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Abstract: The aim of this paper is to determine the sufficient conditions for function f (z) = z+a2z2+ . . . to be starlike of order 1/2
which shows also the convexity off (z).
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1 Introduction

Let H denote the class of analytic functions in the unit
discD = {z : |z| < 1} on the complex planeC. We will
use the following notations:

{

JCV( f ;z) := 1+ z f′′(z)
f ′(z) ,

JST( f ;z) := z f′(z)
f (z) .

(1)

Let the functionf ∈ H be univalent in the unit disc
D with the normalizationf (0) = 0. Thenf mapsD onto a
starlike domain with respect tow0 = 0 if and only if [4]

Re{JST( f ;z)} > 0 for all z∈ D. (2)

Such functionf is said to be starlike inD with respect to
w0 = 0 (or briefly starlike). Recall that a setE ⊂ C is said
to be starlike with respect to a pointw0 ∈ E if and only if
the linear segment joiningw0 to every other pointw ∈ E
lies entirely inE, while a setE is said to be convex if and
only if it is starlike with respect to each of its points, that
is if and only if the linear segment joining any two points
of E lies entirely inE. A function f mapsD onto a convex
domainE if and only if [16]

Re{JCV( f ;z)} > 0 for all z∈ D (3)

and thenf is said to be convex inD (or briefly convex). It
is well known that if an analytic functionf satisfies (2)
and f (0) = 0, f ′(0) 6= 0, then f is univalent and starlike
in D. Let A denote the subclass ofH consisting of
functions normalized byf (0) = 0, f ′(0) = 1. The set of

all functions f ∈ A that are starlike univalent inD will be
denoted byS ∗. The set of all functionsf ∈ A that are
convex univalent inD by K . It is known that for
f (z) ∈ A condition (3) is sufficient for starlikeness of
f (z). Also the condition

|JCV( f ;z)−1|< 2 z∈ D

is sufficient for starlikeness off (z). In this paper we shall
consider certain sufficient conditions for starlikeness of
order 1/2. The classS ∗

α of starlike functions of order
α < 1 may be defined as

S
∗

α := { f ∈ A : Re{JST( f ;z)} > α, z∈D} .

The classS ∗
α and the classKα of convex functions of

orderα < 1

Kα : = { f ∈ A : Re{JCV( f ;z)} > α, z∈D}
=
{

f ∈ D : z f′ ∈ S
∗
α
}

were introduced by Robertson in [11]. It is known the old
Strohhäcker result [13] that K0 ⊂ S ∗

1/2 ⊂ S ∗
0 .

Furthermore, note that iff ∈ Kα then f ∈ S ∗
δ (α), see

[14], where

δ (α) =

{

1−2α
22−2α−2

for α 6= 1/2,
1

2 log2 for α = 1/2.
(4)

Robertson [12] proved that if f (z) ∈ A with f (z)/z 6= 0
and if there exists ak, 0< k≤ 2, such that

|JCV( f ;z)−1| ≤ k|JST( f ;z)| z∈ D,
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968 M. Nunokawa, J. Sokół: Some simple conditions for univalence

then f (z)∈S ∗
2/(2+k). In [3] it was proved that forf (z)∈A

with f (z) f ′(z)/z 6= 0

|JCV( f ;z)| ≤
√

2|JST( f ;z)+1| z∈ D,

then f (z) ∈ S ∗. Several more complicated sufficient
conditions for starlikeness and for convexity are collected
in the book [2], Chap. 5.

In this paper we shall determine the new sufficient
conditions for the starlikeness of order 1/2. The key in
proving is Nunokawa’s lemma[5] and the following
lemma which generalizes it, [5], [6], see also [1].

Lemma 1.[7] Let p(z) be of the form

p(z) = 1+
∞

∑
n=m≥1

anzn, am 6= 0, (|z|< 1),

with p(z) 6= 0 in |z|< 1. If there exists a point z0, |z0|< 1,
such that

|arg{p(z)}|< πα/2 in |z|< |z0|

and
|arg{p(z0)}|= πα/2

for someα > 0, then we have

z0p′(z0)

p(z0)
= ikα,

where

k≥ m
(

a2+1
)

/(2a) when arg{p(z0)}= πα/2

and

k≤−m
(

a2+1
)

/(2a) when arg{p(z0)}=−πα/2,

where
{p(z0)}1/α =±ia, a> 0.

2 Main result

Theorem 1.Let f(z) = z+ ∑∞
n=2anzn be analytic and

JCV( f ;z) 6= 1/2 in D. Suppose also that
∣

∣

∣

∣

arg

{

JCV( f ;z)− 1
2

}
∣

∣

∣

∣

< π − tan−1{4|Im{JST( f ;z)}|} (z∈ D), (5)

then

Re{JST( f ;z)} > 1
2

(z∈ D), (6)

or f is starlike of order1/2, f(z) ∈ S ∗
1/2.

Proof.Let us put

p(z) =
2z f′(z)

f (z)
−1= 1+2a2z+ · · · . (7)

If there exists a pointz0, |z0|< 1, such that

|arg{p(z)}|< π
2

|z|< |z0|

and
|arg{p(z0)}|=

π
2
,

then, from Nunokawa’s Lemma1 with α = 1, we have

z0p′(z0)

p(z0)
= ik,

where

k≥ (a2+1)/(2a) when arg{p(z0)}= π/2

and

k≥−(a2+1)/(2a) when arg{p(z0)} =−π/2,

p(z0) =±ia, a> 0.
For the casep(z0) = ia, a> 0, we have from (7)
∣

∣

∣

∣

arg

{

1+
z0 f ′′(z0)

f ′(z0)
− 1

2

}∣

∣

∣

∣

=

∣

∣

∣

∣

arg

{

z0p′(z0)

1+ p(z0)
+

p(z0)

2

}∣

∣

∣

∣

=

∣

∣

∣

∣

arg

{ −ka
ia+1

+
ia
2

}
∣

∣

∣

∣

=

∣

∣

∣

∣

arg

{

2ak
2(a2+1)

(

−1+ i
1+a2+2ak

2k

)}∣

∣

∣

∣

=

∣

∣

∣

∣

arg

{

−1+ i
1+a2+2ak

2k

}∣

∣

∣

∣

.

