution of the
inequality (6) if and only if if there is ¢ € PE(J,R) and a
sequence Oy,, m = 1,2,...k(which depends on u) such
that

Hlo(x)| < eo(x), x € (Xm,Xmt1], m = 1,2,...k and
lom| <e@,m=1,2,...k;

()P DY [u(x) — y(x, ux)]:h(x,ux,pru(x))—i—G(x),x6
(xmaxm+1] =1,2,...k

(AU, = (10, )+ G = 1,2,

Similarly, we can get remarks for inequalities (4) and (5).

Theorem 1./12](Ascoli-Arzela’s ThEOfem) Let
E CPE(J,R), E is relatively compact(i.e,E is compact),
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(1)E is uniformly bounded, that is there exists N > 0 such
that
|h(x)| <N,
foreveryh € E and x € (X, Xp11), m=1,2,.. k.
(2)E is equicontinuous on (Xm,Xn11), that is for every
€ > 0, there exists 0 > 0 such that for each
x1,0 € (XmyXmi1),  |xi—x| < 8 implies
|h(x1) —h(x2)| < €, for every h € E.

Theorem 2./11](Banach’s fixed point theorem) Let € be
a non empty closed subset of a Banach space 2, then any
contraction mapping T of € into itself has a unique fixed
point.

Theorem 3./11](Schaefer’s fixed point theorem) Let 2
be a Banach space, and M : & — X a completely
continuous operator. If the set

S={ue X u=uMu, for some u € (0,1)},

is bounded, then M has at least one fixed points.

3 Existence of solutions

Definition 10.A function u € n whose w-derivative exists
on Jp is said to be a solution of (1), if u satisfies the
equation

DY [u(x) = w(x,u)] = h(x,ux, P DY u(x)),

on Jm, and satisfy the conditions Au|y—y,, = Im(ux’; ), m=

1,....k and u(x) = ¢(x), x € [-r,0].
We need the following lemma to prove the existence of

solutions to (1).

Lemma 6.Let 0 < o < 1 and let 6 : J — R be continuous.
A function u is a solution of the Katugampola fractional
integral equation

9(0) + y(x, )
Lo [ (P —sP)® 5P G (s)ds,

I' (o) -
ifxe [0,)(1],
¢(O) + III(-X; ux) + Z;n:l I[(MX_—)
wx) =9 pl 0 o p ol o1 (7
+m i=1 fx,-’,l (xf —sP)O7sP7" o(s)ds
o [ P =) P o(s)ds,

l:fx € (xmax”hq]v

¢(X), l:fx € [7”50]7

where m = 1,2,...k, if and only if u is a solution of the

following fractional problem
PDY [u(x) — w(x,ux)] = o(x), x € I,
Az4|)(:xm:I,,l(ux;l)7 m=1,2,...k, ®)
M(X) = ¢(X), X € [7?’,0].

Proof.-Assume that u satisfies (8). If x € [0,x;], then
PDY, [u(x) — w(x,uy)] = o(x). From Lemma 3, we get

u(x) = y(x,u) = 9(0) +PIp o (x)

1-w x
:¢(O)+1€(w)/0 (x? —sP) 7 sP =1 5 (5)ds.

If x € (x1,x2], then from Lemma 3, we get

() = y(xu) = u(xy’) = Yl uy )

pre Py0-1 1 50\ ds
+F(a)) /xl (P —sP)? P o (s)ds

= Aulesy Hux) — Wiy

pl—w v w—1 1
+ / xP —sP)? P o (s)ds
by [ 6= (5

=¢(0)+1 (ux],) + 1’1(:; /O-‘l o 7sp)"’*]sp’16(s)ds

pl—w * o1 1
+ / xP —sP)? P o (s)ds
F(a)).xl( ) (s)

If x € (xp,x3], then from Lemma 3, we have,

u(x) = w(x,ue) = u(xy) — (o, uy, ) + T;:; /; (x* —5P)* P! o (s)ds

= At ey +u(y ) = Y(x2, 1)

+ p ;:) [; (x? 7s")wfls""6(s)ds
qu)
0)+1|(ux]7)

I(
=1
(

+[o

X
/ : (xf 75")0)45""6(5)(15
JO

In this way, continuing the process, we get the solution
u(x) for x € (X, %mt1] , where m = 1,2, ... k. Therefore,

m

u(x) = ¢(0) + wx,ux) + ) Liu,-)

i

Conversely, let us assume that u satisfies the equation (7).
If x € [0,x1], then u(0) = ¢(0) and using the concept that
PDP. is the left inverse of PIf, we get
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PDY, [u(x) — w(x,uy)] = o(x), for each x € [0,x(]. If
X € (Xm,Xmt1], m = 1,2,...k and using the fact that
PD{’ L =0, where L is a constant, we get

D3, lu(x) -

o Y (x,uy)] = o(x), for each x € (X, Xm+1]-

Also, we can show that Auly—y,, = In(u,.),m=1,2,.. .k

Now we state and prove the existence results for the
problem (1), based on Banach’s fixed point theorem.

Theorem 4.Assume that

(Al)The function h : J x PE([—
continuous.

(A2)There exist constants ¢c; >0, 0 <cy <1 and c3 >0
such that

rO,R) x R — R is

|h(x,21,22) — h(x,Z1,22)| < c1]lz1 — Zi[[ge +2]22 — 2]

and

lw(x,z1) = y(x,21)| < esllzt — Zillpes

Sforany z1,71 € PE([—r,0],R), 20,72 € Rand x € J.
(A3)There exists a constant c4 > 0 such that

1In(21) = In(Z1)| < callzr = Z1[|pes

foreach z1,7) € PE([—r,0],R) and m = 1,2,.. .k

If
(k+ 1)e, TPO
(I—c)p®l'(w+1)

kes+c3+ <1, ©))

then, there exists a unique solution for the problem (1) on

~

J.

Proof. Transform the problem (1) into a fixed point
problem. Consider the operator M : n — 1 defined by

¢(O) + V’(xa uy) + ):0<xm<x Im(”x,;)

pl—w

@y
g o

Mu(x) = [20<xm<x fx ( — Sp)
LsP=1 g(s)ds,

+§(—aj‘; JE (xp —$P)O”
€10,7],
o (x), x € [—r,0],

R) be such that

where g € €(J,

g(x) = h(x,uy, g(x)).

Clearly, the fixed points of operator M are solutions of the
problem (1). Let y,z € . If x € [—r,0], then

IM(y)(x) —M(z)(x)| = 0.

For x € J, we get

M (y)(x) — M(z)(x)]
pliw o o-1 p—

<F@, L), ) ) - alds

-0 ,x

+ Ili(a)) ./xm (xP _ Sp)wflsp—l

[|g1(s - (S)| ds+ |W(x7yx) - W(X,Zx)”ds

+ Z ’" yx "(Zx,;) )
0<xy<x

where g1,¢2 € €(J,R) be such that

g1(x) = h(x,yx, g1(x)),

and
82(x) = h(x, 2, 82(x)).

By (A2), we get

|g1(x) — g2(x)| = |h(x,yx,81(x)) — h(x,2x,82(x))]
< ctllyx — zllpe +e2(81(x) — g2(x)]
This implies,
|g1(x) — g2(x)[ < ny Zllpe-
Therefore, for each x € J,
|M(y)(x) —M(2)(x)]
-0 k X,
c1p m P p w—1 p—1 - ‘
= (I—c) (@) mz:‘ﬁ/xmq G =s7)" s s ZSHdeS

-0

c1p
(I1-c)I (o)

k
+ X callyx;
m=1

X
1 p—
[ =)0 = apeds
X;

m

—Zx, H(p@ +e3 ny _ZXHEB@ :

< [kes+c3+ ke 99 Th? Ix
C. C
SR T U= g)per(0+1) T (1-)p®T (@+1)
Hy_ZHn‘
Thus,

k+1)c, TP
IMG) = Ml < [kes+es-+ U502 ]y~ .

By (9), the operator M is a contraction. Hence, by the
Banach’s contraction principle, M has a unique fixed
point which is a unique solution of the problem (1).

Now, Schaefer’s fixed point theorem is used to prove the
second result.

Theorem 5.Assume that (A1), (A2) and

(A4)There  exists  pi,p2,p3 € C(J,Ry)
P53 = sup,cy p3(x) < 1 such that

with

1(x,y,2)| < p1(x) + p2(x) [y llpe + P3(x) |2,
forx €3,y e PE([-r,0],R) and z € R.
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(A5)The functions L, : BE([—r,0],R) — R are continuous ~ and then
and there exists constants My, M5 > 0 such that M (y) (x) — My (y) (x)]
* * Yy I-o i w—1 1
)] < M Yoy + 5, <@y L [ ) fals) (ol ds
0<xp<x”Am—1

foreachy € BE([—r,0,R), m=1,2,...k.