In considered case we havea> 0, k ≥ (a2+1)/(2a) and
so, we have

π
2
< arg

{

1+
z0 f ′′(z0)

f ′(z0)
− 1

2

}

< π

and we can write
∣

∣

∣

∣

arg

{

1+
z0 f ′′(z0)

f ′(z0)
− 1

2

}∣

∣

∣

∣

= π − tan−1
{

1+a2+2ak
2k

}

.

Observe that fora> 0, k≥ (a2+1)/(2a) we also have

1+a2+2ak
2k

= a+
1+a2

2k

≤ a+
1+a2

2(1+a2)/(2a)
= a+a= 2a. (8)
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Moreover, applying (7) with p(z0) = ia, we have

a= Im

{

2z0 f ′(z0)

f (z0)

}

.

Therefore, we obtain
∣

∣

∣

∣

arg

{

1+
z0 f ′′(z0)

f ′(z0)
− 1

2

}∣

∣

∣

∣

≥ π − tan−1{2a}

= π − tan−1
{

Im

{

4z0 f ′(z0)

f (z0)

}}

.

This is the contradiction with (5) and for the case
arg{p(z0)} = −π/2, applying the same method as the
above, we can also get the contradiction.

SinceK0 ⊂ S ∗
1/2 ⊂ S ∗

0 , then (5) is a sufficient condition
for f (z) to be convex inD.

Corollary 1.Let f(z) = z+ ∑∞
n=2anzn be analytic and

JCV( f ;z) 6= 1/2 in D. Suppose also that

|Im{JST( f ;z)}|< 1
4

and that
∣

∣

∣

∣

arg

{

JCV( f ;z)− 1
2

}∣

∣

∣

∣

<
3π
4

(z∈D),

thenRe{JST( f ;z)} > 1/2 in D or f (z) ∈ S ∗
1/2.

Theorem 2.Let f(z) = z+ ∑∞
n=m≥2anzn, am 6= 0, be

analytic and JCV( f ;z) 6= 1/2 in D. Suppose also that
∣

∣

∣

∣

arg

{

JCV( f ;z)− 1
2

}∣

∣

∣

∣

< π − tan−1
{

2

(

1+
1

m−1

)

|Im{JST( f ;z)}|
}

in the unit discD, thenRe{JST( f ;z)}> 1/2 in D or f (z) ∈
S ∗

1/2.

Proof.If we put

p(z) =
2z f′(z)

f (z)
−1,

then

p(z) = 1+2am(m−1)zm−1+ · · · , am 6= 0, (|z|< 1).

Now the proof runs in the same way as the proof of
Theorem1. By Lemma1, instead of (8), we have here

1+a2+2ak
2k

= a+
1+a2

2k
≤ a+a/(m−1)

= a

(

1+
1

m−1

)

.

Corollary 2.Let f(z) = z+ ∑∞
n=3anzn be analytic and

JCV( f ;z) 6= 1/2 in D. Suppose also that
∣

∣

∣

∣

arg

{

JCV( f ;z)− 1
2

}∣

∣

∣

∣

< π − tan−1{3|Im{JST( f ;z)}|} (z∈ D),

thenRe{JST( f ;z)} > 1/2 in D or f (z) ∈ S ∗
1/2.

3 Applications

SinceK0 ⊂ S ∗
1/2 ⊂ S ∗

0 , then each of the above proved
sufficient conditions forf (z) ∈ S ∗

1/2 is also sufficient
condition for f (z) to be convex in D. Recall the
convolution:

∞

∑
n=0

anzn ∗
∞

∑
n=0

bnzn =
∞

∑
n=0

anbnzn

It is known that f (z) ∈ K0, g(z) ∈ K0 implies
f (z)∗g(z) ∈ K0. Such implication does’t hold for starlike
functions. However, if f (z) ∈ S

∗
1/2, g(z) ∈ S

∗
1/2, then

f (z)∗g(z) ∈ S ∗
1/2. Moreover, ifF(z) ∈ H , then

f (z)∗g(z)F(z)
f (z)∗g(z)

⊂ coF(D),

wherecoF(D) denotes the closed convex hull ofF(D). For
these reasons new sufficient conditions for the starlikeness
of order 1/2 may be valuable.

For other results on the several problems connected to
the starlikeness we refer also to the recent papers [8], [9]
and [15].

4 Conclusion

We have presented some sufficient conditions for the
starlikeness of order 1/2 and applications of these
conditions. The classS ∗

1/2 of starlike functions of order
1/2 is an important class. It is known that
K0 ⊂ S ∗

1/2 ⊂ S ∗
0 . Furthermore, note that iff ∈ Kα then

f ∈ S ∗
δ (α), see (4). For some new conditions for

starlikeness and strongly starlikeness of order alpha we
refer to the recent paper [10].
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[13] E. Strrohhäcker, Beitrage zür Theorie der schlichter
Functionen, Math. Z. 37(1933) 356–380.

[14] D. R. Wilken, J, Feng, A remark on convex and starlike
functions, J. London Math. Soc. 21(1980)(2) 287–290.
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