(A6)The function y is completely continuous, and for each
bounded set Bo+ in 1, the set {x — Yy(x,uy) : u € Bo-
is equicontinuous in PE(J,R) and there exist
constants dy > 0, d» > 0 with kM} +d < 1 such that

|W(xay)| < dl ||y|‘q3€+d25 X 635 ye (BQ:([irvo]a]R)

Then, the problem (1) has at least one solution.

Proof.-We assume the operator M; : 1 — 1 defined by

¢( )+20<xm<xlm(” )

By Bocnpar S| (e —5P)” 5P~ g(s)ds
Myu(x) = +2 o a)]fxm(xp—sp)w Lsp=1 g(s)ds, x € [0,T],
o (x), x € [—r,0].

The operator M defined in (10) can be written as

Mu(x) = y(x,uy) + Miu(x), for each x € J.

The Schaefer’s fixed point theorem is used to prove that
M has a fixed point. That is, we want to show that M is
completely continuous by (A6), we shall prove that M is
completely continuous. The proof contains four steps.
Step 1: M, is continuous. Let {y, } be a sequence such that
yn — yin n. If x € [—r,0], then

l1-w

+ Py |68 =) () g(o)ds

+kea |lyn =l - (11)

where g,,¢ € €(J,R) such that

g"(x) = h(xvynxvgn(x))v

and
g(x) = h(x,yx,8(x)).
By (A2), we have
|gn(x) — g(x)| = |A(x, Y0, 80 (X)) — A (x, yx, (%))
< et llyn, =yl + 2 18a(x) — ().
Then,

c

on(5) = 6001 < (72 ) Ion =l

Since y, — y, then we have g,(x) — g(x) as n — o for

each x € J. And let 2 > 0 be such that, for each x € J, we

have |g,(x)| < Q and |g(x)| < Q. Then, we get

(=577 ga(s) = g(5)| < (¢ —5P) " Iga(s)| + g ()]
<20Q(xP —sP)O !

and

(b —5P) 2 gn(s) — g(5)] < (xh — sP) M Ign(s)| + g (s)]]
<2Q(xP —sp)wfl.

For each x € J, the functions s — 2Q(x? — sP)®~! and

s — 2Q(xh, — sP)°~! are integrable on [0,x], then by the

|Mi (yn)(x) = My (y)(x)| =0 Lebesgue Dominated Convergence Theorem and (11)
implies that
For x € J, we have
M () (x) — My () (%) [Mi(yn)(x) — My (y)(x)| = 0, as n — oo.
and hence,
- Xm
< lli(w) Y /X (0 —sP) 1P~ g (s) — g(s)| ds 1My (yn) =M (y)]l = 0, as n — oo,
0<xm m—1 . .
o e Consequently, M is continuous.
p /X (x — sp)a)flspfl lgn(s) — g(s)|ds Step 2: .M]. maps bounded sets into bounded sits inn. To
I'o) /s, prove this, it is enough to show that for any % > 0, there
+ () exists a positive constant £ such that for each y € Bo+ =
0<XZ<X Inlys;, " {re:|llg <27} we have [Mi(y)]], < /. We have
" foreach x € J,
2y / (6~ )1 ga(s) — (5] ds
= m n - Xm -1 5
F(a)) 0<xy<xV Xm—1 " M, (y) (x) = ¢(O) + lﬁi(w) Z (ng 7sp)w sP ]g(s)ds
pliw * 0y <x A1
+ / xP — PO 1Pl s) —g(s)|ds 1o x IR
F((D) xm( ) |gn( ) g( )| +?(w) /x (XP_SP)(D lsP lg(s)ds
+ Y alPpns Vallge + Y ), (12)
0<xp<x B 0<x,, <x
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where g € €(J,R) is such that

g(x) = h(x,yx,g(x)).

By (A4), for each x € J, we get

lg(x)] = |A(x,yx. 8(x))
< p1(x) + p2(x) [[yellqpe + P3(x) [g(%)]
< p1(x) + p2(0) [yl + p3(x) [g(x)]
< p1(x) +p2(x) Q7 + p3(x) [g(x)]
< pi P +p3lg)l,

where p] = sup,.5 p1(x), and p5 = sup, .5 p2(x). Then,

* ok
s < 22—y
1—p3
Thus (12) implies
kNTP® NTP®
<
k
+ Z,l (Ml 3 | q3¢+M2>
(k+1)NTP® . .
< |¢(0)|+m+k<M1H)’xa| n+M2>
(k+1)NTP® e
< A =
<|¢(0)+ pOT (0 +1) +k(M{Q"+M;) =R

And if x € [-r,0], then

M) < [9llpe

thus ) )
ML)y < max{R, [|9lspe } = 7-

Step 3: My maps bounded sets into equicontinuous sets of
n. Lett;, 1 € (0,T], t; < fp, Bo+ be a bounded set of 1 as
in Step 2, and let y € Bg+. Then

M1 (y)(r2) = M (y) (1)

P /I] () —sP)2 = (e —sP)O7 | |sP ! |g(s) | ds
=T Jo 12 !

plfw 15 p 1 1

PO~ pP—

+F(w)/tl |(t2 sP) Hs ‘|8(S)|ds
+ Z ’Im(yx,;)

0<xm<tr—t

N
<N (P PO 4 (PO PO
< pr(a)+1)[ (6 =)+ =)
) (04 ], +5)
n

_ L[z(tp_tp)w_i_(tpw_tpw)]
T peT(e+1) T T

+ (g —17) (M7 Q" +M3).

Ast) — tp, the right hand side of the above inequality tends
to zero. From Step 1 to 3 together with the Ascoli-Arzela
theorem, we can conclude that M| : 1 — n is completely
continuous.

Step 4: A priori bounds. Now, we shall prove that the set

G={yen:y=uM(y), forsome 0 < u < 1},

is bounded. Let y € G, then y = uM(y), for some 0 < u <
1. Thus, for each x € J, we get

y(x) = p1e(0) + Ly (x,uy)

pp'© m 1 p—1
+ / (xP —sP)O P g(s)ds
F((D) 0<§<x Xm—1 "

1-w X
up p__ pyo—1_p—1
+ @) /xm(x sPYCT P g(s)ds

Y Iab) (13)

0<xp<x
And, by (A4), for each x € J , we get,
lg(x)| = |A(x,yx, 8(x))]
< p1(x) + p2(x) [[yxllqpe + P3(x) [g(x)]
< P13 lyxllge + P318(x)]-

Thus,

P+ Iyellpe
9] < 2=
D3

This implies, by (13), (A5) and (A6), for each x € J, we
get

I < 19(0)]+d1 [lyxllype +d2

pl—a)
(1=p3)I'(@)

Xm
[ Gh =) i+ s e s

0<xy <x ¥/ Xm=1

-0 x
p —1p— «
+(1*P*)F((D)/x (& =) NPT+ 3 yslpe)ds
3 m

+k(MTHYx,;

J’_

g +M53)-

Now, we consider the function g defined by
q(x) = sup{ly(s) : —r <s <x}, 0<x <7,

then there exists x* € [—r,T] such that g(x) = [y(x*)|. If
x € [0,T], then by the previous inequality, for x € J, we
get

plfa)
(1=p3)I' ()

Xm

q(x) <|¢(0)[+

(xh, = sP) 1P (] + p3a(s))ds

0<xy, <x ¥ Xm—1

1-o X
P — - * *
(] _p*)r(a)) / (xP 7sp)a) lsp l(pl +p2q(s))ds
3 Xm

+
+ (kM7 +dy)q(x) + (kM5 + d).
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Thus, Proof.Let v € 1 be a solution of the inequality (6). Denote
. by u the unique solution of the problem
) < 12O+ " "
- 17(kMT+d|) Dxm[ ( ) W(xaux)] :h(xaMX7 Dx,l ( ))7
pl-o for each x € (Xp,Xmi1], m=1,...k;
+ (= (M +d)) (1= pHT (@) Aulyey, = Im(ux';)7 m=1,...,k;
r . u(x):v(x):d)(x), RS [7?’,0].
Z (xh —sP) 1P (P + Pﬁq(s))dsl From Lemma 6 and for each x € (X, %1 1], we get
L 0<xtpy <xV/Am—1
-0 m
. P () = 9(0) + lx.w) + Y i)

"Gt ) (- P (@)

[0 =)0 i et
00)|+ k5 +
11— (kM7 +dy)
(ki
(= 5 a1~ ppeT (1)
(k+1)p3p'®
(= W+ ) (1~ P (@)

{/Ox(xp —sP)O Py (s)ds | .

+

+

Applying Lemma 4, we get
9(0) +kM; +d>

) < 1— (kM +dy)
N (k+ 1)piTP® ]
(1= (kM7 +d1))(1 = p3)p°l (0 +1)
- A(k+ 1)psTP® i

(1= (kM +d) (1 — po)p°L (@+1)

where A = A(®) a constant. If x* € [—r,0], then g(x) =
[19llypes <q(x), we get

¥lly < max{[|9]lge A}

From this, the set G is bounded. From Schaefer’s fixed
point theorem, we conclude that M has at least one fixed
point which is a solution of the problem (1).

4 Ulam-Hyers-Rassias Stability

Now, we present the following Ulam-Hyers-Rassias
stability result.
Theorem 6.Assume that (A1)-(A3), (9) and

(A7)There exists a nondecreasing function o € PE(J,R)
and there exists Lo > 0 such that for any x € J:

pl(gia(x) S .LLOCa(x)v

are satisfied, and if c3 < 1, then the problem (1) is Ulam-
Hyers-Rassias stable with respect to (¢, ).

i=1

m
Z/ K —sP)O 1P g(5)ds
Xi—1

- X
+ Ili((x)) / (xp _sp)wilspilg(s)d& X e (XM7xm+1];

1 0]

where g € €(J,R) be such that

8(x) = h(x, ux, g(x))-

Since v is a solution of the inequality (6) and by Remark 2
, we get

PDY [v(x) — w(x,vx)] = h(x,vx,P DY v(x)) + 0 (x),
X E (XmyXmr1], m=1,...k; (14)
AV|x:xm :Im( )+Gma =1,....k

Clearly, the solution of (14) is given by,

+ZG,

VO ls‘oflf(s)ds

m

v(x) = ¢(0) + wlx,ve) + Z

la;m/Xl]xf)

F

P -0 m ey o1 o
o L [ e ot
P

Xi—1

1-w

F( )/ (xP — sp)wflspflf(s)ds

Ilz(w) /x)n(xp 7sp)wflspflo(s)ds, X € (Xoms Xms1]s

where f € €(J,R) be such that f(x) = h(x,vy, f(x)).
Hence, for each x € (X, X,+1], We get,

() —u(x)| < Y [6il + [w(x,ve) — wix,u)| Z
i=1 i=1
!

|
e

e i/ (F =sP)O 1P f(s) ~ ()] ds
-0 m  rx

e E/ (f =sP)2" 1P o (s)] ds
-0 ,x

+?(w)/x (xP,sp)wflspfl £(s) —g(s)|ds
-0 ,x

+1€(w)/x (xP_sP)wflspfl \G(s)|ds.
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Hence, we get,

v(x) —u(x)| < keg + (k+1epga(x) +c3 [[ve —wellpe

pe

-0 m [y
HE L [ 6F =) () (o) s

(o) 5
pliw X P pyo—1 p—1
+ oy [ =10 () (o)l
From (A2), we get
f () = g ()| = [h(x, v, £(x)) — h(x, 1, 8 (X))
< et |y = ullpe + 21 (x) —g(x)]-
Then,
F) — gl = 7= lve = tlspee-
Therefore, for each x € J,
v(x) —u(x)]
< ke@ + (k+ 1)epgou(x) + 3 [|lvy — uellpe
m
+i:ZIC4 Ve — U, e
c l-w m X;
b Y [ =) e ds

(] _CZ)F(w) i=17%i-1
1

+L/x(xp_sp)wflspfl Vs — tts]| gy e -
(1762)1—‘((0) Xm * e

Thus,
v(x) — u(x)|
<e(@+al)(k+ (k+1)uq) (15)
+0§,<x” : ]mm v — el e

Cl(k+1)p17w /X P pyo—1_p—1
b2 L, A - - ds.
+ (176‘2)1—‘(60) o (x s ) s HVS uSHﬁBC §

Now, we consider the function ¢g; defined by

q1(x) = sup{|v(s) —

then, there exists x* € [-nT] such that
q1(x) = [v(x*) —u(x*)|. If x* € [-1,0], then g;(x) = 0. If
x* €]0,T], then by the equation (15), we get

u(s)|:—r<s<x}, 0<x<T,

ql(x)S8((p+a(x)l)(f+(k+1)““)+ ) 1i4 q1(x;)
€3 O<x;<x €3
ci(k+1)p'®

(1—c2)(1 —c3) (o) /0 (xP _sp)wilspilm(s)ds.

Applying Lemma 5, we have,
e < [AT BN G+ i)

1 —c3
C4
[O<I;[i<x<1jL 1 _CS>
ek 1)pl® .
exp (/0 (1_02)(1—c3)[‘(w)(xp*sp) sP ds)]
S l(xg((P—l—Oc(x)),
where

(e Dpa)

la—

1—C3

cq Cl(k—i-])pr
ca>‘”‘p((1cz><1c3>pwr<w+1>>

(k- (k+ Dtta)

:(1 " 1—43) P ((1 cz>c<11(k+c3]>3;’pﬁ<w+ 1))?

Therefore, the problem (1) is Ulam-Hyers-Rassias stable
with respect to (¢, @). Hence the proof is complete.

Now, we present the following Ulam-Hyers stable result.

Theorem 7.Assume that (A1)-(A3) and (9) are satisfied, if
c3 < 1, then the problem (1) is Ulam-Hyers stable.

Proof.Letv € 1 be a solution of (4). Denote by « the unique
solution of the problem.
PDY, [u(x) = W(x, )] = h(x,ux, P DY u(x)),

X € (XmyXip1], m=1,...k;

Au'x:xm :Im(l/tx’;), m=1,....k;
u(x) :V()C) - (P(X), X e [7”50]'
From the proof of the Theorem 6, we get
C4 _ ke
x) < X; )+
ql( ) O<Xi<xlfc3ql(l) 17C3
e(k+1)TP®
(1—c3)pl'(0+1)
Cl(k+1)p17w /x P pyo—1_p—1
X — s s)ds.
(e —el(@) Jo & 70k
Applying Lemma 5, we have
kp®T'(w+ 1)+ (k+ 1)TP?
ql(X)§8<p ( )a, (k+1) )
(1—c3)p®T'(0+1)
(15%5)
X
L<x,<x I—cs
v Cl(k+1)p ¢ p_ pyO—1 p—1 )]
ex xP —s P~ ds
() @ )

<le,
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where,

- <kp“’F(w+1)+(k+1)TP“’)
B (I-c3)pT(0+1)

jﬁ(1+7%a)“P(m—fJa%t$Ziiw+w)

Li=1
_ (kp“’l“(co—k 1)+ (k+ l)TP“’) "

(I—c3)p®T'(w+1)

[ k+1)TP® ¢
<1+ “ )eXp< cilkt1) )} ’

I 1 —c3 (l—cz)(l—C3)pr(w+1)

which completes the proof of the theorem.Moreover, if we

set y(€) = Ig; y(0) = 0, then the problem (1) is generalized
Ulam-Hyers stable.

5 Examples

Example 1.Consider the nonlinear implicit neutral

Katugampola fractional differential equations,

2 xe ¥ |uy|
Dxm |: ) m
1

(16)

€ [-r0],r>0,

where ¢ € PE([—r,
and x; = %

0L.R). Jo=[0,1]. 31 = (3.1

Forx € [0,1],y € BE([—r,0],R) and z € R. Let us assume,

Hence the condition (A2) is satisfied with ¢; = ¢, =
c3 = %~ Let I (y) = ﬁ“y‘ y € PE([-r,

I
22>
0],R). For each

¥z € PE([—r,0],R), we get
|| |zl
L) —5L(z)| = -
1L (y) =1 (2)] 20+ |y 20+
1
<3 Iy —zllgpe-

Letusassume T =1,k=1,c4 = %, W= %,p =1, then
(k+ 1), TP® 1 L 4 -

(1—c)p®TC(@+1) 10 21z

Therefore, the condition (9) is satisfied. From Theorem 4,

the given problem (16) has a unique solution on J. Set for
any x € [0,1], a(x) =x,and 9 = 1, p =1, @ = . Since

kcg +c3+

pro :pliwxp pyo—1 _p—1
I°0(x) o) (xP —sP)O P ds

=L

< ﬁ
Thus, the condition (A7) is satisfied with gy = Lﬂ and

since ¢3 < 1, from the above, the problem (16) is Ulam-
Hyers-Rassias stable with respect to (a, ¢).

P —sP) T ds

6 Conclusion

In this article, with the help of standard fixed point
theorems of Schaefer’s and Banach, we successfully
developed the existence of solutions of nonlinear implicit
neutral Katugampola fractional differential equations with
impulse effects and finite delay. The obtained conditions
ensure that the existence of at least one solution to the

—X
h(x,y,z) = ¢ - [ i — o ] , proposed  problem.  Further, Ulam-Hyers and
20+ef [T+ 1+ Ulam-Hyers-Rassias stability have been investigated.
and
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